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G(x, y) =
exp(ik|x− y|)

4π|x− y|
N-�*� ,=�X:+&�,	�ox�� �A�	&T�c"#&-&4,�]

^�&-.534���	"#� ,=�*.XN4FH�	)eg �8:+&4,=�#.
J

&b�
M

g N4"#)e�7&4,=�0�7� ,	.
L2(TΓ)× L2(TΓ)

:9&c.'xd.'�#;42<&(.'�	)9g8� ,=�(�




iZ0(TJ)(x) + (KM)(x)− 1
2
n(x) ∧M(x) = 0,

(KJ)(x)− 1
2
n(x) ∧ J(x)− iZ−1

0 (TM)(x) = 0,

� ^ ]gl=�

���z:+&4.5��6!N4"#�8�*&-�	"#.
T

&-�
K

.'��,=�O��N-�7,	)9.567� "c�

TJ(x) = lim
y → x
y ∈ Ω

n(x) ∧
(
(T̃ J(y)) ∧ n(x)

)
, ∀x ∈ Γ

� ^ ] _ �

KJ(x) = lim
ε→0

n(x) ∧
(( ∫

Γ,|x−y|>ε

∇yG(x, y) ∧ J(y) dγ(y)
)
∧ n(x)

)
, ∀x ∈ Γ.

� ^ ] ^ n=�

� TOpq@�P =�?sT 
�� ���������
	 ��	 �
��	
�
T

�
	
K

����� 	 
 ���������
	 ��	 �
��	
������������	�����
���	������������ 	 ��!"	 ��
 ����#

������
�%$&� ����'
( � �")"����	 
���*�+-,�*/.�* 
 ��#
	%	
��#0+1� �

2�3,
� 	 ��!"	 ��
4*5$&� ��	%�����"687

(TJ, J ′) = k

∫

Γ

∫

Γ

G(x, y)
(
J(y) · J ′(x)− 1

k2

�"��)
ΓJ(y) · �"��) ΓJ ′(x)

)
dγ(y) dγ(x),

� ^ ] ^k^ �

�
	 
���9:+-,�*/.�9 ��!"� �
	%��#;+�� �

2�3,�� 	 ��!"	 ��
4*5$&� ��	������"6<7

(KM, J ′) =

∫

Γ

∫

Γ

(
∇xG(x, y) ∧M(y)) · J ′(x) dγ(y) dγ(x).

� ^ ] ^ a��

^�&R.'xd.��*;42<&f� ^ ]gl=�k.#&R"'N4N43-"#)e�0.'���	.h����"'21&c21�8�*"')+3-)+&4:9:+&
SX = 0

$7���
S

&-�
X

.#��,=�0�	N-�7,�)+.h67� "R�

S =




T K − 1
2
n∧

K − 1
2
n∧ T


 , X =




J1

M1


 =



√
iZ0J

√
iZ0

−1
M


 ∈ L2(TΓ)× L2(TΓ).

[�,Y)+,=�#"#�d�	�	)+.#� ,=�5�	,	&(,	����g &4:9:+&c)+,�34��,	,H�	&
Y = iX

$7,	� �*N-&(� �	.#.')
Y = (J2,M2)

t $7&-�X&-,J�	N-34��2<6!��.*� ,=�
:+&4.���6!N4"*���*&4��"#.

T
&b�
K

.#&-:+��,a:9&4�	"'.r67�8"'�*)9&4.I"#N-&4:+:9&4.�&-��)92f�8M�)+,7�8)+"#&-.���:9&k,	�ox=�8�|�	&h�c"#&-&4,a&-.'�\�	N-34��2<6!��.#N
&4,Y67� "'�#)+&c"'N4&4:9:+&�&b�X&4,Y67� "'�#)+&c)92f� M )+,7� )9"#&E�5�

T = Tr + iTi, K = Kr + iKi,
� ^ ] ^ c=�

SX = 0
.'&R"#N4N-34"')9�(�

−TX −RY = 0,
� ^ ] ^ f=�

���
T

&-�
R

.#��,=�X�	N-�	,	)+.567� "c�

T =




Tr Kr − 1
2
n∧

Kr − 1
2
n∧ Tr


 ,

&b�
R =




Ti Ki

Ki Ti


 .

� ^ ] ^ i��

akc



� TOpq@�P =�?sT 

Tr

'
Ti

'
Kr

�
	
Ki

����� 	 �����3�����
	 ��	 �
��	
� 	
� �

 � �
^��a"'&4:?���*)+� ,}� ^ ] ^ fH��34��,�.'�*)e�*�	&c:+�P6	"'&42<)+;4"'&�N4FH�7���*)+� ,y�	�z.'xd.'�#;42<&c�	&4.5[\�UnP]G^��a.#&-34��,��	&RN4FH�7�8�#)+��,

�	&4.X[\�Un .-�������*)+&-,=�0&-,J"'&-����"'2a�	:+� ,=�h:?�a3-��,	�	)e�*)+� ,z� �J�!��"'�Y���J.�x�.��*;-21&f� ^ ]da��O�

n ∧M − Z0J = ginc,
� ^ ] ^ j=�

.#��)e�

J1 − in ∧M1 = −i
√
iZ0

−1
ginc.

� ^ ] ^ m��
[�,Y2a�	:e�*)96	:+)+� ,=�c� ^ ] ^ m��k67� "

(−in∧)
$!,����	.5�����#&4,	��,�.(�

−in ∧ J1 +M1 = −n ∧
√
iZ0

−1
ginc.

� ^ ] ^ l=�
� TOpq@�P =�?sT 


M1
�
	 �"� 	 ��� # � �"� � 	 �"��!��
� 	 (

Γ
. � � � �

M1 · n = 0
6�' � ��� � �")"������7

n ∧ (n ∧M1) = −M1.
� ^ ] ^`_ �

[\,Y6�� .*� ,=�
g̃ = (−i√iZ0

−1
ginc,−n ∧ √iZ0

−1
ginc)t $7&-�X&4,Y.#&R.'&4"'g8� ,=�0�	&R:?�a"'&4:?���*)+� ,

T−T
∗ =




0 −n∧

−n∧ 0


 = Π,

� ^ ]dakn=�

,	���	.X�Eg���,�.T�

X + ΠY = g̃.
� ^ ]ba ^ �

^I�R.#&-34��,��	&�N4FH�7���*)+� ,f�	&-.k[\�Un .-�������*)+&-,=�h� :9��"#.\&-,w2a�	:e�*)+6�:+)?�8,H�h� ^ ] ^ fH��67�8"
(−i) $d&-�m&4,1.#&O.'&4"�g �8,H�k�	&4.

"#&4:+�8�*)9��,	.
Y = iX

&-�P� ^ ]ba ^ �O�

X + RX −T
∗Y = g̃.

� ^ ]daea��

[�,v���#)+:9)+.*�8,H� sin k|u|
4π|u| =

k

(4π)2

∫

S2

eiku·ŝ dŝ
&b��:+&-.���6!N4"*���*&4��"#.\�	&h3DC7�8216�.\:+��)9,H�*� )+,�.

a∞
&b�
A∞

�	N-�	,	)+.
67� "c� ∀J $ M ∈ Γ

$ ∀ŝ ∈ S2 $

(a∞J)(ŝ) =
k

4π

∫

Γ

ŝ ∧ (J ∧ ŝ)e−ikx·ŝ dγ(x),
� ^ ]dakc=�

(A∞

(
J
M

)
)(ŝ) = (a∞J)(ŝ)− iŝ ∧ (a∞M)(ŝ),

� ^ ]da�fH�

,	���	.X�Eg���,�.
R = A∗

∞A∞
]G^�&R.'xd.'�#;42<&R�	&4.0[\�Un 3-��216!��.'N(��&f� ^ ] ^ fH�k&-�T� ^ ]daea��k.#&R"'N4N43-"#)e�0����,	3v�





X + A∗
∞A∞X −T

∗Y = g̃,

TX + A∗
∞A∞Y = 0.

� ^ ]daei��

a�f



^�&J.'xd.'�#;42<&�� ^ ]baei �|&-.'�z�8.#.#�d34)9NA/ �	,�6	"'���	:9;42<&J�	&J6�� )+,=�f.'&4:9:+&YFd��)03-��,	.#)9.'�#&�/ �#"#����g�&4"
(X, γ, Y ).#��:9���*)9��,y�	& L(X, γ, Y ) = min

eX,eγ
max

eY
L(X̃, γ̃, Ỹ )

��� L &4.'�0�	��,�,	NR67� "c�

L(X̃, γ̃, Ỹ ) =
1

2
‖X̃‖2L2(TΓ)×L2(TΓ) +

1

2
‖A∞X̃‖2L2(TS2) +

1

2
‖γ̃‖2L2(TS2)

+<e < TX̃ − iA∗
∞γ̃, Ỹ >L2(TΓ)×L2(Tγ)

−<e < g̃, X̃ >L2(TΓ)×L2(TΓ) .
�0,	&T.#��:9���*)9��,

(X, γ, Y )
��&P34&P6	"#����:+;42<&(&4.'�O.#��:9���*)9��,Y�	&z� ^ ]baei �b]!nO&P6�:+�	.-$�:���Nb�*�	�	&T�	��6	"'���	:9;42<&T�	&

6���)9,=�c.#&-:+:+&P6�&-"#2<&-�c���q�����#&4,	)9"c�	&4.c)9,�����"'2f�8�#)+��,�.0.'�	"R:i�q&b_�)+.��*&4,�34&|&-�R:�����,	)+3-)9�*NT�	&v:?�f.'��:+���*)+� ,
(X, Y )�	&v� ^ ]baei �b]d^��a34��,	��)9�*)9��,<)+,��?K .#�	6y�8.#.#��"#&c:i�q&b_�)9.'�*&-,	34&O�	&

(X, Y )
&-�B:i�q�	,	)+3-)9�#NX��&

X
$�21� )9.m67�8.k:i�q�	,	)934)e�*N

�	&
Y

FH�	)�&4.��P��N-�7,	)�/y�	, N4:+N-21&-,=�T��&
kerA∞

6	"#;-. � cel � ]�u�� �	"P�8.#.#��"#&4"(:i�q�	,	)934)e�*Na�	&
Y
$�:9&4.c�*&-"#2<&4.

.#�	)eg �8,H�#.5.#��,=�0��%'�����#N4.R�

−βX − iβY = 0
�7� ,	.5:?�a6�"#&42<)+;-"#&cN-Fd�	�8�*)9��,�$

&-� − iβX + βY = 0
�7� ,	.5:?�a.'&43-��,	�	&(N4FH�7�8�#)+��, $

&-�P� ^ ]daei����	&-gd)+&-,=�P�




(1− β)X + A∗
∞A∞X − (T∗ + iβId)Y = g̃,

(T− iβId)X + (βId+ A∗
∞A∞)Y = 0.

� ^ ]dakj=�

^I�a.'��:+���*)+� ,f�	�y6	"'���	:9;42<&v� ^ ]daei���,��q&4.'�56	� .B2<���	)e�7N4&06	�	)9.#FH�	&
Y = iX

]	^�&�67�8"*� 2<;-�#"#&
β
� 6	6	� "'�#)+&4,=�

/f:i�q)+,=�*&-"'g8� :9:+&
]0; 1[

$��8�7,�FH�	&a:���� 6�N-"*�8�#&4�	" (
(1− β)Id + A∗

∞A∞

) "#&-.'�#&a�	N-�	,	)r6!��.#)e�*)e��&-�0g�N-"#)9�	&a�	,	&
34��,	��)9�*)9��,}�	&v34�d&4"'34)9gd)e�*NvFH�	)�2f� ,�Fd�	� )9�(/

A∗
∞A∞

�7� ,�.w� ^ ]baki��b$�3-��,	�	)e�*)9��, � .#.'�	"*� ,=�T:i�q�	,	)934)9�#N|�	&<:?�
.#��:9���*)9��,

(X, Y )
�	&1� ^ ]ba�j=�b]

V0���	.X�Eg�� ,	.06!���	"h��,	&R34��,	��)9�*)9��,y���q)+2<6�N-�7� ,	3-&R� �Y����"'�
Zr = 1

:9&c.'xd.'�#;42<&T.'�	)9g8� ,=�(�




(1− β)X + A∗
∞A∞X − (T∗ + iβId)Y = g̃,

(T− iβId)X + (βId+ A∗
∞A∞)Y = 0.

� ^ ]daem��

���
T
$
A∗

∞A∞
&b�
g̃
.'��,=�0��N-�7,	)9.567� "c�

T =




Tr Kr − 1
2
n∧

Kr − 1
2
n∧ Tr


 , A∗

∞A∞ =




Ti Ki

Ki Ti


 , g̃ =



−i√iZ0

−1
ginc

−n ∧√iZ0
−1
ginc


 .

����� � � �*� !$� � �����'( � (����1%��*� � # 	$# � #�� �$�*��� 	���( � ��# � � � 	 � ! ( #
� �'( 	$������� ( 	�� � � � ��	 �'( � # %���( �)�*� � � � �1#

^���"'.#FH���q�	,	&T34��,	��)9�*)9��,z���q)+2<6�N-�7� ,	3-&(M N4,	N-"*� :9)+.#N-&(� �J�!��"'�J&-.'�034��,	.')+�	N-"#N-&w�
Zr

&4.��O��)���N4"#&-,=�0��& ^
�7� ,	.R� ^ ]da���&b�kg�N-"#)e�7&

< <ZrJ, J >≥ 0, ∀J ∈ D(Zr)
�`$�:+�(����"'2a�	:+�8�*)9��,1��&cnO&4.'6	"#N-.h.4�q�����#)+&4,=�h&-,y.#&

aei



"*� 2<&4,7�8,H�B/a�	,	&�3-��,	�	)e�*)9��,f���q)+2<6!N4�7� ,�34&
Zr = 1

�8�w��� "#�y67� "m�	,y3DC7� ,�M�&42<&4,=�5�	&�.'&43-��,	�z21&-2a�	"'& ]
~ ��)9�

R
:i�q��6!N4"#�8�*&-�	"h�	&R"#N �7&b_�)+� ,A� .'.#�d34)9NR/

Zr

$7&b�5�	N-�	,	)�67� "c�

R = (Id− Zr)(Id+ Zr)
−1 ∈ L(L2(TΓ)).

� ^ ]dakl=�
^I�|3-��,	�	)e�*)+� ,z� �J�!��"'�Y���J.�x�.��*;-21&f� ^ ]da��k6!&4���5.'&T"'N4N-34"#)9"#&|�

n ∧M − Z0J = ginc − Z0(Id− Zr)J

= (Id+R)ginc −R(n ∧M + Z0J)

= (Id+R)ginc −R
√
iZ0(n ∧M1 − iJ1) = f inc.

� ^ ]da _ �
[�,Y6!��.*� ,=�

g̃ = (−i√iZ0
−1
f inc,−n ∧√iZ0

−1
f inc)t $I� ^ ]baki��k&4.��0� ���*&-,d� $7&-�X&4,Y6�� .*� ,=�

F =




F1

F2


 =



−i√iZ0

−1
(Id+R)ginc

−n ∧ √iZ0
−1

(Id+R)ginc


 ,

&-�
NR =



−R −iR(n ∧ ·)

in ∧ R −n ∧R(n ∧ ·)


 ,

,	���	.X�Eg���,�.T�




X + A∗
∞A∞X − T ∗Y = F −NRX,

TX + A∗
∞A∞Y = 0.

.
� ^ ]gcen=�

� TOpq@�P =�?sT 
 � ��	
�&$&� �
Zr = 1

'
R

���
	 ����
 �
	 � ��� � 	��
	�	
����)"������.�� �����
6��
n0&T2<p42<&�FH�	&(6�����"(� ^ ]daei��`$	,	���	.5�	Nb�7,	)9.#.#� ,	.06!���	"(� ^ ]gcen=�k:+&

β
.�x�.��*;-21&v�





(1 + β)X + A∗
∞A∞X − (T ∗ + iβId)Y +NRX = F,

(T − iβId)X + (βId+ A∗
∞A∞)Y = 0.

.
� ^ ]gc ^ �

u����	" ||R||L(L2(TΓ)) < 1
$\:9&Y6�"#���	:9;42<&z&4.'�f�	)+&-, 6!��.#NY&-�1:+&z.�x�.��*;-21&A� �	2<&-�<�	,	&J�	,	)+FH�	&Y.#� :+���#)+��,

g�N4"')9�G�8,H�
Y = iX

]
u����	"m6	:+��.m�	&0�	N-�*� )+:9.4$H,	����.k"#&-,=g��ox���,�.5/T:i��� "��*)+3-:+& � cel � $����f�	&-��_w6�"#N4.'&4,=�D���*)+� ,	.k�	) � N-"#&-,H�#&4.m.#��,=�k�#"*� )LK
�*N4&-.c��:����	,�&�&4.��5�7� .#N-&c.#�	"h:+�T3-��2a�	)9,7� )+.'��,w�	&

T
&b�
K

$	:i��� ���#"#&0&4.'�5�	� .#N-&c.#�	"h:+�T2<)+,	)921)9.*�8�#)+��,v���q�	,	&
����,	3-�#)+��,�,	&4:9:+&RFH�7� �	"#�8�*)9Fd��& ]�u����	"06	:+��.O�	&T�	N-�*� )+:9.03-��,	34&-"#,7�8,H��:?�12<)+,�)+2<)+.*���*)+� ,w�	&P:+�<����,�3-�*)9��,	,	&-:+:9&
Fd�	� �	"*���*)+FH�	&8$7:+&c:9&43-�#&4�	"h6!&4���03-��,	.'�	:9�#&4" �gckl � ]

����� � � � %'�'( ������������� � ( ����� ����� � 	 ! �	� ��� ��� #
^�&X.'xd.'�#;42<&0"'N4.'��:+�<&4.��k�	) � N-"#&-,H���	&X34&-:+�	)7"'N4.'��:+�<�7� ,	. � cel � ]=��:G6	"#�ogd)+&-,H���	&X:?������"'2a�	:+�8�*)9��,a)+,�)9�*)+� :+&

�	&4.<[\�Un �giea � &b� �dikc � $\21� )9.a)+:B6!&4���v.4�q�����*&-,	)+"</t67� "��*)9"a�	&z:?������"'2a�	:?���*)+� ,�6	"'N434N-�	&4,=�#& � ^ ]dc ^ �P67� "

akj



3DC7� ,	M�&-21&-,=�0� ��)9,	34��,�,d��&4.4] ~ � )+&4,=�5:9&4.5,	����g &4:9:+&4.5)9,	34��,�,d��&4. {xl, λl}2l=1

��N-�7,	)9&4.567� "c�

x1 =
√
i(M1 − J1), λ1 =

√
i

2k
(M2 − J2),

x2 =
√
i(M1 + J1), λ2 =

√
i

2k
(M2 + J2),

&-�X:+&-.h,	����g &E� ��_Y.'&43-��,	�	.021&-2a�	"#&-.h�	N-�	,	)+.567� "c�

FEID
1 =

√
i
F2 − F1

2
,

&-�
FEID

2 =
√
i
F2 + F1

2
.

��:���� ���5�	��,�3("'N4.'���	�	"'&(��&4��_Y.�x�.��*;-21&-.03-���	6	:9N4.5�	��,	,�N4.X67� "c�



1
2
Id+ 1

4k2 δ
∗
l δl kKl

−kK∗
l δ∗l δl







xl

λl


 =




FEID
l + AR,lx

lc

0


 ,

� ^ ]gcwa��

���
l ∈ {1, 2} &-� lc ∈ {1, 2} \ {l} ]G^��qN4FH�	)eg8� :+&-,	34&c&-,H�#"#&f� ^ ]gcen=�k&b�P� ^ ]gcwa��m&-.'�0�	N42<��,=�*"'N4&R�7� ,�. � lel � ]

^�&-.5&b_�6	"#&-.#.')+��,	.X�	&-.0��6!N4"#�8�*&-�	"#.
K1

$
K2

$
δ∗1δ1

$
δ∗2δ2

$
AR,1

&b�
AR,2

.#� ,H�0�	��,�,	N4&-.067�8"c�

K1 = −(Tr −Kr −
1

2
n ∧ ·), K2 = −(Tr +Kr +

1

2
n ∧ ·),

δ∗1δ1 = 2k2(Ti −Ki), δ∗2δ2 = 2k2(Ti +Ki),

AR,1 = − iRn ∧ ·+R
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, AR,2 =

iRn ∧ · − R
2
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(δlϕ)(ŝ) = k
(
(a∞J)(ŝ) + (−1)l+1iŝ ∧ (a∞J)(ŝ)
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
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4k2 δ
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l δl kKl
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l 2βk2Id+ δ∗l δl





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xl

λl


 =




FEID
l + AR,lx

lc − iβkλl

iβkxl


 ,

� ^ ]gcwi��

���
l ∈ {1, 2} &-� lc ∈ {1, 2} \ {l} ]
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Zr = 1
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

(1−β)
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Id+ 1

4k2 δ
∗
l δl kKl − iβkId
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
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0


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(xl, λl) ∈ H(Γ)×H(Γ)
�#&4:�FH�	& ∀(x̃l, λ̃l) ∈ H−1(Γ)×H−1(Γ)

�

< (
1 + β

2
Id+

1

4k2
δ∗l δl)x

l, x̃l >H(Γ),H−1(Γ) + < kKlλ
l, x̃l >H(Γ),H−1(Γ) = < AR,lx

lc, x̃l >H(Γ),H−1(Γ)

+ < −iβkλl, x̃l >H(Γ),H−1(Γ) + < FEID
l , x̃l >H(Γ),H−1(Γ),
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< −kK∗
l x

l, λ̃l >H(Γ),H−1(Γ) + < (2βk2Id+ δ∗l δl)λ
l, λ̃l >H(Γ),H−1(Γ) = < iβkxl, λ̃l >H(Γ),H−1(Γ),

���
H(Γ)

��N4.#)9M�,	&R:i�q&4.'67� 3-&
L2(TΓ)

]
^I�}"#N-.#��:9���*)9��,��	&�� ^ ]gcwm��a&4.��f�	� .#N-&A.#��"1�	,�&J2<N-�#C	����&J���qN4:9N42<&4,=�*.v�7,	)9.J��N4:9N42<&4,=�*.v�7,	)9.v�	&J3-:?� .'.#&
H(div)

�	&XV0N4��N4:+&-3o�`]H^I�c�	)9.#3-"#N-�#)+.#�8�*)9��,|67� "�N4:9N42<&4,=�*.��	,	)+.��	�<6	"#� �	:+;-21&B.'&X���8)9�\&-,13-��,	.#)9�	N4"#� ,=���*�����
��� �8����"'�

Γh
$�Fd��)�&4.��T��,	&<� 6	6	"'�o_�)92f�8�#)+��,J6�� :9xd,	��2<)?� :9&T6	� "c21� "#34&4� ��_��	&v�	&4M�"'N

l
�	&v:+�w.#�	"���� 34&

Γ
]

~ ��)9� Th
�	,�&P�*"')?� ,	M �	:?�8�#)+��,z"'N4M��	:9)+;-"#&P&b��3-��,�����"'21&T�	&

Γh
$ &b��.'��)9�

Vh
�	,A.#���	.UK�&-.#67� 3-&|�	&a�	)921&-,	.#)9��,

�7,	)+&c��&
L2(TΓh)

�	Nb�7,	)�67�8"(�

Vh = Lin{φi; i = 1, . . . , N}, � ^ ]gcel=�

��� {φi}Ni=1
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h =

N∑

j=1

αl
jφj,

&-�
Λ̃l

h =

N∑

j=1

γl
jφj,

� ^ ]gc _ �

�og &43 ∀j ∈ {1, · · · , N} $ (αl
j, γ

l
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Vh = Vh × Vh
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X̃ l

h

&-�
Λ̃l

h

�*&-:+.hFH�	& ∀i ∈ {1, . . . , N} �

N∑

j=1

αl
j < (

1 + β

2
Id+

1

4k2
δ∗l δl)φj, φi >Vh

+

N∑

j=1

γl
j < kKlφj, φi >Vh

=

N∑

j=1

αlc
j < AR,lφj, φi >Vh

+

N∑

j=1

γl
j < −iβkφj, φi >Vh

+ < FEID
l , φi >Vh

,

et
� ^ ] fwn=�

−
N∑

j=1

αl
j < kK∗

l φj, φi >Vh
+

N∑

j=1

γl
j < (2βk2Id+ δ∗l δl)φj, φi >Vh

=

N∑

j=1

αl
j < iβkφj, φi >Vh

.
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h = (αl
1, · · · , αl
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h = (γl
1, · · · , γl
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Y 1
h = (X1

h,Λ
1
h)

&b�
Y 2

h = (X2
h,Λ

2
h)

�*&-:+.hFH���q)+:9.Bg�N4"')9�7&-,=�P�



M1

β 0

0 M2
β







Y 1
h

Y 2
h


 =



R1

β C1
R

C2
R R2

β







Y 1
h

Y 2
h


 +




S1

S2


 ,

� ^ ] f ^ �

���
Sl = (F l, 0)t &b�5:+&4.521�8�*"')+3-&4. Ml

β

$ Rl
β

&-� Cl
R

.#��,=�0�	��,	,�N4&4.567�8"(�

Ml
β =



Dβ + 1

4k2Al Kl

−Kl∗ 2kBβ +Al


 , Rl

β =




0 −iBβ

iBβ 0


 ,

&b� Cl
R =



N l

R 0

0 0


� ^ ] f.a��

:+&4.�21�8�*"')+3-&4. Bβ
$ Dβ

$ Al $Kl $ Kl∗ $ N l
R
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N

N-�D�8,H�
�	N-�7,�)+.567� "c�

(F l)i = < FEID
l , φi >Vh

,

(Bβ)ij = < βkφj, φi >Vh
,

(Dβ)ij = <
1 + β

2
φj, φi >Vh

,

(Al)ij = < δ∗l δlφj, φi >Vh
,

� ^ ] fwc=�
(Kl)ij = < kKlφj, φi >Vh

,

(Kl∗)ij = < kKlφj, φi >Vh
,

(N l
R)ij = < AR,lφj, φi >Vh

.
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M̃l
βY

l
h = S̃l, l ∈ {1, 2}, � ^ ] fefH�

��
 {M̃l
β, S̃

l}2l=1

����� 	 ��� 	 �
��� � �"� �<��	 �
� ��� ��� ������	
����
���	%����� ) �"	�� ��	�������� �
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(Y 1
h (0), Y 2

h (0))t

�	,	&R.#��:9���*)9��,y)+,�)9�*)+� :+&8]�ZkC7� FH�	&()9�*N-"#N
(Y 1

h (n), Y 2
h (n))t &4.��X3E� :934�	:9NcM�"�� 3-&R/|:?�|"#N-34�	"'"#&4,�34&(.#�	)eg �8,H�#&v�




Y 1
h (n)

Y 2
h (n)


 = α




Y 1
h (n)

Y 2
h (n)


 + (1− α)




Y 1
h (n− 1)

Y 2
h (n− 1)


 ,

� ^ ] f.i��

���
α

&-.'�X:+&c3-��& �<34)+&-,=�0��&("'&4:+��_��8�*)9��,y�	&R:?�a2<N-�#C	����& $	&b�
(Y 1

h (n), Y 2
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

M1

β 0

0 M2
β







Y 1
h (n)

Y 2
h (n)


 =



R1

β C1
R

C2
R R2

β







Y 1
h (n− 1)

Y 2
h (n− 1)


 +




S1

S2


 .
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(Y 1

h (n), Y 2
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


V 1
h (n− 1)

V 2
h (n− 1)


 =



R1

β C1
R

C2
R R2

β







Y 1
h (n− 1)

Y 2
h (n− 1)


 +




S1

S2


 ,

� ^ ] f.m��

)+: ��� ���5"#N4.'���	�	"'& Ml
βY

l
h(n) = V l $ l ∈ {1, 2} $�3-&TFH�	)�N-Fd��)9g8� ���X/v"#N-.#���	��"#&v�





(Dβ + 1
4k2Al)X l

h(n) +KlΛl
h(n) = V l

h,1(n− 1),

−Kl∗X l
h(n) + (2kBβ +Al)Λl

h(n) = V l
h,2(n− 1),

� ^ ] fwl=�

���
Y l

h(n) = (X l
h(n),Λl

h(n))t $ V l = (V l
h,1(n− 1), V l

h,2(n− 1))t ]
V l

h,1(n− 1)
&b�
V l

h,2(n− 1)
.#��,=�X�	Nb�7,	)+.567�8"(�

V l
h,1(n− 1) = N l

RX
l
h(n− 1)− iBβΛl

h(n− 1) + F l, � ^ ] f _ �
&b�

V l
h,2(n− 1) = iBβX

l
h(n− 1), l ∈ {1, 2}.
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Λl

h

&4,Y6�� .*� ,=�(�





X l
h(n) = (Dβ + 1

4k2Al)−1(V l
h,1(n− 1)−KlΛl

h(n)),

(
Kl∗(Dβ + 1

4k2Al)−1Kl + (2kBβ +Al)
)
Λl

h(n) = V l
h,2(n− 1) +Kl∗(Dβ + 1

4k2Al)−1V l
h,1(n− 1).

� ^ ]dikn=�

V0���	.�,	� �#��,	.
Al = (Dβ + 1

4k2Al)
$
Bl = Kl $ C l = (2kBβ +Al)

$
V l

1 = V l
h,1(n− 1)

$
V l

2 = V l
h,2(n− 1)

$
X l = X l

h(n)
&b�

Λl = Λl
h(n)
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{
Λl,0 �	� ,	,	N
X l,0 = (Al)−1(V l

1 − BlΛl,0) −→

gl,0 = C lΛl,0 − (Bl)∗X l,0 − V l
2

W l,0 = gl,0

n = 0, · · ·

� .')
n ≥ 1

$
W l,n = gl,n + αl,nW l,n−1

αl,n =
|gl,n|2
|gl,n−1|2

� zl,n = (Al)−1BlW l,n −→

� ρl,n =
|gl,n|2

(gl,n, C lW l,n + (Bl)∗zl,n)

� {
Λl,n+1 = Λl,n − ρl,nW l,n
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� gl,n+1 = gl,n − ρl,n(C lW l,n + (Bl)∗zl,n)
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0
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$
W l
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k = 0, · · ·

� .#)
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k + αl

kW
l
k−1
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k|2
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k+1 = X l,0

k − ρl
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k
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lW l
k
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0
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� .#)
k ≥ 1

$
W l

k = gl
k + αl

kW
l
k−1

αl
k =

|gl
k|2

|gl
k−1|2

� zl,n
k+1 = zl,n

k − ρl
kW

l
k

� gl
k+1 = gl

k − ρl
kA

lW l
k
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� � � ���G
���� �

� � 
 � � � 
�
 � � �*
 �	� � 
 � 
 ��� � �	� �+�*� 
Z
 �
H(div)

� ��� � ( � ���
	 ! �-��� �'(
Zk&b�#�#&k67� "��*)9&m&-.'��3-��,	.#� 34"'N4&B/X:?�5�	&4.'34"')+6��#)+��,T�	&4.�N4:+N-21&-,=�*.��	,	)+.I�	&k3-:?� .'.#&

H(div)
&-����&4.���� ,	3-�#)+��,	.

�	&A�7�8.#&t� .'.#�d34)9N4&4.-]BZk&-.wN4:9N42<&4,=�*.<�7,	)9.f.#� ,H�f�	,������*)+:5,7���*�	"'&4:X6�����"f:?�}"#N-.#��:9���*)9��, ��&4.fN-FH�7�8�*)9��,	.
�	&zSA��_d�m&4:9:i$I3E� "T)+:+.("#&-,	�	&-,H�a6���.'.#)9�	:+&1:?�z34��,	.��*"'�	3-�#)+��, ���q&4.'67� 3-&4.|����� 6	6	"'�E_�)92f���*)+� , 3-��,�����"'21&-.P�	&
:i�q&4.#6	� 34&

H(div)
)+,=�#&4"'g &4,7�8,H�X�7�8,	.5:?�a����"#2P�	:?�8�#)+��,<g8� "#)+�8�*)9��,	,	&-:+:+&8]

^�&-.ON-:+N42<&4,=�#.0�7,	)9.O���#)+:9)+.#N-.h����,=�O67�8"'�*)9&T��&P:?�v��� 2<)+:+:9&����qN4:9N42<&4,=�*.X�7,	)+.X�	&T34:?�8.#.#&
H(div)

)9,=�*"#�d�	�	)e�*&
&4,

1980
67�8"aV0N-�	N4:9&43y�7�8,	. � _ c � ]\Zk&b�#�*&w���821)9:+:+&8$�� 6	6!&4:9N4&w6�"#&42<)+;-"#&<��� 21)9:+:9&|�	&yV0N-�	N4:9&438$r34� ,	.'�#)9�*��&

�	,	&cM�N-,	N4"#� :+)9.*�8�#)+��,f� �z3E� .B�#"#)+��)+2<&4,	.')+��,	,�&4:!�	&4.hN-:+N42<&4,=�#.B�7,	)+.h2<)e_d�#&4.B�	&c3-:?� .'.#&
H(div)

)9,=�*"#�d�	�	)e�*.
67� "5�X�ogd)+� "'�5&b�0�hC���2f�8.h&4,

1977
�	� ,	. � ^ nen � ]

V0���	.z6	"'N4.'&4,=�*��,�.J:9&4.w����,	3b�*)9��,	.y�	&t�7�8.#&}�	&4.zN-:+N42<&4,=�#.z�	,	)+.y���q��"'�	"#&tN-:+&-g N ��&t34:?�8.#.#&
H(div)

��&
V0N4��N4:+&-3 $7�	� ,	,	N4&-.0�	� ,	.5:i��� "'�#)+3-:+&��	&T�c"*� M :+)?� �
	 ��
 �gjei � ]

� �	� � !$#1� �"!$#�� �*� � � #1� �
~ ��)9�

Ω
��,t����g�&-"'�R�!��"#,�Na�	&P��"'��,=�*)+;-"#&

Γ
]�V0� �	.c"*� 6�6�&-:+��,	.0FH�	&4:9Fd��&4.c,	� �#)+��,�.O)+2<6!��"'�*� ,=�*&4.0�7� ,	.

:+&4.h��N-�7,	)e�*)9��,	.h.#��)9g8� ,=�*&-.4]
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 �
� �
� 	������ ���
	 ���������4� �"	�7
� ����� �

 �
� �
� 	-!������<�
	%	��%$&� �����

Rn ' � � 	 �
K

'
������� ����� �	� ��� � ��# �0)���#
	 ��	�� �

 '

P
' �����"��� �
���
�����
����� ��' �
	 ��! ��
 � (

N
'

� ����� �
��� �
� � 
 ��'
Σ

' ���
N

����!"	����;����
 � �
�
	
	 ��' � � � �-���
N

����	�� ����
 ��� � �"��	����;��������� ��� �
��	�
�� ��� � ��# �
P
�

� � �
��� �
� � 
 �
Σ

���
	
P
� ����� ��� 
 ) �"� 	 . # ����������� 	������ ���������&6��

^\�qN4:9N42<&4,=�5�7,	)��	Nb�7,	)�34)LK��	&-.#.'�	.0.'&4"#�<,	�8�*N
(K,Σ,P)

]
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Σ
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P
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�
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∀(α1, ..., αN) ∈ RN , ∃!q ∈ P/σi(q) = αi ; ∀σi ∈ Σ, ∀i = 1, · · · , N.

XvLwr:F C BDCUEGF o	
 o	
 y 
�� ��� � �
� � �

 �����5����� #
	%�������8��� � ��� �8���
(K,Σ,P)


 ���
N

����� #
	%�������
q1, ..., qN

���

�� ��� � ��# �0)���#
	 ��	
� �



P
� ��	%� � � �"� � �"� 	 7

σi(qj) = δij ; ∀σi ∈ Σ ; 1 ≤ i, j ≤ N,
��


δij
	 � � 	
��� �
� 	 � 
 �;�
	�� �
� 
 ������� 	
��� ��#�� �
	 �

XvLwr:F C BDCUEGF o	
 o	
 ��

H(div,Ω)

. ���
H(div)

6 ���
	 
�� ��� � ��# � ��� )���#
	 �
��	
�3���
Rn ��������� �;�
��	���� ����)��
	 	

Ω
)"�
	
� � �"� 	 7

H(div,Ω) = {u ∈ (L2(Ω))n / div(u) ∈ L2(Ω)}.
(K,Σ,P)

���
	8�"� 	8��� #

������ �
H(div)

$&� �"� � 
�� ��� 	 �
	 ��� 
 � � ��� 	 ��� 	 ������� #
	%����� 	
��!"� 
 � �
	�� ��� 
�� ��� � ��# �
H(div)

���
	 � �"���
H(div)

�

�cN4,�N4"*�8:+&42<&4,=�4$7:+��"'.X��&T:+�v"'N4.'��:+���#)+��,z�	&-.0N-FH�7�8�*)9��,	.X�	&TSA��_d�m&4:+:I67� "5:+�v2<N-�#C	�d�	&R�	&4.XN4:9N42<&4,=�*.
�7,	)+.-$�,����	.B���#)+:9)+.#� ,	.m:9&4.mN4:+N-21&-,=�*.m�	,	)+.B��&��X�ogd)+� "'��K��hC	��21� .O���r�X�`$�N-M=� :9&42<&4,=�B3-��,	,H�	.h�7� ,�.B:?�(:+)9�'�*N`K
"*�8�#�	"#&R.#� �	.0:9&c,	��2 � ��N-:+N42<&4,=�#.5�	,	)+.5�	&(�X� �8K � )9:+.'��,�K��c:+)9.#.'��,t��� ���(� � _e_ � ]G^�&4��"X&-216�:+��)�.'&h%'��.'�*)e�7&
67� "c:+&a���8)9�cFH�	&v:+&-�	"#.c����,�3-�*)9��,	.c�	&v�7�8.#&|g�N-"#)9�	&4,=�(:?�w6	"'��6	"#)9N-�#N|�	&v34��,	.'&4"�g ���*)+� , �	&v:+�w3DC7� "#M & ]�^�&4.
N4:+N-21&-,=�*.r�7,�)+.��	&B�0�Egd)?� "��'K �hC	��21� .�.'��,=�\�	&-.\N4:+N-21&-,=�*.r�7,�)+.������ "'p-�*&8$ &b�\.#��,=���	Nb�7,	)9.\/O:i�q��"'�	"#&

0
$ 6	� "B�

� K
&-.'�0�	,z�*"#)+� ,	M�:9&O6	:+� ,�$

� P
&-.'�5�*&-:�Fd��&(�#�����hg�&-3-�#&4�	"

~q ∈ P
.4�q&b_�6	"')+2<&(��&(:+�|2f� ,�)+;4"'&�.#��)9g8� ,=�*&v�

~q(x) = q1(ξ) ~fK
1 + q2(ξ) ~fK

2 ,
�Eg�&-3

qα(ξ) = wα + ξαw0,
� a�] ^ �

w0

$
w1

&-�
w2

N-�*� ,=�c�	&-.O34� ,	.'�*� ,=�*&4.c.'3E� :+� )+"'&4.-]
x
&-.'�O�	,�6!��)+,=�0�	&

K
�	&P34�d��"#�	� ,	,	N4&-.

(ξ1, ξ2)�7� ,	.5:9&c"#&46!;4"'&R��"'�#C	��,	��"'21N {OK,
~fK
1 ,

~fK
2 }

3-��,=�*&-,d�J�7� ,	.5:9&c21p-21&c6	:+� ,zFH�	&
K

$

� Σ = {
∫

∂Ki

q · n̂i ds ; i = 1, 2, 3} $ n̂i

N-�*� ,=�1:+��,	��"'2f� :9&w�	,	)e�D� )9"#&w.'��"'�*� ,=�*&Y/
∂Ki

�
∂Ki

"#&-6	"#N-.#&4,=�#&P:+&
i ���
	��

3 � �*Nc�	&
K
�`]GnO&R6	:+�	.-$

n̂i

&4.��X34��,=�*&-,H�	&P�7�8,	.5:+&c2<p42<&�6	:?�8,YFH�	&
K

]
^�&-.h����,	3-�#)+��,�.h�	&R�7� .#& {RTi}3i=1

�	&R:i�qN4:9N42<&4,=�h�7,	)��X�Egd)?� "��'K��hC���2f�8.B���q��"#�	"'& nv.'��,=�X�	��,	,	N-&4.X67� "c�

RTi(x) =
.#M�,

(∂Ki)
x− aK

i

2mes(K)
; i ∈ {1, 2, 3}, �Ja�]ba �

���

ckf



� mes(K)
&-.'�X:i��� )+"'&��	�z�*"')?� ,	M :+&

K
$

� aK
i

&-.'�X:+&c.'��2<21&b�5�	&
K

��6�6���.'N(/v:�� �8"#p-�#&
∂Ki

$

� .#M�,
(∂Ki)

&-.'�X:+&c.')+M�,	&R� � &-3-�*N(/v:i��� "#pb�*&
∂Ki

�	&
K

$

� x
&-.'�X�	,Y6���)9,=�h�	&

K
]

V0���	.5�	� ,	,	��,	.521� )+,=�#&4,7� ,=�5FH�	&-:+FH�	&4.X6	"'��6	"#)9N-�#N4.5"#&-2f� "'FH�7� �	:9&4.h�	&-.5��� ,	3-�#)+��,	.h��&(�	� .#& {RTi}3i=1

]
^ ]0ZkC7� FH�	&y����,	3b�*)9��, �	&z�7� .'&

RTi

��6!���	"|.#��6	6�� "'�v:+&-.|N4:9N42<&4,=�*.|�	&z:+�A�*"#)+� ,	M���:?�8�#)+��, Th

�	&
Γ�Ex=� ,=�

∂Ki

6�����"T�8"#p-�#&z��)+:rx�&4, �J� � 6	:9�	.c�	&4�d_ $
K+

i

&-�
K−

i

$�34� " Th

&-.'�T�	,	&|�*"')?� ,�M��	:?���*)+� ,
34��,�����"#2<& ]

RTi

&4.'�R� "#)+&-,=�*N4&a� "#�	)e�*"#� )+"'&42<&4,=�O&-,t3DC	��)9.#)+.'.*� ,=�4$�67� "'21)I:+&-.O�*"')?� ,	M :+&4.X�	�t.'�	6	6!��"'�
�	&

RTi

$	�	,y�#"#)?�8,	M�:+&06�� .#)9�#)9�
K+

i

$����y.#M�,
(∂Ki) =

.#M�,
(∂K+

i ) > 0
$	&b�5�	,y�*"#)+� ,	M�:9&O,	N-M=�8�#)9�

K−
i

$
���z.#M�,

(∂Ki) =
.#M�,

(∂K−
i ) < 0

]

a�]0Zk&4.c����,	3b�*)9��,	.���,=�R:+�w67� "'�#)+3-�	:?� "')9�#NT�����Eg���)9"c67� "c"#� 6	6!��"'�R�8��_}� "'p-�#&4.R�	&
K

�	&4.R34� 216!��.*�8,H�#&4.
,	��"'2f� :9&4.R34� ,	.'�*� ,=�*&4.-$r&b�a�	&-.P34� 216!��.*�8,H�#&4.(�D� ,	M &4,=�*)9&4:+:9&4.R:+)9,	NE�8)+"#&-.4]�u\:+��.T6	"'N43-)+.#N-21&-,=�E$I,	���	.
�Eg���,	.X6!���	"h:+&-.h34��2<6!��.*� ,=�#&4.5,	��"'2f� :9&4.h:9&�:+��,�M<��&(3DC	� FH�	&P�8"#p-�#&

∂Kj

�

RTi · n̂j = δij
sgn(∂Ki)

mes(∂Ki)

� a�]gc=�

���
mes(∂Ki)

&-.'�X:?�|:+� ,	M��	&-�	"h�	&R:i��� "#pb�*&
∂Ki

]

c�]X^�&4.h����,	3b�*)+� ,	. {RTi}3i=1

.#��,=�X�	&4.h����,�3-�*)9��,	.Bg &43-�#��"#)9&4:9:+&4.h���*)+:9)+.'N4&4.k6�����"5� 6	6	"'��3DC	&-"5:+&c34� �	"*� ,=�
.#�	"���� 34)9FH�	& $

J
$�FH�	)�&-.'�T�	,�3DC7�8216 �	&vg�&43b�*&-�	"#.(�D� ,	M &4,=�*.T/Y:+�y.#�	"���� 34&8]r[\:+:9&4.c.'&4"'g &4,=�v� ��.#.#)�/

� .#.'�	"#&-"O:+�134� ,H�#)+,H�	)e�*N(�	� �7��_J�	&
J

/v�*"*�Eg &4"#.O:+&4.O� "#pb�*&-.O�	&T3DC7� FH�	&P�#"#)?�8,	M�:+&
K

]�nO&P6�:+�	.-$�:9&4.
34��2<6!��.*� ,=�#&4.R,	��"'2f� :9&4.R� �d_ � "#pb�*&-.T�	&

K
�	&4.R����,	3b�*)+� ,	. {RTi}3i=1

Nb�D� ,=�(34� ,	.'�*� ,=�*&4.T:+&|:9��,	M
�	&4.m� "'p-�*&-.m��&

K
$=:9&4. �7��_<�	&

J
/R�#"*�Eg�&-"#.k3-&4.m� "#pb�*&-.m.'��,=�k�	� ,	3O�86	6	"#�d3DC	N-.m67�8"m�	&-.m3-��,	.��D� ,=�*&-.4]

u�����"|34&-�'�*&z"*�8)+.#� ,�$r,	� �	.v�	)+.'��,	.|FH�	&z:+&-.P����,	3b�*)+� ,	.|�	&y�7� .'& {RTi}3i=1

.#��,=�<���q��"#�	"'&
0
$���)+&4,

FH����&-:+:9&4.h.#� )+&4,=�X�	&R�	&-M�"#NR6!��:9xd, ��2<)?�8: ^ ]
f	]X^��v��)9g�&-"#M�&-,	34&(.#��"'��� 3-)+FH�	&R�	&

RTi

g8� ���R�

divΓRTi =

.'M�,
(∂Ki)

mes(K)
.

� a�] fH�

i�]X^�&4.m��� ,	3-�#)+��,	.��	&0�7� .#& {RTi}3i=1

g N4"#)e�7&4,=�h:+�(6�"#��6	"')+Nb�*NX�	&�34� ,	.#&-"'g8�8�*)9��,f��&O:?�R3DC7� "'M�& ] ~ ��)e� −→p
�*&-:�Fd��& −→p =

N∑

j=1

pjRTj
]7VX���	.X�Eg���,�.O� :9��"#.c�

cwi



∫

Γ

divΓ
−→p dγ =

N∑

j=1

pj

∫

K−
j ∪K+

j

divΓRTj dγ,
� a�]di��

=
N∑

j=1

pj (sgn(K−
j ) + sgn(K+

j ))︸ ︷︷ ︸
=0

= 0.
� a�]gj=�

� ��� � � ��� #�(������ ($� � � ( � ���
	�!$� ��� � ��������	$�1� # �
^�&-.�N-:+N42<&4,=�#.��	,	)+.��	&m�X�ogd)+� "'��K��hC	��21� .�� ����"'�	"#&

0
$o6	"#N-.#&4,=�#N4.r�	� ,	.�:?�h.#&-3-�#)+��,(6	"#N-34N-�	&4,=�*&8$8.'��,=�r:9&4.

N4:+N-21&-,=�*.B�7,	)9.h���q��"#�	"'&c:+&c6	:9�	.h�7� .h� ���	,�&R���821)9:+:+&X���qN4:9N42<&4,=�*.B�7,�)+.h�	&R34:+� .#.'&
H(div)

)+,=�#"#�d�	�	)9�#&�67� "
V0N4��N4:+&-3R�7� ,	. � _ c � $	34&cFH�	)�&-,=�*"*� �?,	&c21� :+M "#NO:9&4�	"k& �<3E� 3-)9�#N(��,	&�gd)9�*&-.#.'&(��&(3-��,=g�&-"#M�&-,	34&(&4,z21� )+:9:?� M�&
��� )+�	:9& ] �X,	&k)9�	N4&�,7�8�#�	"#&-:+:+&8$o6�� �	"�� ��M�21&-,=�*&4"I:?�hgd)9�#&4.#.'&B�	&m34��,=g�&-"#M�&-,	34&h��&k:?�5�	)9.#34"'N-�#)+.*���*)+� ,�$o34��,�.#)+.��*&
/h� 6	6	"'��3DC	&-"�:?�B34� 216!��.*�8,H�#&�,	��"'2f�8:+&�:9&�:+��,�MB�	&�3DC7� FH�	&�� "'p-�*&\6	� "��	,R6�� :9xd, ��2<&��	&\�	&-M�"#N

p
.'�	6!N4"#)9&4�	"

��� N-M=� :�/ ^ $�6	:9��� � �RFH�	&<67� "R�	,�&13-��,	.'�*� ,=�*&8]�^�&-. �7�d_ �	&
J

/w�*"#�Eg�&4"'.P:9&4.(� "#pb�*&-.T�	&
K

.#��,=�T�	��,	3
� 6	6	"'��3DC	N-.06	� "h�	&4.56!��:9xd, � 21&-.h�	&R�	&4M�"'N

p
]

^��q&4.'67� 3-&
(Pp)

2 �	&-.O6!��:9xd, ��2<&4.X/vg �8:+&4��"#.5�7� ,	.
R2 �	&(�	&4M�"'NP)9,���N4"')+&4��"X� �JN-M=� :I/

p
&4,J:+&4.5g8� "#)+� �	:9&4.

x1

&b�
x2

$76!&4���5.#&(�	N43-��216!��.'&4"5�	&R:?�P�����-��,z.#�	)eg8� ,=�*&v�

(Pp)
2 = (Pp−1)

2 ⊕ {(P̃p)
2|∀q ∈ (P̃p)

2, divq 6≡ 0} ⊕ {(P̃p)
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2|∀q ∈

(P̃p)
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6�� �	"

p ≥ 2
$ ∫

K
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34��2<6�� .*� ,=�*&-.h,	��"'2f� :9&4.B&b�B�D�8,	M�&4,=�#)+&4:9:+&-.B�	&

V
67� "h"#� 6	6!��"'�h� ��_z�8"#p-�#&4.5�	�y�*"')?� ,�M�:+&

K
]7V0� �	.5�Eg���,	.

�	��,	3
V = Vn + Vt

]�^��w6	"'&42<)+;4"'&PNb�D� 6!&a34� ,	.#)9.'�*&v/w)9,=�*&4"'6�� :+&4"
Vn

67� "���,t6���:exd, ��2<&P�	&|�	&-M�"#N
p
:+&

:+��,	M(�	&�3DC	� FH�	&�3 �8�*NO��&
K

6!���	"B�8.#.#��"#&4"k:?�R34��,=�*)9,H�	)9�#N�%'�	.'Fd� � /P:���� "#�	"'&
p
�	&
Vn

:9&0:9��,	MP��&4.B3 � �*N-.k�	&
K

]	n�� ,�.h34&-�'�*&cNb�D� 6!& $
3(p+ 1)
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x
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= s12 + λ1(s23 − s12) + λ2(s13 − s12)

x = s12 + λ1l2 − λ2l1.
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Λβ(λ) =
1

J
(λβ+1lβ−1 − λβ−1lβ+1) ; β = 1, 2, 3,

� a�] ^ a��
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λ = (λ1, λ2, λ3)
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J = |l1 ∧ l2| = 2mes(K)
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k=1

(pη − k), 2 ≤ i ≤ p+ 1,

1, i = 1.
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$!&b�0g8� ��� ^ FH�7�8,	�

η
6	"'&4,	�t:+�vg8� :9&4�	"

i/p
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Ri(p, η)
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R̂i(p, η)
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ijk(λ) = N1

ijk

(p+ 2)α̂ijk(λ)λ1

i
Λ1(λ), i ∈ {0, 1, · · · , p} $ j $ k ∈ {1, 2, · · · , p+ 1}, �Ja�]ba ^ �

Λ2
ijk(λ) = N2

ijk

(p+ 2)α̂ijk(λ)λ2

j
Λ2(λ), j ∈ {0, 1, · · · , p} $ i $ k ∈ {1, 2, · · · , p+ 1}, �Ja�]baka��

Λ3
ijk(λ) = N3

ijk

(p+ 2)α̂ijk(λ)λ3

k
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−→
fK

α )
−→
eh

α,
�4c�] ^e^ �

34&RFH�	)�&4,=�*"#���?,�&(&-,J)9216!��.#� ,=�
λi = ji

$7FH�	&
R̃Ti

&4.��X�	N-�7,�)I6	� "c�

R̃Ti(xh(ξ)) =
1√
gh

((RTi(xK(ξ)) · ~fK
1 )−→e h

1(xh(ξ)) + (RTi(xK(ξ)) · ~fK
2 )−→e h

2(xh(ξ)))
�Jc�] ^ a��

���
xK

&-.'�X:i��� ,=�*N-34N4�	� ,=�0.'�	"
K

�	&
xh ∈ K̃h

]
�0,	&A� 6	6	"'�o_�)92f�8�#)+��,��	&J:?�}M�N4� 21Nb�*"#)9&J� ����"'�	"#& ^

(l = 1)
�	� ,	,	&

R̃Ti = RTi

$�34� " −→e h
1 = ~fK

1

&-�
−→e h

2 = ~fK
2

$	&b� √
gh = 1

]
� TOpq@�P =�?sT 
5� � �
��� �
� � 
 � {~fK

1 ,
~fK
2 }

#������
	%� 	�� �;��� � � ��� � #���� 	%	 �") �"	�� �"� 	 � �"� � 
��"� 	 �"��!��
� 	 (
K

. # �"	

~fK
α =

∂xK

∂ξα

6�' � �"� ��� 
 #������
	�� 	%� � �"� ���
� ��� � � ��� � #���) �"	�� �"� 	 �<�"� � 
��"� 	 �"��!��
� 	 (
K

� ��� �&$&� � ~fK
1

�
	

~fK
2

����� 	 ��	 	 � ��� ��	
�<��� � {−→e h
1 ,
−→e h

2}
����	�� �"� 	 ��� � � ��� ��#���� 	%	 �") �"	
� �"� 	 �3�"��� 
��"� 	 �"��!��
� 	 (

Γh

' ������	
��� 	 �
����	�
 ��� ����� #
	�������� {R̃Ti}i∈I

' 
 ����#�����	 ������� � ��� #���� 	%	 �") �"	
� �"� 	 ��� �����-����� #
	%������� {RTi}i∈I
������� � ���

� �"	
(RTi · ~fK

1 )
�
	

(RTi · ~fK
2 )

����� 	 ����� ��#
	 � ��� � �"��� 
 ���1����� #
	�������� {R̃Ti}i∈I

�

ikn



� ��� � �'( � ����� ( � 	$# ��� � # 	$# � �*��%���� �
VX���	.w��N-�7,	)9.#.'��,	.w:9&4.1��� ,	3-�#)+��,	.<�	&��	� .#&���&4.fN-:+N-21&-,H�#.f�7,	)9.f3-���	"#�!&4.1���q��"#�	"'&�N4:9&-g N��	&A3-:?� .'.#&

H(div)
�	&hVXN4�	N-:+&-3B�	��,	,�N4&4.\6	� "\�c"*� M :+)?��]�@k)+&-,aFH�	&h:+&-.r"#N-.#�	:e�D�8�#.��	&5�c"*�8M�:+)+�5.'��)+&-,=�\���*)9:+)9.#N4.-$�,	���	.�,�&

.#�	)eg�"'��,	.\67�8.\:?�O6	"'N4.'&4,=�D�8�#)+��,|��� )e�*&B�	� ,	.\.#� ,1�8"'�*)934:9& � jwi � 21� )9.r6	:9��� � �r34&-:+:+&k�	&h:?��.'&43-�#)+��,|6�"#N43-N4�	&-,=�*& $
3E� "�:+�f�7� .'& {−→eh

1 ,
−→
eh
2 }

�	�}6	:+� ,A�*� ,	M�&-,H�(/
Γh

,���� 6	67� "#���+�O67� .���&a�����4��,t&`_�6	:+)934)9�#& ]
Γh

&-.'�c3-��,	.'�#"#�	)e�*&
34��2<21&O6	"#N-34N4��&42<21&-,H�4$G&-�X&4,YM=� "'�7� ,=�5:+&-.X2<p42<&4.h,�� �D�8�#)+��,�.4$

Γh

&4.'�X�	Nb�7,	)9&(6	� "c�

Γh =
⋃

K∈Th

FK(K),
&-�

FK(K) = K̃h.
�4c�] ^ c=�

Zk��212<&R6	"#N-34N-�	&42<21&-,=�E$�/<3DC7� FH�	&P�#"#)+� ,	M�:9&c6	:?� ,
K ∈ Th

&4.'��� .#.'��3-)+N(�	,�.�x�.��*;-21&a��&P34�d��"'�	��,	,	N-&4.
:+�d3E� :9&4.4$r34&zFH�	)5"#&-gd)9&4,=�w/t:9)+&4"|3DC	� FH�	&Y�#"#)+� ,	M�:9&w34����"#�!&

K̃h ⊂ Γh
/}�	, .'xd.'�#;42<&J�	&Y34�d��"'�	��,	,	N-&4.

:+�d3E� :9&4.4$�6	�	)9.#FH�	&
K̃h = FK(K)

]7^�&(.�xd.'�*;-21&(�	&R34�d��"'�	��,	,	N-&4.5:+�d3E�8:+&4.k.#N4:9&43b�*)+� ,	,	N4&-.5&4.'�0�	) � N-"#&4,=�5�	&
34&4:9�	)I���*)9:+)+.'NT6	� "�@k&-,	�7� :9)m��:+&-.O34�d��"'�	��,	,	N-&4.c:9��34� :+&-.03DC	� )+.#)9&4.0.#��,=�c:9&4.O3-��� "#�	��,�,	N4&-.c�7� "'xd3-&4,=�*"')+FH�	&4.
λ1

$
λ2

&-�
λ3

]

� TOpq@�P =�?sT 
 � �:#�����	 ������� � � � �"	 	 # �
� 	%	��%$&� �
λ3

� �
��	 �
	%	�������� � ��'5# �"	
λ1 + λ2 + λ3 = 1

�

�X,J6!��)9,H�
xK

� 6�67� "'�#&4,7�8,H�0/
K

&-.'�X67� "#� 2<N-�*"'Nc67� "c�

xK = s12 + λ1l2 − λ2l1.
�4c�] ^ fH�

xK

.-��N-34"#)e���	��,	3X34��2<2<&h�	,	&5����,	3-�#)+��,v�	&
λ1

&-���	&
λ2

$=)i]q& ]
xK = xK(λ1, λ2)

]�Zk��2<21&
K̃h = FK(K)

$
�	,z6���)9,=�

xh
� 6	67�8"'�*&-,7� ,=�X/

K̃h
$�)+21� M�&0�	&

xK
67� "

FK
$	.-��N-34"')9�5� ��.#.#) 34��2<21&O�	,	&�����,	3b�*)9��,w�	&

λ1
&-�

�	&
λ2

$7)�]�&8]
xh = xh(λ1, λ2)

$76	��)+.#FH�	&
xh = FK(xK(λ1, λ2))

]
�0,	&R�7� .'&R�	�J6�:?� ,y�D�8,	M�&4,=�0/

Γh

&-.'�0�	��,	,	N-&R67� "c�

−→
eh

α =
∂FK

∂λα
; α = 1, 2.

�Jc�] ^ i��

^I����N-�7,	)e�*)9��,a�	&-.�����,	3-�#)+��,�.��	&B�7�8.#&h34� �	"#�!&4.\.'&B��� )9�r&4,v�	&4�d_|67� "��*)9&4.4] nP��� ��� "#�|:+&-.�����,	3b�*)+� ,	.r�	&h�	� .#&
�	&4.BN-:+N-21&-,H�#.m�7,�)+.�34���	"'��&-.B���q��"#��"#&>nT.#��,=�B��N-�7,	)9&4.-$�&4,�.#�	)e�*&O.'��,=�k�#"*� )e�*N4&-.k:9&4.m��� ,	3-�#)+��,	.��	&0�7� .#&O�	&4.
N4:+N-21&-,=�*.h�7,	)9.h34���	"'��&-.0� ����"'�	"#&cN-:+&bg�N ]
~ ��)+&-,=� {Λ̃β}3β=1

:9&4.\����,	3b�*)+� ,	.��	&0�	� .#&034���	"'��&-.m� ����"'�	"#&�n�]du�� �	"mNb�D� ��:+)+"r:+&4.�&b_�6	"'&4.'.#)+� ,	.k�	&X34&-.m����,�3bK
�*)+� ,	.4$	:9&4.h"#� 6	6!&4:+.5.'�	)9g8� ,=�*.h.'��,=�O,�N434&-.#.#� )+"'&4.4]
�������B�*"')?� ,	M :+&X6	:?� ,

K ∈ Th

$�&4.��567� "*�821Nb�*"#N0.#�	)eg8� ,=�h:?�P"'&4:+�8�*)9��, �Jc�] ^ f=�b]d> 67� "��*)+"m�	&�3-&-�#�#&c67� "#� 21N`K
�*"#)9.*�8�#)+��, $��	,	&R�7�8.#&R34��,=�#"*�Eg8� "#)+� ,=�*& {−→eK

1 ,
−→
eK
2 }

�	�J6�:?� ,y�D�8,	M�&4,=�0/
K

&-.'�X�	��,	,�N4&(67� "c�

−→
eK
1 =

∂xK

∂λ1
= l2,

�4c�] ^ j=�
−→
eK
2 =

∂xK

∂λ2
= −l1.

�4c�] ^ m��

i ^



~ ��)9� {−→e1K ,
−→
e2K}

:?�P�7�8.#&c34�og8� "')?� ,=�*&O�	�z6	:?� ,1�D� ,	M &4,=�X/
K

�8.#.#�d34)9N4&c/a:+�P�7� .'& {−→eK
1 ,
−→
eK
2 }

]	^�&4.Bg &43-�#&4�	"'.
−→
e1K

&b� −→
e2K

.'��,=�X�	N-�7,�)+.567� "h:+�v"'&4:+�8�*)9��,
−→
ei

K = (TM)−1
K

−→
eK

i , i ∈ {1, 2}, �Jc�] ^ l��
���

(TM)K

&4.��c:+&R�*&-,	.#&-�	"c2<N-�*"')+FH�	&TFd��)r��6!;4"'&P�	�t6	:+� ,J�*� ,	M�&-,=���7� ,�.�:+&T6	:?� ,J34� �*� ,	M�&-,=�E]
(TM)K&4.'�X�	Nb�7,	)�67� "c�

(TM)K =




−→
eK
1 ·
−→
eK
1

−→
eK
1 ·
−→
eK
2

−→
eK
1 ·
−→
eK
2

−→
eK
2 ·
−→
eK
2


 .

�4c�] ^`_ �

nO&R67� "5:+&-�	"h34��,�.'�*"'�	3-�#)+��, $ {−→eK
1 ,
−→
eK
2 }

&b� {−→e1K ,
−→
e2K}

g�N-"#)e�7&4,=� −→
ei

K ·
−→
eK

j = δij
$
δij

��N4.#)9M�,7� ,=�X:+&c.�xd2a��� :+&
�	&(QR"'��,	&-3DW &4"-]
^�&-.h����,	3-�#)+��,�.h6	:?� ,�&4.5���q��"#�	"'&

0
$ {Λβ}3β=1

$	.#��,=�0�	��,	,�N4&4.X67� "c�

Λ1 =
1

J
(λ2l3 − λ3l2),

�4c�]dakn=�

Λ2 =
1

J
(λ3l1 − λ1l3),

�4c�]da ^ �

Λ3 =
1

J
(λ1l2 − λ2l1).

�4c�]daea��
Zk��212<&

λ1 + λ2 + λ3 = 1
$
l3 = −l1 − l2

$�&b� −→
eK
1 = l2

&-� −→
eK
2 = −l1

$�&4:+:9&4.c6!&4��g &4,=�(.4�q&b_�6	"')+2<&4"c&4,
����,	3-�#)+��,y��&

λ1

&-�
λ2

$7&-�X&4,z����,	3b�*)+� ,y�	& {−→eK
1 ,
−→
eK
2 }

�

Λ1 =
1

J
(−(1− λ1)

−→
eK
1 + λ2

−→
eK
2 ),

�4c�]dakc=�

Λ2 =
1

J
(λ1

−→
eK
1 − (1− λ2)

−→
eK
2 ),

�4c�]da�fH�

Λ3 =
1

J
(λ1

−→
eK
1 + λ2

−→
eK
2 ).

�4c�]daei��
^�&-.h����,	3-�#)+��,�.h�	&R�7� .#&R�	&-.0N-:+N-21&-,H�#.h�7,	)+.h3-���	"'��&-.0���q��"'�	"#& n|.#��,=�X�	Nb�7,	)+&-.567� "R�

Λ̃β =
1√
gh

(
(JΛβ ·

−→
e1K)
−→
eh
1 + (JΛβ ·

−→
e2K)
−→
eh
2

)
; β ∈ {1, 2, 3}, �Jc�]bakj��

��� √
gh

&-.'�0:i�qN4:+N-21&-,=�h�	&R.#�	"���� 34&(�	&
Γh

&b�
J = 2mes(K)

]
[�,YN43-"#)eg �8,H�5��&(21� ,	)9;4"'&c&b_�6	:+)934)e�*&�:9&4.h����,	3b�*)+� ,	.h�	&R�7� .'&(3-���	"'��&R���q��"#��"#& n�$	,	� �	.X�og ��,	.(�

Λ̃1 =
1√
gh

(−(1− λ1)
−→
eh
1 + λ2

−→
eh
2 ),

�4c�]daem��

Λ̃2 =
1√
gh

(λ1

−→
eh
1 − (1− λ2)

−→
eh
2 ),

�4c�]dakl=�

Λ̃3 =
1√
gh

(λ1

−→
eh
1 + λ2

−→
eh
2 ).

�4c�]da _ �

iea



� TOpq@�P =�?sT 
 * � #������
�%���
	 �"� 	 ��� � �
� � 	
� � ��� ��	������ ��� 
�� !������<�
	%	
� � ��� ��	 �"	�� ��'-� ��� ���")"�����
Λ̃i = Λi

'
∀i ∈ {1, 2, 3} �

VX���	.m�	N-�7,�)+.#.'��,	.k/T6	"'N4.#&-,=�h:+&-.�����,�3-�*)9��,	.��	&X�7� .#&034����"#�!&4.k� ����"'�	"#&0N4:9&-g�N8]�^�&-.m����,	3b�*)9��,	.��	&O�	� .#&
6	:?� ,�&4.����q��"'�	"#&aN-:+&bg�N $ {Λβ

ijk}i+j+k=p+2
β=1,3

$�.#��,=�RM�N-,	N4"'N4&-.T/167� "'�#)+"0�	&4.c6!��:9xd, � 21&-.����q)+,=�*&-"#6!��:?�8�#)+��,Y�	&
~ )+:eg�&4.��*&-"P&-�a�	&4.P��� ,	3-�#)+��,	.(�	&w�	� .#&w6�:?� ,	&-.P���q��"'�	"#&Zn�$ {Λβ}3β=1

��3b�53DC7� 6	)e�*"#& a��b] �0,�&4,	.'&42a�	:9&w�	&
, �R�	�	.w.'�	"w:+&z�*"')?� ,�M�:+&

K
� .#.'��3-)+N-.y� ��_�6!��)+,=�*.1���q)+,=�*&-"#6!��:?�8�#)+��, �	&-.w6�� :9xd, ��2<&4.1�	& ~ )9:9g�&-.'�#&4"f&-.'�

� )+,	.') �	Nb�7,	)�]GZk&-�X&4,�.#&42P�	:+&c&-.'�5����"#2<N��	&c, �(���	.5&b_d�*&-"#,	&-.0.')9�*��N4.h.#��"h:+&4.5�8"#p-�#&4.5�	&
K

$	&b�5�	&R, �R�	�	.
)+,=�*&-"#,	&-.0.')9�*��N4.X/<:���)9,=�*N4"')+&-�	"B�	&

K
]!ZkC7� FH�	&(, �R�	�A&-.'�X,	� �#NT.'&4:9��,J.'&4.X34�d��"#����,	,	N-&4.X�7� "'xd3-&4,=�*"')+FH�	&4.

λijk = (
i

p+ 2
,

j

p + 2
,

k

p+ 2
)
]H^��c��� ,	3-�#)+��,v�	&X�7� .'&X� ����"'�	"#&

p
$
Λβ

ijk

$H� .'.#�d34)+N-&O/
λijk

&-.'�m�	��,	,�N4&X67� "5�

Λβ
ijk(λ) =

(p+ 2)λβα̂ijk(λ)

iβ
Λβ(λ),

�Jc�]gcen=�

���
iβ

�	N-.#)+M ,	&c"#&-.#6!&43-�#)9g &42<&4,=�O:9&4.Bg8� :9&4�	"'.
i
$
j
� �

k
.'&4:+� ,YFH�	&

β
6	"#&-,	�J"'&4.'6�&-3-�*)eg�&-21&-,H�0:+&-.Bg8� :+&-�	"#.

^ $Kav��� c�]!^�&4.X,	� �D���*)+� ,	.5���*)9:+)+.'N4&-.X6!���	"X�	Nb�7,	)+"X:+&-.h����,	3-�#)+��,�.0�	&(�7� .'&
Λβ

ijk

.'��,=��34&-:+:9&4.5�	��3DC7�86	)9�#"#&
6	"#N-34N4��&4,=�E]
^I�a��N-�7,	)e�*)9��,w�	&-.B����,	3-�#)+��,�.B�	&c�7� .'&c34����"#�!&4.h���q��"#��"#&cN4:9&-g Nc&4.'�5)9212<N4��)?�8�#& ]H[\,z& ��&-�E$�&4,z.#&c.'&4"'g8� ,=�
�	&4.h����,	3b�*)9��,	.h�	&R�7� .'&T3-���	"'��&-.X� ����"'�	"#&

0
$ {Λ̃β}3β=1

$7&b�0&-,J.-��)9,	.#6�)+"*�8,H�5��&f�4c�]dakj=�b$�)+:�gd)9&4,=�(�

Λ̃β
ijk(λ) =

Nβ
ijk√
gh

(
(JΛβ

ijk ·
−→
e1K)
−→
eh
1 + (JΛβ

ijk ·
−→
e2K)
−→
eh
2

)
.

�4c�]gc ^ �

^��q&b_�6	"'&4.'.#)+� , �Jc�]dc ^ �m.#&("#N-N434"')9�5N-M=� :+&-21&-,=�R�

Λ̃β
ijk(λ) = Nβ

ijk

(p+ 2)λβα̂ijk(λ)

iβ
Λ̃β(λ).

�Jc�]gcwa��

^�&R3-��& �13-)+&-,H�X�	&R,	� "#21� :+)9.*�8�#)+��,�$
Nβ

ijk

$7&4.��X�#&4:�FH����� �Y6���)9,=�
λijk

$7,	���	.X�Eg���,�.T�

Λ̃β
ijk(λijk) · n̂β(λijk) = 1,

�Jc�]gcec=�

���
n̂β

&4.��X�	,Yg &43b�*&4��"O�	,	)e�D� )9"#&�,���"#21� :�/
n̂
FH�	)�g�N-"#)e�7&R.#&4:9��,z:+&-.Bg �8:+&4��"#.5�	&

β
�

� n̂1 ·
−→
eh
2 = 0

$

� n̂2 ·
−→
eh
1 = 0

$

� n̂3 · (
−→
eh
2 −
−→
eh
1 ) = 0

]
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^�&-.534�d& �<34)9&4,=�*.X�	&R,	��"'2f� :9)+.#�8�*)9��,f.'��,=�O�8:+��"'.B�	N-�#&4"'21)9,	N4.X/|67� "��*)+"k�	&4.X"#&-:?�8�#)+��,	.k6	"#N-34N4��&4,=�*&-.P�

N1
ijk =

p+ 2

p+ 2− i |
−→
eh
2 (λijk)|,

�4c�]gckfH�

N2
ijk =

p+ 2

p+ 2− j |
−→
eh
1 (λijk)|,

�4c�]gcwi��

N3
ijk =

p+ 2

p+ 2− k |
−→
eh
2 (λijk)−

−→
eh
1 (λijk)|.
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2, µ3) = µ2(2µ2 − 1),
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ϕE,3(µ
2, µ3) = µ3(2µ3 − 1),
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ϕE,4(µ

2, µ3) = 4µ2µ3,
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2, µ3) = 4µ1µ3,
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ϕE,6(µ

2, µ3) = 4µ1µ2,
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E
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T
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|x− y|
$7&b�5&4.��O�	Nb�7,	)�67�8"c�

I = (TJ, J ′) =

∫

E1

∫

E2

F (x, y)

|x− y| dE2(y) dE1(x),
�4f	] ^ m��

���

F (x, y) =
k

4π
exp(ik|x− y|)

(
J(y) · J ′(x)− 1

k2

�	)eg
ΓJ(y) · �	)9g ΓJ ′(x)

)
.
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I =

∫ 1

0

∫ 1−λ2

0

∫ 1

0

∫ 1−µ2

0

H(λ2, λ3, µ2, µ3)

|R(λ2, λ3, µ2, µ3)| dµ
3 dµ2 dλ3 dλ2,

�Uf	] ^`_ �

�og &43

H(λ, µ) = H(λ2, λ3, µ2, µ3) =
√
ϕE(λ)

√
ϕE(µ)F (x(λ), y(µ)),

�4f�]bakn��
R(λ, µ) = y(µ)− x(λ)

=

n∑

i=1

(ϕE,i(µ)− ϕE,i(λ))ri,
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���
n
g8� ���'c|.')

E
&4.��O6	:+� ,�$�&-��j<.')

E
&4.��03-���	"'��&8]

� TOpq@�P =�?sT 
 � ��	
�&$&� �
E

���
	 � 
��"��'�� ��� � �")"����� √
ϕE = 2mes(E)

�

I
&4.'�0� 6�6	"#�d3DC	N4&R&-,J���#)+:9)+.*�8,H�B�	,	&RFH�7� �	"#�8�*�	"'&R.#&4:9��,

λ
�

I '
∑

g
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∫ 1

0

∫ 1−µ2

0

H(λ2
g, λ

3
g, µ

2, µ3)

|R(λ2
g, λ

3
g, µ

2, µ3)| dµ
3 dµ2 =
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g

ωgI(λg),
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VX���	.5"#N-N43-"#)9g ��,	.
R(λg, µ)

�

R(λg, µ) =

2∑

l + k = 0
0 ≤ l, k ≤ 2

(µ2 − λ2
g)

l(µ3 − λ3
g)

kPlk,
�Uf	]dakc=�

���
Plk =

1

α!
∂α

µ2µ3R(λg, µ)
$
α = (l, k)

$
α! = l!k!

&-�
∂α

µ2µ3 = ∂l
µ2∂k

µ3

]�^�&4.�3-��& �<34)+&-,=�*.
Plk

.#��,=���	��,�,	N4.
�7� ,	.5:+&��*� �	:9&E� �vf	] ^ ]

Zk�d& �<34)9&4,=�*.
Plk E

6	:+� ,
E

3-���	"'��&
P00

n n
P10

−−→
r1r2 4λ1

g

−−→
r1r6 +

−−→
r2r1 + 4λ3

g

−−→
r5r4 + 4λ2

g

−−→
r6r2

P01

−−→
r1r3

−−→
r3r1 + 4λ2

g

−−→
r6r4 + 4λ1

g

−−→
r1r5 + 4λ3

g

−−→
r5r3

P11

n
4
−−→
r5r4 + 4

−−→
r6r1

P20

n
2
−−→
r6r1 + 2

−−→
r6r2

P02

n
2
−−→
r5r1 + 2

−−→
r5r3
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I(λg)
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µ = λg

$
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I(λg) =

3∑

j=1

∫

Ẑj

H(λg, µ)

|R(λg, µ)| dµ =

3∑

j=1

Ij(λg).
�Uf	]da�fH�
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(λ2

g, λ
3
g)

&-,
(0, 0)

���*� �	:+&4� �Zf	]da��b]
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Ẑ1 µ2 = λ2

g(1− u) µ3 = λ3
g + (1− λ3

g)u− v Jac1 = λ2
g

Ẑ2 µ2 = λ2
g(1− u) + v µ3 = λ3

g(1− u) Jac2 = λ3
g

Ẑ3 µ2 = λ2
g + (1− λ2

g)u− v µ3 = λ3
g(1− u) + v Jac3 = 1− λ2

g − λ3
g

� � �*0 f	]da � ZkC	� ,	M�&-21&-,H�#.z�	&�g8� "#)+� �	:+&-.f"#� 21&-,7� ,=�z�7� ,�.y:+&4. � ��,	&-. Ẑ1
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Ẑ2

&-�
Ẑ3
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(µ2, µ3) = (λ2

g, λ
3
g)

�	&1�4f�]ba�f=�k&4,
(u, v) = (0, 0)
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Ij(λg) =

∫ 1

0

∫ u

0

Hj(λg, u, v)

|Rj(λg, u, v)|
Jacj dv du, ∀j ∈ {1, 2, 3},

�Uf	]daei��
���

� Hj(λg, u, v) = H ◦ ψj(λg, u, v)
$
ψj

N-�D�8,H�X:9&c3DC7� ,	M�&-21&-,=�0��&Rg8� "')?� ��:+&4.5�8.#.#�d34)9NR/
Ẑj

$

� Rj(λg, u, v) = R ◦ ψj(λg, u, v)
$	&b�5,	���	.X�Eg���,�.0:9&4.5"#N-.#�	:e�D�8�#.h.#�	)eg �8,H�#.R�

R1(λg, u, v) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

(−λ2
gu)

l((1− λ3
g)u− v)kPlk,

�Uf	]dakj=�

R2(λg, u, v) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

(−λ2
gu+ v)l(−λ3

gu)
kPlk,

�Uf	]daem��

R3(λg, u, v) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

((1− λ2
g)u− v)l(−λ3

gu+ v)kPlk.
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Ij(λg) =

∫ 1

0

∫ 1

0

Hj(λg, u, tu)

|R0
j(λg, t)|

Jacj dt du, ∀j ∈ {1, 2, 3},
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j(λg, t)
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R0
1(λg, t) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

ul+k−1(−λ2
g)

l(1− λ3
g − t)kPlk,

�Uf	]gcen=�

R0
2(λg, t) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

ul+k−1(t− λ2
g)

l(−λ3
g)

kPlk,
�Uf	]gc ^ �

R0
3(λg, t) =

2∑

l + k = 1
0 ≤ l, k ≤ 2

ul+k−1(1− λ2
g − t)l(t− λ3

g)
kPlk.
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(KJ, J ′) =

∫

E

∫

E

(
∇xG(x, y) ∧ J(y)) · J ′(x) dE(y) dE(x).
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J(y) = P (y)
y − Ei

√
ϕE(y)
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(KJ, J ′) =

∫

E

∫

E

(
∇xG(x, y) ∧ J(y)) · J ′(x) dE(y) dE(x),

'
∑

xg

ωg

∫

E

∇xG(x, xg) ·
(
J(xg) ∧ J ′(x)) dE(x),

'
∑

xg

ωg

( ∫

E

divx(G(x, xg)J(xg) ∧ J ′(x)) dE(x)
�4f	]gcej=�

−
∫

E

G(x, xg)divx(J(xg) ∧ J ′(x)) dE(x)
)
.

^I� .'&43-��,	�	&})+,=�#N4M�"#� :+&�6!&4���zp-�*"'&t3E� :934�	:9N4&t�Eg &43}34&tFH�	)R� Nb�*N�gd� �8�	67� "#�og8� ,=�4]hu�����"y:?��6	"'&42<)+;-"#&
)+,=�*N-M�"*� :9& $�,	���	.X�Eg���,�.T�
∫

E

divx(G(x, xg)J(xg) ∧ J ′(x)) dE(x) =

∫

∂E

G(x, xg)(J(xg) ∧ J ′(x)) · n∂E(x) d∂E(x).
�4f�]dcwm �

Zk&-�#�#&J��&4"#,�)+;4"'&z)+,=�*N-M�"*� :9&w,��q&4.��f6	:9�	.v.#)9,	M��	:9)+;4"'& $�3E� "v:+&-.v6���)9,=�*.|�	&zFH�7� �	"#�8�*��"#&
xg

��,=�<N-�#NY6�"#)+.</
:i�q)+,=�*N-"#)+&-�	"B�	&

E
]

� ���
E1

#)�
E2

�'(�� ! ($# �����)��# � �'� � !�($#
nO� ,	.P3-&-�'�*&f6	� "'�#)+& $�,����	.P,����	.P3-��,=�*&-,H�#&4"'��,	.a�	&<:+&bg�&-"P:?�z.#)9,	M��	:+� "#)e�*N|�8.#.#�d34)9N4&f/J:i�q��6!N4"#�8�*&-�	"

T�	N-�7,�)�67�8"h�4f�] ^ m �b$o3E�8"r:i�q)+,=�#N4M�"#� :+&\:9)+N4&�/O:���� 6�N-"*�8�#&4�	"
K

.4�qN-g8� :9�	&k��&k:?�52<p42<&������-��,�]�V0� �	.r3-��,	.#)9�	N4"'��,	.
:+&4.rN4:+N-21&-,=�*.

E1

&b�
E2

�7�8,	.\:?�O3-��,��7M �	"*�8�#)+��,|����,	,	N-&h67� "�:+�O�7M��	"'&�f	]gf�$ ��� {Ei
1}3i=1

��"'&4.'6�&-3-�*)eg�&-21&-,H�
{Ei

2}3i=1

�k.#��,=�X:+&-.X.'��2<21&b�*.h�	&
E1

��"#&4.'6�&-3-�#)9g�&-21&-,=�
E2

�b]

[�,Y&42<6	:9��x�� ,=�5:+&-.X3-��� "#�	��,�,	N4&-.X�	� "'xd34&-,=�*"#)9FH�	&4.O� .#.'��3-)+N4&-.X/
E1

&-�0/
E2

$I�Uf	] ^ m��m.#&("#N-N43-"#)9�R�

I =

∫ 1

0

∫ 1−λ2

0

∫ 1

0

∫ 1−µ2

0

H(λ2, λ3, µ2, µ3)

|R(λ2, λ3, µ2, µ3)| dµ
3 dµ2 dλ3 dλ2.

�Uf	]gcel=�

[�, 6�� .*� ,=�
λ1 = 1 − λ2 − λ3 &-�

µ1 = 1 − µ2 − µ3 $�)+:�� 6�67� "*� �+�(34:+� )+"'&42<&4,=�RFH�	&
I
&-.'�T.#)9,	M��	:9)+;4"'&

Fd�	� ,	�
λ1 = µ1 = 0

&b�
λ2 + µ2 = 1

]
V0���	.56!��.#� ,	.R�

λ2 = (1− γ1)(1− γ2),
�Uf	]gc _ �

λ3 = (1− γ1)γ2,
�Uf	] fwn=�

j _
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+ ,/.10Qf	] f � [\:+N-21&-,=�*.X�Ex=� ,=�X�	,	&T� "#pb�*&R34� 212a��,	& ]

&-�

µ2 = (1− δ1)(1− δ2),
�Uf	] f ^ �

µ3 = (1− δ1)δ2.
�Uf	] f.a��

Zk&-�#�#&P�*"#� ,	.�����"#21�8�*)9��,z3DC7� ,	M &a:+&(�	��21� )+,�&T���q)+,=�#N4M�"#�8�*)9��,
T̂ × T̂ &-,

[0, 1]2 × [0, 1]2
] ^��f.')+,	M �	:?� "')9�#N

� 6	67� "#���+�(:9��"#.'Fd��&
γ1 = δ1 = 0

&-�
γ2 + δ2 = 1

]�^�&c%#� 34� �	)+&-, � .'.#�d34)+Nf/A34&b�#�#&1�*"#� ,	.�����"#21�8�*)9��, &4.'�
(1− γ1)(1− δ1)

]7V0����.0�Eg ��,	.(�

x(γ1, γ2) =
∑

0≤l,k≤2

(γ1)l(γ2)kPlk,
�Uf	] fwc=�

:+&4.h3-��& �<34)+&-,=�*.
Plk

N-�D�8,H�X�	Nb�7,	)9.X�	� ,	.5:+&��*� �	:+&4� �vf	]gc�]
VX���	.X�Eg���,	.(�

Zk��& �13-)+&-,H�#.
Plk E1

6	:?�8,
E1

34� �	"#�!&
P00 E2

1 E2
1

P10 E1
1 − E2

1 −E1
1 − 3E2

1 + 4E6
1

P20 0 2E1
1 + 2E2

1 + 4E6
1

P12 0 −4E2
1 − 4E3

1 + 8E4
1

P02 0 2E2
1 + 2E3

1 − 4E4
1

P21 0 4(−E2
1 + E4

1 − E5
1 + E6

1)
P22 0 2E2

1 + 2E3
1 − 4E4

1

P11 E2
1 − E3

1 7E2
1 − 8E4

1 + 4E5
1 − 4E6

1 + E3
1

P01 −E2
1 + E3

1 −3E2
1 − E3

1 + 4E4
1

� � �*0Sf	]gc � Zk�d& �<34)9&4,=�*.5)+,=�#&4"'g &4,7�8,H�0�7� ,�.X:9&c�	N-g &4:9��6	6!&42<&4,=�|�Uf	] fwc=�b]
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y(δ1, δ2) =
∑

0≤l,k≤2

(δ1)l(δ2)kQlk,
�Uf	] fefH�

:+&4.v3-��& �13-)+&-,H�#.
Qlk

.4�q�����*&-,7� ,=�f/ 67�8"'�*)9"|�	&4.v3-��& �13-)+&-,H�#.
Plk

&-,�"'&42<6	:?���4� ,=�
E1

67� "
E2

�7�8,	.v:+&
�D� �	:9&E� �vf	]gc�]
ur� "0�	,A3DC7�8,	M�&42<&4,=�c��&Tg8� "#)+� �	:9&4.4$7:+�<.')+,	M �	:?� "')9�#N(&-.'�O"*� 2<&4,	N-&T&-,

γ1 = δ1 = ω = 0
]�VX���	.0�	N43-��2vK

6���.'��,	.|:9&w�	��21� )+,�&w���q)+,=�*N-M�"*�8�#)+��,
[0, 1]2

� .'.#�d34)9Ny� ��_ g8� "')?� ��:+&4.
γ2 &b�

δ2 ��3b�5�7M��	"'&�f�]bi��`$r&b�v,	���	.
6���.'��,	.R�

� 6�� �	"
T1

�
γ2 = (1− ω)u,

�4f	] f.i��
δ2 = (1− ω)(1− u), �Uf	]gfej=�

� 6�� �	"
T2

�
γ2 = (1− ω)u+ ω,

�4f�]gf.m �
δ2 = (1− ω)(1− u) + ω.

�Uf	] fwl=�

γ 2
10

1

δ
2

T 2

T 1

+ ,/.10Gf�]bi � ~ �	�!�	)9gd)9.#)+� ,y�	�J����2f�8)+,	&�� ��)9,H�#N4M�"#�8�*)9��,
[0, 1]2

&-,J:9&4.Bg8� "')?� �	:9&4.
γ2 &-�

δ2 ]

~ �	)9�#&R� ��_z3DC	� ,	M�&-21&-,H�#.0��&Rg8� "')?� ��:+&4.k34)eK �	&4.'.#�	.-$G,	���	.5�����#&4,	� ,	.5:+&��D�8�	:+&4� �vf	]gf�]
� ��,	& λ2 λ3 µ2 µ3 j�� 3-���	)9&4,
T1 (1− γ1) (1− γ1) (1− δ1) (1− δ1) 1− ω

(1− (1− ω)u) (1− ω)u (1− (1− ω)(1− u)) (1− ω)(1− u)
T2 (1− γ1) (1− γ1) −(1− δ1) (1− δ1) 1− ω

(1− ω)(1− u) (1 + ω − ωu) (1− ω)u (1− u+ ωu)

� � �*0Kf	] f � ZkC7�8,	M�&42<&4,=�#.O�	&Rg8� "#)+� �	:+&-.5"*� 2<&4,7�8,H�X:+�v.')+,	M �	:?� "')9�#Nc&4,
(γ1, δ1, γ2 + δ2) = (0, 0, 1)

�	&
�4f	]gcel=�k&-,

(γ1, δ1, ω) = (0, 0, 0)
]

^�&R�	� 2f� )9,	&����q)+,=�#N4M�"#�8�*)9��,y�	&-gd)9&4,=�
[0, 1]4

]
V0���	.X�Eg�� ,	.T�

m ^



^ ]5:+��"'.#FH�	&
E1

&b�
E2

.#��,=�X6	:?�8,	.c�
� 6!���	"

T1

�

x− y = γ1E1
1 − δ1E1

2

+ (ω + δ1(1− ω)(1− u)− γ1(1− (1− ω)u))E2
1

�Uf	] f _ �
+ (δ1(1− (1− ω)(1− u))− ω − γ1(1− ω)u)E3

1 ,

� 6!���	"
T2

�

x− y = γ1E1
1 − δ1E1

2

+ (γ1((1− ω)u+ ω) + δ1((1− ω)(1− u) + ω)− γ1 − ω)E2
1

�Uf	]dikn=�
+ (γ1((1− ω)u+ ω) + δ1((1− ω)(1− u) + ω)− δ1 − ω)E3

1 ,

a�]5:+��"'.#FH�	&
E1

&b�
E2

.#��,=�X34����"#�!&4.R�
� 6!���	"

T1
�

x− y =
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

((γ1)l(1− ω)kukPlk − (δ1)l(1− ω)k(1− u)kQlk)
�Uf	]di ^ �

+
2∑

k=0

((1− ω)kukP0k − (1− ω)k(1− u)kQ0k)

=
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

((γ1)l(1− ω)kukPlk − (δ1)l(1− ω)k(1− u)kQlk)
�Uf	]diea��

+ ω(((4u− 2)ω − 4u+ 3)E2
1 + ((4u− 2)ω + 1− 4u)E3

1

+ 4(2u− 1)(1− ω)E4
1),

� 6!���	"
T2

�

x− y =
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

((γ1)l(1 + ω − ωu)kPlk − (δ1)l(1− u+ ωu)kQlk)
�Uf	]dikc=�

+
2∑

k=0

((1 + ω − ωu)kP0k − (1− u+ ωu)kQ0k)

=
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

((γ1)l(1 + ω − ωu)kPlk − (δ1)l(1− u+ ωu)kQlk)
�Uf	]di�fH�

+ ω((−3 + 4u+ 2ω − 4ωu)E2
1 + (−1 + 4u+ 2ω − 4ωu)E3

1

+ (4− 8u− 4ω + 8ωu)E4
1).

mea
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P

ω

γ

δ
1

1

1

2

3

+ ,/.10.f�]dj � ~ �	�!�	)9gd)9.#)+� ,a�	�<�	��21� )+,	&k����)9,=�*N4M "*�8�#)+��,
[0, 1]3

&4,<:+&-.�g8� "#)+� �	:+&-.
γ1 $ δ1 &b�

ω
&-,|�*"#� )+. � � ,	&4.

6Hxd"#� 21)9�7� :9&4.4]

� ��,	& γ1 δ1 ω
j��834���	)9&4,

P1 ξ ξη ξτ ξ2

P2 ξη η ητ η2

P3 ξτ ητ τ τ 2

� � �*0�f	]bi � ZkC7� ,�M�&42<&4,=�*.z�	&tg8� "')?� �	:9&4.w6�"#�og�&-,7� ,=�A��&t:?� .#�	�!�	)eg�)9.#)9��, �	&
[0, 1]3

&4, �*"#� )+. � � ,	&4.
6Hxd"#� 21)9�7� :9&4.4]

^I�T.#)+,�M��	:?�8"#)9�#N5&4.'�B.#)9�#�	N4&O&4,
γ1 = δ1 = ω = 0

]�uI���	"B:9&-g�&-"k3-&-�#�#&c.#)9,	M��	:+� "#)e�*N $=:9&O�	� 2f� )9,	&X����)9,=�*N4M "*��K
�*)+� ,

[0, 1]3
&4,}:+&-.Og8� "#)+� �	:+&-.

γ1 $ δ1 &-�
ω
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^�&y����2f�8)+,	&1����)9,=�*N4M "*�8�#)+��, &-,�:9&4.Pg8� "')?� ��:+&4.
ξ
$
η
$
τ

&-�
u

&-.'�
[0, 1]4

]\^�&4.|"'N4.'�	:9�*�8�*.|�����*&4,H�	.-$\.#��,=�
"#N4.'�	2<N4.f:9��"#.'FH�	&

E1

&-�
E2
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E2
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� ��,	& x− y

P1 ξ(E1
1 − ηE1

2 + (τ + (1− ξτ)(η(1− u) + u))E2
1 + (η − τ − (1− ξτ)(η(1− u) + u))E3

1)

T1 P2 η(ξE1
1 − E1

2 + (τ − ξ + (1− ητ)(1− u+ ξu))E2
1 + (1− τ − (1− ητ)(1− u+ ξu))E3

1)

P3 τ(ξE1
1 − ηE1

2 + (1− ξ + (1− τ)(η + (ξ − τ)u))E2
1

+(η − 1− (1− τ)(η + (ξ − η)u))E3
1)

P1 ξ(E1
1 − ηE1

2 + ((1− ξτ)u+ ξτ + η((1− ξτ)(1− u) + ξτ)− τ − 1)E2
1

−((1− ξτ)u+ ξτ − τ + η((1− ξτ)(1− u) + ξτ − 1))E3
1)

T2 P2 η(ξE1
1 − E1

2 + (ξ((1− ητ)u+ ητ) + (1− ητ)(1− u) + ητ − τ − ξ)E2
1

−(ξ((1− ητ)u+ ητ) + (1− ητ)(1− u) + ητ − τ − 1)E3
1)

P3 τ(ξE1
1 − ηE1

2 + (ξ((1− τ)u+ τ) + η((1− τ)(1− u) + τ)− ξ − 1)E2
1

−(ξ((1− τ)u+ τ) + η((1− τ)(1− u) + τ)− η − 1)E3
1)

� � �*0Of�]dj � ZkC7� ,	M�&-21&-,=�*.��	&hg �8"#)?�8�	:+&-.\:+&-g8� ,=��:?��.')+,	M �	:?� "')9�#NB�7� ,	.�:+&h34� .����
E1

&-�
E2

��,=���	,	&X� "#pb�*&
34��2<2a�	,	&c&b�X.#��,=�X�	&4.5N-:+N42<&4,=�#.X6�:?� ,	.-]

� ���
E1

#)�
E2

�'(�� ! ( � �'� � #)� � �'� � ! (
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E2
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� ��,	& x− y

P1 ξ(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξl−1(1− ξτ)kukPlk − ξl−1ηl(1− ξτ)k(1− u)kQlk)

+τ(((4u− 2)ξτ − 4u+ 3)E2
1 + ((4u− 2)ξτ + 1− 4u)E3

1 + 2(4u− 2)(1− ξτ)E4
1))

T1 P2 η(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξlηl−1(1− ητ)kukPlk − ηl−1(1− ητ)k(1− u)kQlk)

+τ(((4u− 2)ητ − 4u+ 3)E2
1 + ((4u− 2)ητ + 1− 4u)E3

1 + 4(2u− 1)(1− ητ)E4
1))

P3 τ(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξlτ l−1(1− τ)kukPlk − ηlτ l−1(1− τ)k(1− u)kQlk)

+((4u− 2)τ − 4u+ 3)E2
1 + ((4u− 2)τ + 1− 4u)E3

1 + 4(2u− 1)(1− τ)E4
1)

P1 ξ(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξl−1((1− ξτ)u+ ξτ)kPlk − ξl−1ηl((1− ξτ)(1− u) + ξτ)kQlk)

+τ((4(1− ξτ)u+ 2ξτ − 3)E2
1 + (−1 + 4u− 2ξτ(2u− 1))E3

1

+4(1− 2u− ξτ + 2uξτ)E4
1))

T2 P2 η(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξlηl−1((1− ητ)u+ ητ)kPlk − ηl−1((1− ητ)(1− u) + ητ)kQlk)

+τ((4(1− ητ)u+ 2ητ − 3)E2
1 + (−1 + 4u− 2ητ(2u− 1))E3

1

+4(1− 2u− ητ + 2ητu)E4
1))

P3 τ(
∑

1 ≤ l ≤ 2
0 ≤ k ≤ 2

(ξlτ l−1((1− τ)u+ τ)kPlk − ηlτ l−1((1− τ)(1− u) + τ)kQlk)

+(4(1− τ)u+ 2τ − 3)E2
1 + (−1 + 4u− 2τ(2u− 1))E3

1 + 4(1− 2u− τ + 2τu)E4
1)
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E1

&-�
E2

��,=���	,	&X� "#pb�*&
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Xδ(âi) = Eδ,i

1

&-�
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Γ
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Γh =
N⋃

i=1

Ti
]\>X�7,��	&z,	&z67� .

� :+����"#�	)9"m:���&`_�6!��.'N $	,	� �	.h34��,�.#)+��N4"#� ,	.h:?�P"'N4.'��:+���#)+��,f������,y.'xd.'�#;42<&(:9)+,	N4� )+"'&
Ax = b

$����z:?�P21�8�#"#)+3-&
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&4.'�X�	Nb�7,	)9&(6	� "c� ∀i $ j ∈ {1, · · · , N} $

Aij =





G(xi, xj)
.#)

Ti

⋂
Tj = ∅,

JG(Ti, Tj)
.#)

Ti

⋂
Tj 6= ∅,

� i�] ^ �

�og &43
xi ∈ Ti

$
xj ∈ Tj

$
G(x, y) =

eik|x−y|

4π|x− y|
Nb�D� ,=�h:9&O,	�ox�� �y�	&R�c"#&-&4,y&-�

JG(Ti, Tj)
�	Nb�7,	)+.'.*� ,=�5:9&4.

)+,=�*&-"*� 3b�*)+� ,	.h.#)9,	M��	:9)+;4"'&4.B����,=�0:9&4.h34� :+3-�	:+.h��,=�XN-�#NRN-g��dFH�	N4.O� �z3DC7� 6	)e�*"'& f�]
>Ig8� ,=�(�	&<�	N43-"#)+"'&v&4,���N-�D�8)+:�:9&4.RN4:9N42<&4,=�*.R�	&<:?�y2<N-�*C����	&|2P�	:9�#)+6���:+&8$�,	� �	.T6�"#N4.'&4,=�*� ,	.P�	"')+;bg�&42<&4,=�
:i�q)+,=�*&-"#6	"'N-�D���*)+� ,�� :+M�� "#)9�#C	2<)+FH�	&w�	&Y:?�t2<N-�#C	����& $\FH�	)5&4.��f�7�8.#N4&J.#�	"<�	,	&Y.#N-67� "#�8�*)9��,���&Yg8� "')?� �	:9&4.-]
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G(x, y) '
P∑

p=0

up(x) · vp(y).
� i�]da��

u����	"
i
��_�N8$�,����	.v�	N-�	,	)+.'.#��,	.<:+&-.|&4,	.'&42a��:+&4.

I = {j ∈ {1, · · · , N}|Ti

⋂
Tj = ∅} &-�

J = {j ∈
{1, · · · , N}|Ti

⋂
Tj 6= ∅}

]	^��q&4,�.#&42P�	:+&
J

34��,=�#)+&4,=�5�*"';4.56!&4�Y����N-:+N-21&-,H�#.4]
~ ��)9�B�	,Yg &43b�*&4��"

Y = (Y1, · · · , YN)t ]GV0����.0�Eg ��,	.(� ∀i ∈ {1, · · · , N} $

N∑

j=1

AijYj =
∑

j∈I

AijYj +
∑

j∈J

AijYj

'
P∑

p=0

up(xi)(
∑

j∈I

vp(xj)Yj) +
∑

j∈J

AijYj

'
P∑

p=0

up(xi)vp

︸ ︷︷ ︸
(∗)

+
∑

j∈J

AijYj

︸ ︷︷ ︸
(∗∗)

�0,f6�"#�d�	�	)9�m21�8�*"')+34&`K g &43-�#&4�	"��	&-2f� ,��	&O�	� ,	3 O(NP )
��6!N4"#�8�*)9��,	.�6!���	"�:?�R67� "'�#)+&

(∗) $H&-� O(N)
��6!NbK

"*�8�#)+��,	.P6�����"|:?�t67� "��*)+&
(∗∗) ]r��:Bx��}� 343-N4:+N-"*�8�#)+��, ����6	"'�����	)9�|.')

P << N
$\3E�8"|�7� ,	.v34&z34� .4$\:+�

34��2<6	:+&`_�)9�*NO������,J6	"'�����	)9�521� "'�#)+3-&bK g &43b�*&4��"h67� .#.'&T��& O(N2)
/ O(NP )
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��:�&`_�)+.'�#&f6!���	"(:+&<,	�ox=� ���	&y�c"#&-&4,���,	&1����"'2a�	:9&<� � � ���	)9�#)+��, .#&-2a�	:?�8�	:+&</ �Ji�]da��b]�Zk&46!&4,��7� ,=�E$�34&-�'�*&
����"#2a��:+&y,��q&4.��1g8� :+� �	:+&yFH�	&Y.#) |x| < |y| ]�Zk&b�#�*&J34��,��	)9�#)+��,�,��qN-�*� ,=�f&-, M�N-,	N4"#� :567� .v"#&-216	:9)+&8$�,	���	.
& ��&43-�#�	&4"'��,	.T�	,�"'&4M�"'���	6!&42<&4,=�P��&16!��)+,=�#.4$�&-�T,	����.T3-��,	.#)9�	N4"'&4"'��,	.P:9&4.(,	����g &4:9:+&4.cg8� "')?� �	:9&4.

X
&-�
d�*&4:9:+&-.hFd��&<�

x− y = X + d, |d| < |X|,
6�����"

x
&-�
y
.#� �<.*�8212<&4,=�5N4:9��)+M ,	N4.-]
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C0 &-,	M�:9���7� ,=�
Γh

&4.��O3-��,	.��*"#��)9�E] ~ ��)9�
d0

:+�|:+��,	M �	&4�	"5�	&-.O�8"#p-�#&4.
�	&

C0 ] Zk&P34����&T&4.'��&4,	.'�	)9�#&P.#�����	)egd)+.#N(&4,ACd��)9��3-�	�!&4.O��&P3 �8�*N4.O�	&P:9��,	M��	&-�	"
d1 = d0/2

]�^�&-.O34����&-.
����)9,=�*&4"'.#&-3-�*)9��,agd)+�	&B�og &43

Γh

,	&h.#� ,H��67� .�"'&-�*&-,H�	.4]dZk&h6	"'��3-N4�	Nh&-.'�\"'N4)e�*N4"'NI%'�	.'Fd� � /c34&hFH�	&k:?�O:9��,	M��	&-�	"
�	&4.53 �8�*N4.X�	&-.X3-�	�!&4.X.#��)e�
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$7���

ν
&-.'�X�	,	&(34��,�.'�D�8,H�#&R)+,	�	N-6�&-,	�7� ,=�#&T�	�Y,	��2P�	"#&c���q��,	��&
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^��q�d3-�*"'&4&XN-�*� ,=�B�	Nb�7,	)!67� "�6	:+�	.')+&-�	"#.�,	)9g &E� �d_f��&067�Eg8� M�&8$�:9&4.�,	� �*�8�*)9��,	.�.#�	)eg8� ,=�*&4.m.#��,=�m)+,=�*"'�����	)9�#&4.5�

� Mn

&4.��X:+&c,	��2P�	"#&c�	&R3-�	��&-.O�8�J,	)eg�&4� �
n
$

� Cn
m

&4.��X:+&
m ���
	��

3-�	�!&(���J,	)eg�&4� �
n (m ∈ {1, · · · ,Mn})

$

� Xn
m

&4.��0:9&c34&-,H�#"#&(�	&
Cn

m

$

� dn

&4.��0:+�|:+��,	M �	&4�	"k�	&4.X3 � �#N4.5�	&-.03-�	��&-.O�8�Y,�)9g�&4� �
n
]

nO&R67� "'�X:+�a34��,	.��*"'�	3-�#)+��,Y�	&R:i�q��3b�*"'&4& $
dn+1

.#&R�	N4���	)9�X�	&
dn

67� "h:+�a����"#2a��:+&�.'�	)9g8� ,=�*&v�

dn+1 =
dn

2
.

� i�]gc=�

^�&f�	&4"',	)+&-"a,	)9g &E� � ��&y:i�q��3b�*"#&-&f&-.'�<� 6	6!&4:9Nf:9&w,	)9g &E� � �	,�]\^\��)9,	�	)934&
n
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&4.'�0�	��,�,	NT6	� "
kdf ' 1 �

3-&T3-"#)9�#;4"'&T&-.'�0�����*&-,H��67� "5�	&-.O34� ,	.#)9�	N4"#�8�*)9��,	.5�	&(34��2<6	:+&`_�)9�*Nc� 6��*)92f� :9&�&-�
�	&R.'�D�8�	)+:9)9�*N0�	&R:i��� :+M ��"#)e�*C	2<&a��3-�r.#&43b�*)9��,�i�]gf=�b]
�0,�N-:+N42<&4,=�O�	&

Γh

&4.��c34��,=�#&4,H�t�7� ,	.O�	,t34�	�!&P��&a:i�q��3b�*"'&4&P.')r.'��,�34&-,=�*"#&|��&PM�"#�ogd)e�*Na�86	67� "��*)+&-,=�c� �
34�	�!& ]
V0���	.5�	Nb�7,	)9.#.#� ,	.O/|6	"'N4.'&4,=�O��,J6!&4�Y�	&cg��d3E� ���	:?� )9"#&8]7^�&4.534�	�!&4.

Cn+1
m

6	"#�og &4,7� ,=�0�	&R:?�|.#�����	)egd)+.#)9��,
������, 3-�	��&

Cn
m̃

.#��,=�(:+&-. ���7:9. �P�	&
Cn

m̃

$�&-�(67� "c3-��,	.'N4FH�	&4,=�
Cn

m̃

&4.��(:+&4��" �U6!;4"'&
�D]�V0���	.c��N-�7,	)9.#.'��,	.(:?�
,	� �*)9��,w�	&�g ��)+.')+,7�8M�& ]�Zk&-�'�*&c,	� �#)+��,f,	&c34��,�34&4"',	&RFH�	&c�	&4.h3-�	�!&4.5�	�y2<p42<&�,	)9g &E� � ]	^�&�g���)9.#)9,7� M�&

V n
m������,J3-�	��&

Cn
m

��&(3-&4,=�*"'&
Xn

m

&-.'�X�	Nb�7,	)�67� "c�

V n
m = {m′ ∈ {1, · · · ,Mn}/|Xn

m −Xn
m′ |∞ ≤ Vmaxdn},

� i�] fH�

Vmax
N-�*� ,=�X�	,J6	� "*� 2<;-�#"#&c�	&R:�� � :9M���"')9�*C�21&8]�[\,YM�N4,�N4"*�8:i$

Vmax
&4.'�X6	"')+.hN-M=� :�/|�	,�]

u����	"h�#�����5,	)eg�&E�8�
n ≥ 3

$7:���&-,	.#&-2a�	:9&c�	&4.56	:9�	.56	"#�d3DC	&4.5,	� ,Yg ��)+.')+,	.h�	&
Cn

m

&-.'�0�	N-�7,�)�67� "c�

TLn
m = {m′ ∈ {1, · · · ,Mn}/m

′

/∈ V n
m

&-� P(n,m
′

) ∈ V n−1
P(n,m)},

� i�]di��
��� P �	� ,	,	&w:9&f,H�	2<N4"#�t��� 6�;-"#&w6!���	"a3DC	� FH�	&w�7:+.-] ~ � )9� S :?�Y����,	3-�#)+��, � .#.'��3-)?� ,=�|/���, 34�	�!&

Cn
m:i�q&4,	.'&42a�	:9&c�	&R.#&-.X�7:9.4]
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^�&|,���2a�	"'&a���qN4:+N-21&-,=�*.c�	&
TLn

m

&-.'�R21��%'��"#NT67� "
nbTra = 316

]�[\,}& ��&-�4$�M�" � 34&|/w:+�w.'�#"#�	3b�*�	"'&|�	&
:i�q��3b�*"#&-& $	:9&�g�&-3-�*&-�	"

rn
mm′

"'&4:+)+� ,=�h:+&-.534&4,=�#"#&4.X�	&-.0�!���+�#&4.
Cn

m

&b�
Cn

m′

.4�qN434"')9�R�

rn
mm′ = dn




lx
ly
lz


 ,

���
(lx, ly, lz) ∈ Z3.

� i�]gj=�

n�� ,	.X:+&R3E�8.X��&T:+�<��S�S 2a��:9�*)LK�,	)eg�&4� ��_�$
rn
mm′

"#&4:9)+&c�	&-.0�!���9�*&4.h,���,Jg ��)+.')+,	&-.X����,=�O:9&4.567� "'&4,=�*.X.#��,=�
g���)9.#)+,�.4]GZk��2<2<&c:+&4.h�!���9�*&4.h.'��,=�X,	��,zg���)9.#)+,�&4.4$7,����	.X�Eg���,	.(�

(lx, ly, lz) /∈ [−1; 1]3.
� i�]dm��

^�&c��� )e�hFH�	&R:+&-.X6!;4"'&4.5.#� )+&4,=�5g�� )+.#)9,	.h)+2<6	:9)+FH�	&P�

(lx, ly, lz) ∈ [−3; 3]3.
� i�]gl=�

^�&R,	� 2a�	"#&c��&R�#"#)96	:+&b�*.
(lx, ly, lz)

g N4"')9�G� ,=�X34&-.534��,	��)9�*)9��,	.h&-.'�
73 − 33 = 316
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Γh
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N-�D�8,H�1M�N-,	N4"'N4&4.167� "v:+&z,	�ox�� � �	&A�c"#&4&-,�$�)+:kg8�}p-�#"#& �U3E�8.#.#N �J/ :�� �8)+�	&y�	&Y.#N-67� "#�8�*)9��,���&Yg8� "')?� �	:9&4.-$
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34��2<21&O6���)9,=�5�	&R�	N467�8"'�(�

G(xi, xj) =
ik

(4π)2

+∞∑

l=0

(2l + 1)ilh
(1)
l (k|rn

mm′ |)jl(k|rn|)Pl(cos(r
n, rn
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n
mm

′ ))eikŝ·rn
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eikŝ·rn
i T n
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n)),

� i�]daei��

|eikŝ·rn
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︸ ︷︷ ︸
Znear

�Ji�]gcwm��

= O(NL2
f + (MfLf )

2 +
N2

Mf

).
�Ji�]gcel=�

[�,Y,	� �*� ,=�
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√
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nP� �86	"#;-.a�Ji�]bakm��m&-�P�Ji�]gfen=�b$
Sf

&4.��0����,	,	NR67� "R�

Sf = O((Lf)
2) = O(

N

Mf
).

�Ji�] f ^ �
^I�|3-��216�:+&b_�)e�*N��	&R:+�<��S�S ��,J,	)eg�&4� �z�	&-gd)+&-,=�P�
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v (ŝ) dŝ
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e−ikŝ·(Xn
m−Xn+1

v )F n+1
v (ŝ).
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m(ŝ) =

∑

m′ /∈V f
2

T 2
mm

′ (ŝ)F 2
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p }1≤p≤Sn

+ e
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:+&4" {F̃ n

m(θn−1
j , φn−1

i )} 1 ≤ i ≤ 2Ln−1 + 1
1 ≤ j ≤ Ln−1 + 1

&-.'�X�	��,�,	NR67� "c�

� 3E� :934�	: �	&4.
f r(θn

j )
$ ∀r ∈ {−Ln, · · · , Ln}

$ ∀j ∈ {1, · · · , Ln + 1} �

f r(θn
j ) =

2Ln+1∑

i=1

F n
m(θn

j , φ
n
i )e

−irφn
i .

�Ji�]diem��

� 3E� :934�	: �	&4.
f̃ r(θn−1

j )
$ ∀r ∈ {−Ln, · · · , Ln}
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G(x, y) = Gr(x, y) + iGi(x, y)
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=
cos(k|x− y|)

4π|x− y| + i
sin(k|x− y|)

4π|x− y| .
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
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
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
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
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(F l)i = < FEID
l , φi >Vh

,

(Bβ)ij = < βkφj, φi >Vh
,

(Dβ)ij = <
1 + β

2
φj, φi >Vh

,

(Al)ij = < δ∗l δlφj, φi >Vh
,

�Ji�]dm ^ �
(Kl)ij = < kKlφj, φi >Vh
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(Kl∗)ij = < kKlφj, φi >Vh
,

(N l
R)ij = < AR,lφj, φi >Vh

.
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(Al)ij = (δ∗l δlφj, φi),

(Kl)ij = (kKlφj, φi),
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δ∗l δl = 2k2(Ti + (−1)lKi),

Kl = −(Tr + (−1)lKr + (−1)l 1

2
n ∧ ·),
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Ti

&-�
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T = Tr + iTi
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K = Kr + iKi.
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(Tφj, φi) = k
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�	)eg
Γφi(x)

)
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(
∇xG(x, y) ∧ φj(y)) · φi(x) dγ(y) dγ(x).
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Gi(x, y) =
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4π|x− y| =
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(Al)ij = (δlφj, δlφi)L2(S2),
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(δlf)(ŝ) =
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2π
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f(x) · (θ̂ + (−1)liφ̂)e−ikx·ŝ dγ(x),
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cos(k|x− y|)

4π|x− y| '
−k

(4π)2

∫

S2
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� i�]glej=�

K̃1

&4.'�X�	� ,	,	NR67� "R�

(K̃1)ij = −
∫

Γh

∫

Γh

(∇yGr(x, y) ∧ φj(y)) · φi(x) dγ(y) dγ(x)

− k

∫

Γh

∫

Γh

Gr(x, y)φj(y) · φi(x) dγ(y) dγ(x)
�Ji�]dlem��

+
1

k

∫

Γh

∫

Γh

Gr(x, y)divΓφj(y) · divΓφi(x) dγ(y) dγ(x).

[�,J6�� .*� ,=� Gr(x, y) = (Id3×3 − 1
k2∇x ⊗ ∇y)Gr(x, y)

&-�X&4,����*)+:9)+.#� ,=�h:?�|����"#2P�	:+&c�	&P�R� �	.#.X6!���	"5:+&
�	&4"',	)+&-"B�*&4"'21&R�	&1�Ji�]dlem��b$

K̃1

.'&R"#N4N-34"')9�R�

(K̃1)ij = −k
∫

Γh

∫

Γh

(Gr(x, y)φj(y) +
1

k
∇yGr(x, y) ∧ φj(y)) · φi(x) dγ(y) dγ(x).

�Ji�]dlkl=�
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K̃far
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^�&-.�)+,=�*N-M�"*�8:+&4.0�	&y�Ji�]glwm��X6!��.'N4&4.O.#�	"
Γh

.'��,=�c�	)+.'34"'N-�*)9.#N-&4.4$�&-�c:+�f�\SAS &4.'�c� 6	6	:9)+FH�	N4&T&4,�3-��,	.')eK
�	N4"#� ,=�0:9&4.B����,�3-�*)9��,	.h�	&R"#� �	)?���*)+� ,t�

F l,f
1,m =

∑

j|xj∈Cf
m

ωje
−ikŝ·rn

j (φj(xj) + iŝ ∧ φj(xj))Yj,

�Ji�]gl _ �
F l,f

2,m =
∑

j|xj∈Cf
m

ωje
−ikŝ·rn

j (divΓφj)(xj)Yj,

&-�X:+&-.B����,	3-�#)+��,�.h�	&c�*"*�8,	.'��&-"'�(�

T n
mm′ (ŝ) =

Ln∑

l=0

(2l + 1)ilyl(k|rn
mm′ |)Pl(cos(ŝ, r

n
mm′ )).

� i�] _ n=�

���
xj

3-��"#"'&4.#6!��,	��&4,=�(� ��_A6�� )+,=�*.���&aFH�7� �	"#�8�*�	"'&|�	&
Γh

� 6	67�8"'�*&-,7� ,=�R� �t.'�	6	6!��"'���	&
φj

$ &b�
ωj

&-.'�
:+&c6!��)+�	.5�8.#.#�d34)9NR/

xj
]

� i�]gl _ ��34� "#"#&-.#6!��,	��/J�	,	&v����"'2a�	:?���*)+� ,}/YFH�7�8�#"#&134��2<6�� .*� ,=�*&-.4$�3E�8"
F l,f

1,m

&4.'�T�	,�g &43b�*&4��"P�	&
R3 &-�

F l,f
2,m

&-.'�(�	,}.#34� :?�8)+"#&8] VX���	.R� :9:+��,�.O�	��,�,	&4"R�	,	&ag &4"'.#)+� , /y�	,�&|34��2<6�� .*� ,=�*&|��&|:?�w�\SAS ]�^\��)9,H�#N4"'p-�
������,	&a�*&-:+:+&Tg�&4"'.#)9��,}&4.'�RFH���q&4:9:+&a6!&4"'21&b�c�	&|"'N4�	�	)9"#&a:9&a,	��2P�	"#&|�	&T����,	3-�#)+��,�.��	&|"*�8�	)?�8�#)+��,�/f�*"*�8)9�*&-"
&-�R:+&T,	��2a��"#&|�	&a�#"*� ,	.���&4"��*.R/w& ��&43b�*�	&-"4]�^��fg�&-"#.')+��, /w�	,	&|3-��2<6���.#� ,=�*&a6!���	"O:+&P�#&4"#2<&a.')+,	M���:+)+&-"��
N-�*NRNb�D� �	:9)+&�6	� "0Zk��:+:9)+,	�a&b�0SJ&4"UKUVXW ��,	M�� � c _�� ]
V0���	.�34��,�.#)+��N4"#� ,	.r:���N-34"#)e�*�	"'&��Ji�]glel=�b]�^�&4.�)+,=�*N-M�"*�8:+&4.��	&�� i�]glel=��6!��.#N-&4.�.'�	"

Γh
.'��,=���	)9.#34"'N-�#)+.#N-&4.-] ~ ��)9&4,=�

xj
:+&-.c6�� )+,=�*.���&|Fd�	� �	"*���*�	"'&|�	&

Γh
�86	67� "��*&4,	� ,=�(� �}.#�	6	6!��"��R�	&

φj
$ &b�

ωj
:+&-.�6!��)+�	.�� .#.'��3-)+N4.R�8��_

6���)9,=�*.
xj

] �X,	&mN-34"')9�*��"#& �U.�x�2<N-�#"#)9Fd��&
��&4.��r� ���*&-,d��&m&-,aN43-"#)9g8� ,=�I:+&-.�"#&4:+�8�*)9��,	.�.'�	)9g8� ,=�*&-.k� ∀V $
W ∈ C3

&-� ∀ŝ ∈ S2

V · (W − (ŝ ·W )ŝ+ iŝ ∧W ) = (V · (θ̂ + iφ̂))(W · (θ̂ + iφ̂)),
� i�] _5^ �

34&RFH�	)�6�&-"#2<&-�X����� 6	6	:9)+FH�	&-"h:?�|�\S�S &4,Y34� ,	.#)9�	N4"#� ,=�0:9&4.B����,�3-�*)9��,	.h�	&R"#� �	)?���*)+� ,t�

F l,f
m =

∑

j|xj∈Cf
m

ωje
−ikŝ·rn

j φj(xj) · (θ̂ + iφ̂)Yj,
�Ji�] _ a��

&-�X:+&-.B����,	3-�#)+��,�.h�	&c�*"*�8,	.'��&-"'�(�

T n
mm

′ (ŝ) =

Ln∑

l=0

(2l + 1)ilyl(k|rn
mm

′ |)Pl(cos(ŝ, r
n
mm

′ )).
� i�] _ c=�

V0���	.X�Eg�� ,	.0��,	&(g &4"'.#)+� ,J�	&R:+�<��S�S ��,	&T3-��2<6���.#� ,=�*&8$	3E� "5:9&4.h����,	3b�*)+� ,	.h�	&("*� �	)+�8�*)9��,}�Ji�] _ a��k.#��,=�
�	&4.5.#34� :?�8)+"#&-.4]
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CFIE = αEFIE + (1− α)iMFIE,
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α ∈ [0, 1]
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nO� ,	.a3-&w3DC7� 6	)e�*"'& $I,	���	.aNb�*�	��)+��,	.P:+&4.T& ��&-�#.a&4,	M &4,	�	"'N4.|.'�	"P:+�A�\S�S 6	� "P:���&-216	:9��)\���qN4:9N42<&4,=�*.

�7,	)+.P34���	"'��&-.|���q��"#�	"'&wN4:9&-g N ]\[\, 6	"'&42<)+&4"T:+)9&4��$I,	���	.P,	���	.|)9,H�#N4"'&4.#.'��,	.v� � 3-"#)e�*;4"'&w����� "#"'p-�|6!���	"P:?�
.#�	�!�	)9gd)9.#)+� ,<��&0:�������.'�D�834:+&5&-,f�d3-�*"'&4&8$d)�]�&8]=,	���	.m"#&-M=� "#����,	.�34��2<21&-,=�m3DC���)+.')+"\:?�c�D�8)+:+:9&B�	&-.m�!���+�#&4.�2a�	:LK
�*)+6!��:+� )+"'&4.�� �w,	)eg�&4� �f�7,�]�[\,	.#�	)e�*&8$�,	����.BFH�7� ,=�*)e�7��,	.-$��7� ,�.B�	,	&�.'&43-��,	�	&c67�8"'�*)9& $H:i�q)+2<67� 3b�kFH���q��,=�h:9&4.
N4:+N-21&-,=�*.m�	,	)+.����q��"#�	"'&ON-:+&-g N�&-�m:?�R�7,	&-.#.#&O�	�w21� )+:9:?� M�&

Γh

34��,	.')+�	N-"#N�.'�	"k:+�(3-��2<6	:+&`_�)e�*NX�	&O:+�T��S�S ]
Zk&-�#�#&P�8,7� :9xd.'&T&-.'�O���8)9�*&c&-,�� 6�6	:+)9Fd�	� ,=�0:+�v�\S�S /<�	,A34� .X.#)+2<6	:9)9�7N8$�34&T3E� .X"#&-.'�*� ,=�O,	N4� ,	2<��)+,�.XM NbK
,	N4"#� :+)9.*� �	:9&h� ��_|N4FH�7�8�#)+��,	.�)9,H�#N4M�"#� :+&-.��	&XnO&4.'6	"#N-.c��[\�Unc�`]du����	"�3-��,	34:9�	"#&8$H:?��34� 216	:9&b_�)9�#Nh�	&X:?�c�\S�S
6�����"0�	&-.0N-:+N-21&-,H�#.X�	,	)+.X���q��"#�	"'& nv&4.���34� 2167�8"#N4&T/v34&4:9:+&R�	��,�,	N4&T67� "X�	&4.0N4:+N-21&-,=�*.5�7,	)+.X���q��"#��"#& ^ ]
Zk&434)�.-��& � &-3-�*��&T&-,Y�#&4,7� ,=�X34� 216��#& $76!���	"h3DC7�8Fd��&T34� .4$7�	&R:+�|�	,	&4.'.#&(�	�J21� )9:+:?�8M�&

Γh

]

� �	� � �*� � �)��# 	�� �������)� � �'! � � � ��!$��	 � � ��� ��� ( 	$# � � �'��� #)� #�( � � � ��#1#
Zk&b�#�#&(6	� "'�#)+&�&-.'�534� ,	.*� 3-"#N-&T�8�Y3DC���)e_w�	&c:?�P�*� )+:9:+&X�	&4.h3-�	��&-.X� �z,	)9g &E� �y�7,

df

]7u�� �	"h�	&4.5"#� )+.'��,	.
�	&R.'�D�8�	)+:9)9�*N0�	&R:?�|2<N-�*C����	&R��S�S � fwj � $7:9&c34"#)e�*;-"#&R����� "#"'p-�5�	&R:?�|.'�	����)9gd)+.')+��,y�	&R:����d3-�#"#&4&c&-.'�(�

kdf ∼ 1,
�Jj�] ^ �

���
k
&-.'�X:+&c,���2a�	"'&(� ����,��	& ]

nP� �86	"#;-.0:+�<"'&4:?���*)+� , �Jj�] ^ �b$
df

�	��)9�5pb�*"'&T�	,J6�&-�J6�:+�	.XM�"*�8,	�	&RFH�	&T:+�|6	:+�	.X:+� ,	M��	&R� "'p-�#&T�	�Y21� )+:9:?� M�&
�
hmax

�b$=)�]�&8]=3DC7� FH�	&034�	�!&O�8�1,	)eg�&4� �<�	,f34� ,H�#)+&-,H�k� �<6	:+��.�FH�	&-:+FH�	&-.m�*"')?� ,�M�:+&-.\�	�121� )9:+:?�8M�& ]���xd6	)9FH�	&bK
21&-,H�4$7,	���	.X�Eg�� ,	.R�

.')
kdf ∼ 1⇒ d ∼ λ

2π
.

�Jj�]da��
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�Jj�] ^ �k6!&4����K�p-�#"#&R"#&b�*"'����g�N-&P/|67�8"'�*)9"B�	&1�Jj�]ba��`]
u����	"5�	,Y21� )+:9:?� M�&5&-,

λ/10
� ∼ hmax

�`$7:+&c3-"#)9�#;4"'&c.#�	)eg �8,H�X&-.'�XC7� �	)e�*�	&-:+:9&42<&4,=�h34� ,	.#)9�	N4"'N<�

df ∼ max(2.5hmax,
λ

2π
).

�Jj�]gc=�
^����Eg8� ,=�D� M�&t��� 3-"#)e�*;4"'& �Jj�]gc=�1&-.'�YFH���q)+:0�#)+&-,H�z3-��2<6��*&t�	&t:+���D� )9:+:9&J�	&-.zN4:+N-21&-,=�*.y�	� 21� )+:9:?� M�&8$\34&
Fd��)T&-.'��,�N434&-.#.#� )+"'& �8�7, �	& 34� :+3-�	:+&-"J3-��"#"'&43b�*&42<&4,=�A:+&4.Y)+,=�#&4"*�83-�*)9��,	.z.#)9,	M��	:9)+;-"#&4.-]XnON4.'��"#21� )+.-$5�	&4.
2f� )9:+:+� M�&4.cM "#��.'.#)+&-"#.a3-��2<6���"��D� ,=�T21� )+,	.T����N-:+N-21&-,H�#.aFH�	&w6	"'N43-N4�	&-212<&4,=�v6!&4��g &4,=�'K p-�*"'&y34��,�.#)+��N4"#N-.4$
)i]q& ]	�	&-.021� )9:+:?�8M�&4.�&4,

λ/a
�Eg�&-3

a < 10
]

Zk��212<&c34)LK��	&-.#.'�	.4$!:+&c3-"#)9�#;4"'&T����� "'"#p-�X6!���	"5:?�|3-��,	.'�#"#�	3b�*)9��,A�	&(:i�q�d3-�*"'&4&R&4.��O��N-�7,	)�&-,A)+2<6!��.*� ,=�5FH�	&
:+&4.X34����&-.O�	��,�)9g�&4� �A:9&R6	:+�	.5�7,�3-��,=�*)9&4,	,	&-,=�c� �J6	:+�	.XFH�	&4:9FH�	&4.�N-:+N-21&-,H�#.0���A21� )+:9:?� M�&8]	^��1"'&4:+�8�*)9��,
�Jj�]gc=�k&4.��X34��,	.'&4"�g�N4&8]
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���!�� �
�
λ/5

'�� ��� � �")"������7

hmax ∼
λ

5
⇒ df ≥ 2.5

λ

5
=
λ

2
.

�Jj�] fH�
[��#�	�	)+� ,	.5:+&4.h"'N46!&4"'34�	.'.#)+� ,	.0���Y3-"#)e�*;4"'&1�Jj�]gc=�m.'�	"5:+&c,	��2P�	"#&c�	&R,	)eg�&4� ��_z�	&R:+�|�\S�S ] ~ � )9�

d0

:?�
:+��,	M �	&4�	"h���J3 � �*NR�	�z34����&()+,	)e�*)+� :i]dnO&R67� "h:+�|34��,	.��*"'�	3-�#)+��,z�	&R:i�q�d3-�*"'&4&8$	,	���	.0�Eg���,�.X:+�|"#&4:+�8�*)9��,��

df =
d0

2nivf
.

�Jj�]di��
^�&R,	� 2a�	"#&c21��_�)+2P�	2 ��&(,�)9g�&4� ��_Y�	&R.'�	����)9gd)+.')+��,y&-.'�0� :+� "#.h�	��,�,	NR67� "c�

nivf =
lnd0 − lndf

ln2
.

�Jj�]gj=�
nP� �86	"#;-.a�4j�]dj��b$	6!���	"h�	,Y21� )+:9:?� M�&XM�"'��.#.')+&4"(�

a < 10
�`$
nivf

�	)921)9,d��&�3E� "
df

� �	M�2<&4,=�*&8]
u����	"0�	,�21� )+:9:?� M &�&4,

λ/a
$G,	����.�6�� .#��,	.

da
f = df

$
niva

f = nivf

&-�
ha

max = hmax

]�[\,t� �	��6��D� ,=�034&4.
,	� �D���*)+� ,	.4$	,����	.X�Eg���,	.R�

niva
f =

lnd0 − lnda
f

ln2
∼ lnd0 − ln(2.5c1h

a
max)

ln2
,

�Jj�]dm��
�og &43

c1 ∼ 1
]

Zk��212<&
ha

max ∼ λ/a
&b�
h10

max ∼ λ/10
$�,	���	.(�Eg�� ,	.

ha
max ∼

10

a
h10

max

$�)�]�&8]
ha

max = c2
10

a
h10

max

�Eg�&43

c2 ∼ 1
]GVX���	.5�����#&4,	��,�.(�

niva
f ∼

lnd0 − ln(2.510
a
c3h

10
max)

ln2

∼ lnd0 − ln(10
a
c3d

10
f )

ln2

∼
lnd0 − lnd10

f

ln2
− ln(10

a
c3)

ln2
,

���
c3 = c1c2 ∼ 1,

niva
f ∼ niv10

f −
ln10− lna

ln2
,

�Jj�]gl=�
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�og &43
a < 10

]�^��XFH�7�8,H�#)9�#N
(ln10−lna)/ln2

"#&46�"#N4.'&4,=�*&k:+&\,	��2P�	"#&��	&�,	)9g &E� �d_(6�&-"#�	�	.I&4,T34��,�.#)+��N4"*�8,H�
�	,J21� )9:+:?�8M�&5&4,

λ/a
67� "h"#� 6	6!��"'�X/|�	,Y2f�8)+:+:+� M�&X&4,

λ/10
]
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�
σ
�`$	34&(FH�	)�6�&-"#2<&-�5�	&cgd)+.'�7� :9)+.#&-"B6	:9�	.56	"#N-34)+.'N42<&4,=�X:+&-.5���8)+�	:9&4.B.')+M�,7���*�	"'&4.c�
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:i�q��,	�	&v�	) � "#� 3-�#N4&<67� "(�	,����H%'&-�T�	��,	,	N16�� �	"R�	,	&f� ,	�	&<)+,	3-)+�	&-,H�#&1����,	,	N-& ]�^�&-.T� �d%'&-�#.P�	) � "#� 3-�*� ,=�*.
�	&4.03E� .X�*&4.��*.0.#��,=��:+�<.'6	C	;-"#&a&b�O:�� � 21� ,	��&TVX> ~ >T] VX���	.034��2<67� "'��,	.4$!� �Y�*"#�og &4"'.O�	&T34&4.X�*&-.'�*.-$��#�����
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Séries de MIE
EF ordre 1

+ ,/.10wm�] ^ � s�� :9)+�7���*)+� ,�$4&-,a���*)9:+)9.*� ,=�I�	,	&BFH�7�8�	"*�8�#�	"#&m�	&h�R� �	.'.�/ m56�� )+,=�*.-$8�	&-.�N4:9N42<&4,=�*.I�7,	)9.����q��"'�	"#&
^ �7�8,	.5:+&c3E�8.0���q�	,	&R.'6	C	;4"'&P67�8"'��� )e�*&42<&4,=�h3-��,	�	��3-�*"')+3-&w�

Zr = 0
�h21� )9:+:+N-&0&-,

λ/10
�
N = 50000

�`$�&-�
N434:+� )+"'N4&c67�8"h�	,	&R��,	�	&R)9,	34)9�	&4,=�*&R�	&c��"'N4FH�	&4,�34&

f = 1.2GHz
]

^I�16	"#N-34)+.')+��,J�	&4.ON4:+N-21&-,=�*.O�7,�)+.O� ����"'�	"#& ^ &4.����*&-.'�#N4&a&-,t34��,	.')+�	N-"*� ,=�O�	,t2f�8)+:+:+� M�&�&-,
λ/5

$G&-�c.'&46��
6���)9,=�*.B�	&(�R� �	.'.B67� "kN4:+N-21&-,=�5�	&

Γh

]7^��aFH�7� �	"#�8�*�	"'&�34� 216	"'&4,	�z.'� �<.*� 2<21&-,=�5�	&c6�� )+,=�*.m�	&(�(�8�	.#.

^ aea



6�����"hFd��&T3-&T67�8"*� 2<;-�#"#&c,��q)+,��	�	&4,	3-&T6	� .5:+&c34� 216!��"'�#&42<&4,=�5�	&R:?�|.'��:+���#)+��, ]	^�&R"#N4.'�	:9�*�8�5�	&(:?�P�7M �	"#&
m�]baw&-.'�T� .#.'& � 6	"#� �7� ,=�E$�&b�R&4.'�(3-��,��7"'21Nv67� "c:9&4.c34� :+3-�	:+.c�	&-.T&-"#"'&4�	"'.(3-��2<21)9.#&4.c.'�	"c:i��� 2<6	:+)e�*�	��&P�	&
�	)����	.#)9��, � md]dc=�k���Y�*� �	:+&4� ��m�] ^ ]
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Séries de MIE
EF ordre 1

+ ,/.10 md]ba � �5N4.'�	:9�*�8�|�����#&4,H���og &43z�	&-.|N4:+N-21&-,=�*.a�7,	)9.|���q��"#�	"'& ^ &4,����#)+:+)9.*� ,=�P�	,	&yFH�7� �	"#�8�*��"#&y�	&
�(� ��.#.T/ my6�� )+,=�*.(�7� ,	.(:+&v34� .T� ���	,�&1.'6	C	;4"'&f67�8"'��� )e�*&42<&4,=�(34� ,	�	�	3b�*"#)934&A�

Zr = 0
�c21� )+:9:+N4&T&4,

λ/5�
N = 12500

�b$�&-�XN43-:?� )9"#N4&c6	� "h�	,	&R��,	��&()9,	34)9�	&4,=�#&(��&R��"'N4FH�	&-,	34&
f = 1.2GHz

]

Γh λ/10 λ/5
Erra 1.15 · 10−3 1.33 · 10−3

� � �*0kmd] ^ � [�"'"#&-�	"#.�� �	.'��:+�	&-.�34��2<21)9.#&-.�.#�	"I:i��� 2<6	:+)e�*�	�	&��	&��	)����	.')+��,(�Eg�&-3m�	&-.�N-:+N-21&-,H�#.��7,	)+.����q��"'�	"#&
^ &b�'m|6!��)9,H�#.h�	&T�(�8�	.#.-]

V0���	.RNb�*�	�	)9��,	.c:���)9,��7�	&-,	34&|�	&v:+�wFd�	� �	"*���*�	"'&<.'�	"R:?�w6	"'N43-)+.#)9��,}�	&v:?�w.'��:+���#)+��,t� ���*&-,d��&1/y67�8"'�*)9"��	&
:i�q&42<6	:+��)����qN4:+N-21&-,=�*.R�7,	)+.(���q��"#��"#& ^ ]IZk��2<21&v6	"'N434N-�	&42<2<&4,=�E$��	, 2f� )9:+:+� M�&P&-,

λ/5
&4.��P3-��,	.#)9�	N4"'N ]

nO&4��_ FH�7�8�	"*�8�#�	"#&-.T3-��2<6���"��D� ,=� cz6�� )+,=�*.c�	&f�R� �	.#.R3DC7�834�	,	&<.#� ,H�T���#)+:+)9.#N-&4.4]�^�&-.R6���)9,=�*.R�	&1�(�8�	.#.
�	&O:+�(6	"'&42<)+;-"#&5FH�7� �	"#�8�*�	"'&O.'��,=�B.#)e�*�	N-.B/(:i�q)+,=�*N-"#)+&-�	"\�	&-.BN4:9N42<&4,=�*.��	&

Γh

��,	���	.�67� "':+&-"#��,	.��	&06���)9,=�*.
�	&a�R� �	.'.O)9,H�#N4"')+&4��"#.D�`$7&-�034&-��_���&T:+�<.'&434� ,	�	&PFH�7�8�	"*�8�#�	"#&T.#��,=�0.#)e�*�	N-.O.#��"0:9&(�!��"'�A�	&-.ON4:9N42<&4,=�*.X�	&
Γh

��,	���	.B6	� "#:9&4"#� ,	.B�	&c6!��)+,=�#.B�	&R�R� �	.'.B��"#��,=�*)9;4"'&4.D�`]7Zk&-.hFd�	� �	"*���*�	"'&4.5.#��,=�h��N-�7,	)9&4.h.'�	"h:+&O�#"#)+� ,	M�:9&
�	&R"#N-��N-"#&-,	34&(67� "c�

� 6	"#&-21)9;4"'&cFd�	� �	"*���*�	"'&<�

(ω, λ2, λ3) = {(1
6
,
1

6
,
1

6
); (

1

6
,
2

3
,
1

6
); (

1

6
,
1

6
,
2

3
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^ akc



� �	&4�d_�)9;42<&cFH�7� �	"#�8�*�	"'&1�

(ω, λ2, λ3) = {(1
6
,
1

2
, 0); (

1

6
, 0,

1

2
); (

1

6
,
1

2
,
1

2
)},

ω
�	N-.#)9M�,7� ,=�X:+&R6!��)+�	.h��&T:+�vFH�7�8�	"*�8�#�	"#&8$

λ2

&-�
λ3

Nb�D� ,=�0"#&4.'6�&-3-�#)9g�&-21&-,=�O:9&4.534�d��"#����,	,	N-&4.X�7� "'xd3-&4,�K
�*"#)9FH�	&4.X� .'.#�d34)+N-&4.X� ��_y�	&4��_�)9;42<&(&b�5�*"#� )+.#)9;42<&O.'��212<&-�5���Y�#"#)?�8,	M�:+&0�	&R"#Nb��N4"#&-,	34&8]
�0,	&(� ���#"#&RFH�7� �	"#�8�*��"#&R34��2<6!��.#N-&(��&R�#"#��)9.B6!��)+,=�*.B��"'��,=�*)9;4"#&-.5&4.'�0� ��.#.#)����#)+:9)+.#N-&a�

(ω, λ2, λ3) = {(1
6
,
1

3
,
2

3
); (

1

6
, 0,

1

3
); (

1

6
,
2

3
, 0)}.

^�&-.v�	&4��_ 6	"#&-21)9;4"#&-.|FH�7� �	"#�8�*�	"'&4.v.#� ,H�<&`_	�83-�*&-.16!���	"P�	&4.<6�� :9xd, ��2<&4.a��&y�	&4M�"'N�a�$�&-�v:+���	&4"',	)+;-"#&
6�����"h�	&4.X6�� :9xd, ��2<&4.B��&(��&4M�"'N ^ ]
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Séries de MIE
3 points de Gauss intérieurs (d°2)
3 points de Gauss frontières (d°2)
3 points de Gauss frontières (d°1)

+ ,/.10Kmd]dc � ��,��7�	&-,	34&(�	&R:?�aFH�7�8�	"*�8�#�	"#&R.'�	"5:+&c34� 216!��"'�#&42<&4,=�h�	&-.0N-:+N-21&-,H�#.B�7,	)9.X� ����"'�	"#& ^ �7�8,	.5:+&
3E� .����q�	,	&X.#6	C	;-"#&X67� "���� )9�#&42<&4,=��34��,��	�	3-�#"#)934&P�

Zr = 0
��21� )+:9:+N4&m&4,

λ/5
�
N = 12500

�b$�&b�mN-34:+� )+"'N4&567� "
�	,	&R��,	�	&R)9,	34)9�	&4,=�*&R�	&c��"'N4FH�	&4,�34&

f = 1.2GHz
]

z��7� �	"#�8�*��"#&
3
6���)9,=�*.

3
6�� )+,=�*.

3
6�� )+,=�*.

7
6!��)9,H�#.

7
6!��)+,=�#.

)9,=�*N4"')+&-�	"#.
(d � 2)

��"#��,=�*)9;4"'&4.
(d � 2)

��"'��,=�*)9;4"#&-.
(d � 1)

)+,=�#N4"#)9&4�	"'. ��"#��,=�*)9;4"'&4.
Erra 2.6 · 10−3 1.8 · 10−1 4.5 · 10−1 1.33 · 10−3 1.9 · 10−3

������0 m�]da � [�:9N42<&4,=�*.h�7,�)+.5���q��"#�	"'& ^ &b�X2f� )9:+:+� M�&
Γh

&4,
λ/5

]

^ a�f



nT� � 6�"#;4.h:+�T�7M���"#& m�]gcP&-�B:+&O�*� �	:+&4� �vm�]da�$�:+��"'.#FH���q�	,y2f�8)+:+:+� M�&h&-,
λ/5

&4.'�53-��,	.')+�	N-"#N $�&-�5:9��"#.'Fd��&�:?�
"#N4.'��:+���*)+� ,w�	�y6	"'���	:+;-21&X��� )9�m)+,=�#&4"'g &4,	)9"B�	&-.hN4:+N-21&-,=�*.k�7,�)+.B���q��"'�	"#& ^ $�)+:Gxf�a�	,	&c6!&4"'�#&��	&�6�"#N43-)+.')+��,
�og &43|:9&4.�FH�7� ��"*�8�#�	"#&-.R�ox�� ,=� cw6�� )+,=�*.0�	&<�(�8�	.#.O��"'��,=�*)9;4"#&-.4$�Fd��)r,���� 6	67�8"*���9��67� .R�Eg &43|34&-:+:9&a�Ex=� ,=� c
6���)9,=�*.��	&<�R� �	.'.c)+,=�*N-"#)9&4�	"'.4]�n0��"#N-,7�Eg �8,H�4$�:?�wFH�7�8�	"*�8�#�	"#&|3-��2<6���.'N4&|�Eg &43 cy6���)9,=�*.��	&|�(� ��.#.c)+,=�#NbK
"#)+&-�	"#.h.'&4"#�<:+�v.'&4�	:9&R&42<6	:+�ox�N-&R6�����"h:+&4.h34� :+3-�	:+.-]

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
1.2GHz

VX���	.B�#&4,	��,�.0/a.')+M�,	� :+&-"kFH�	&R:+&-.h,	� �D���*)+� ,	.k)9,H�#"#�d�	�	)e�*&4.k�7� ,	.h3-&-�#�#&R67� "'�#)+&0.#&4"'��,=�X"#&46�"#)+.'&4.h67�8"h:?�
.#�	)e�*&c�7� ,�.0:9&4.5� ���#"#&-.X.'&43b�*)+� ,	.4]
^�&-.\"#N-.#�	:e�D�8�#.������#&4,H�	.�/�67� "��*)9"r�	&h:������#)+:9)+.*���*)+� ,(� ��N-:+N42<&4,=�#.r�7,	)9.����q��"#�	"'& n��Eg�&-3X��,<21� )9:+:?�8M�&\&4,

λ/10.#��,=�X34��2<67� "'N4.X� ��_Y"'N4.'�	:9�*�8�*.h�����*&4,H�	.O/|67� "'�#)+"h�	&R:������#)+:9)+.*���*)+� ,f���qN4:9N42<&4,=�*.h�7,	)9.5����� "#�	"'& ^ �Eg�&-3T�	,
2f� )9:+:+� M�&<&4,

λ/5
]�Zk&4.<"#N-.#�	:e�D�8�#.v.#��,=�<"#&-6���"��*N-.1�7�8,	.v:?���7M��	"'&�m�]gf}&b�1�	� ,	.v:+&w�*� �	:+&4� �1m�]gc�]�n�� ,	.

:+&y�D� ��:+&E�8��m�]gc�$�:?�t3-��:+��,�,	& ��Zk�����v�*�8�D� :5�\SAS �Y34��"'"#&-.#6!��,	��&`_�3-:+�	.')9g &42<&4,=�y� ���*&-216�.1,	N-34&-.#.*�8)+"#&
6�����"O& ��&43b�*�	&-"�:i�q&4,�.#&42P�	:+&T�	&4.�6�"#�d�	�	)9�#.O21�8�*"')+3-&4.�Kig�&-3-�*&-�	"#.��og &43|:+�f�\S�S $�:9&P6	"'N434� ,	�	)9�#)+��,�,	&42<&4,=�
�	� �TSA�5&4.R,��qN-�*� ,=�(67� .c)+,�34:+� ]�nO�}��� )9�OFH�	&1:9&v�(SA�X&-. �7&b_�)+��:+&a.'��)9�R&-216	:9�ox�N $ ,	���	.R�Eg�� ,	.T6�"#N-��N-"#N
"#&46!��"��*&4"<:+&Y34�����1�#� �D�8:X��� 6	"'N434� ,	�	)9�#)+��,�,	&42<&4,=��� �'Zk�����1�#� �D�8:X6�"#N43-��,	��] ���v/ :+� 6�:?� 3-&J�	� 34�����1�	&
6	"#N-34��,	��)9�*)9��,	,	&-21&-,=�567� "h)9�#N4"#�8�*)9��,y&b_d�*&-"#,	&8]
�0,�M�� )+,}�	&v�*&-216	.(.4��� 3-34��2<67� M�,	� ,=�P���q�	,	&1� 2<N4:9)+��"#�8�*)9��,��	&<:?�y6	"'N434)9.#)9��, ����"#N-.#�	:e�D�8�T&4.��P� �	.#&-"'g�N
�og &43<:+&-.cN4:+N-21&-,=�*.c�7,	)9.c����� "#�	"'& ^ ]���:\&4.��T� ��� �t��� )e�cFH����/Y:�����"'�	"#& ^ $�:?�w�	)921)9,H���*)9��,��	� ,	��2a��"#&|�	&
�	&4M�"'N4.<�	&Y:+)+�!&4"��*Nz� "'"#)eg�&Y/ 3-��2<6�&-,	.#&-"<:�� �8�	M�2<&4,=�D�8�#)+��, ��� ,	��2P�	"#&z���q)9�#N4"*���*)+� ,	.|�	� �TSA�5&4.-]�[�,
& ��&-�E$\:9&4.v,	��2P�	"#&-.<"'&4.'6�&-3-�*)e��.1��&Y��&4M�"'N4.<�	&J:9)+�!&4"��*Ny/}:i�q��"#��"#&vn}&-�1/ :���� "#�	"'& ^ Nb�D� ,=�1�	��,	,�N4.<67� "
3N/2

&b�
5N

$Gmei�nenen|)+,	3-��,	,H�	&-.X.'��,=�O���*)+:9)+.'N4&4.B/<:�����"'�	"#& n|3-��,=�*"#& jwakiknen|)+,	3-��,	,H�	&-.O/|:i�q��"'�	"#& ^ $�.#��)e�
6	"#;-.X��&

15%
� ��)9,	34��,�,d��&4.5.#�	6�6	:+N-21&-,H�*� )+"'&4.5/|:i�q��"'�	"#& n�]7Zk&(6�C	N4,	� 21;-,	&R.#&c�*"#� �	�	)e�h67� "h�	,Y6	"'���	��)9�

2f�8�#"#)934&bKig�&-3-�*&-�	"5� )9,	.#)�FH���q�	,A� .#.'&42a�	:+� M�&c�	&R:+�a2f�8�#"#)934&�6	"'��3DC�&(6�:+�	.h"#� 6	)+��&4.X/|:i�q��"#�	"'& ^ 34��2<21&O:+&
21��,=�#"#&c:+&��*� �	:9&E� ��m�]gc�]
nO&a6	:9�	.4$�6�����"O�	,t21� )+:9:?� M &c&4,

λ/5
$�:+&P,���2a�	"'&a�	&a,	)eg�&4� ��_A�7� ,	.c:+�f�\S�S �4jf,	)eg�&E�8��_	�O&4.'��&b_�� 3bK

�*&42<&4,=�R:9&|21p-21&aFH�	&v6!���	"c�	,}21� )+:9:?� M &(&-,
λ/10

$ 3-��,=�*"#� )+"'&42<&4,=�R/y34&vFH�	)\&4.��R6	"#Nbgd� &-, �#C	N4��"')+&y�
.#�	6	6�"#&4.'.#)9��, ���q�	, ,	)eg�&4� ��6!���	"(�	, 21� )+:9:?� M &P&4,

λ/5
��3-�U] ~ &43b�*)+� ,0j�]da��b]�[\, & � &b�E$I�	&4.T"#N-.#�	:e�D�8�#.T�	&

6	"#N-34)+.')+��,�.�.#)921)9:?� )9"#&4.h.'��,=�R�����#&4,H�	.c&4,t3-��,	.')+�	N-"*� ,=� i1��� jw,�)9g�&4� ��_��7� ,	.�:+�w�\S�S ]�ur�8"�34��,=�#"#& $ :+&
��� )9�h��&(3-��,	.')+�	N-"#&4" j|,	)eg�&E�8��_Y�	��,	,�&(��&(2<&4)9:+:9&4�	"'.m�*&-216�.X��&(34� :+3-�	:i]
~ ��)9�

f iter,0
total

��"#&4.'6�&-3-�#)9g�&-21&-,=�
f iter,1

total

�R:9&13-�����P������, 6	"#�d�	�	)e�(2f�8�#"#)934&bKig�&-3-�*&-�	"P& � &-3-�#�	Nw67� "(:?�Y�\S�S
/z:���� "#�	"'& n ��"#&4.'6�&-3-�#)9g�&-21&-,=�a/z:i�q��"#��"#& ^ ��:+� "#.c���q�	,	&<)9�#N4"*���*)+� ,��	� �(SA�5&4.-]�^�&v"#� 6	6!��"'�c�#C	N4��"')+FH�	&
f iter,0

total /f
iter,1
total = 1.2

$r�	��,�,	Nz67� "Y�Jj�]gfwc��b$r&-.'�<)+,���N4"#)9&4�	"a� ��"*� 6	6!��"��|"#N-&4:
f iter,0

total /f
iter,1
total ' 1.8

]r��:B&4.��
�	)��<34)9:+&1����&`_�6	:+)9Fd��&4"|34&b�vN434� "'�<�Eg�&-3z:?�J�#C	N4��"')+&8$r21� )+.T�	,	&z34��2<6	:9&b_�)9�#Nf,	&y�	� ,	,	&y67� .|:9&w34�����v"#N-&4:
2f� )9.m%'�	.'�#&13-&|g�&4"'.PFH�	��)��	� )9�c�*&-,	�	"'&13-&1�	&-"#,	)9&4"-]�n�� ,	.(:+&v3E�8:+34��:\�	� "#� 6	6!��"'�("'N4&4:

f iter,0
total /f

iter,1
total

$�:+&
�*&42<6	.(,	N43-&4.'.*� )9"#&w�8��6	"'N434� ,	�	)9�#)+��,�,	&42<&4,=�T,���&-.'�P67� .()+,	3-:+�	.-$�3E� "(34&<�*&42<6	.(,��q&4.'�P67� .(�	)+"'&43b�*&42<&4,=�
)+2<6	���D�8�	:+&O/<:+�|�\S�S ]
ur� "B"#� 6	6!��"'�k/P:+�T�D� )9:+:9&h�	&4.B.�xd.'�*;-21&-.4$7:9&06	"'N43-��,	�	)e�*)+� ,	,	&42<&4,=�k�	�Y�TSJ�X&-.B�	&421� ,	��&O6	:9�	.B�	&X�*&42<6	.
/v:���� "#�	"'& ^ ]7Zk&-34)�&4.��5,	��"'2f� :�$�6��	)+.'Fd� ���	,Y6	"'N434� ,	�	)9�#)+��,�,	&4�	"h)e�*N-"*�8�#)9��&-.'�X���*)9:+)9.#N $d&-�5FH�	&R:9&4.h.'xd.��*;42<&4.
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����� "#�	"'& ^ .#��,=�m34��,	,H�	.m6�� �	"�p-�*"'&O2<��)+,�.\�	)+&-,f34� ,	�	)9�#)+��,�,	N4.�FH�	&O3-&4��_1���q��"'�	"#&�n�]d^��(3-��,=g�&4"'M�&4,�34&��	�
"#N4.')+�	�Y�	�J�(SA�X&-.T���7M���"#& m�] fG��&E�#�B)+:9:+�	.��*"#&0:+&c2<��)+,�.B��� ,J3-��,	�	)e�*)+� ,	,	&42<&4,=�5/v:i�q��"'�	"#& ^ ]
Zk&46!&4,	�7�8,H�4$\:+&f�#&4.��1� � � "'"#pb�|�	���TSJ�X&-.<,�&y�	N46!&4,	� 67� .|��� "'N4.')+�	��]�[�,�& � &b�E$��	)9&4,�FH�	&y:+&f"#N4.')+�	�
34��,=�*)9,H�	&P/v34� ,Hg &4"'M�&4"-$�:+�<.'��:+���#)+��,z�	�J6	"#� �	:+;-21&c,��qN-g ��:+��&TFH�7� .')+2<&4,=�06	:+�	.-]Gur� .'.#NT�	,A3-&4"'�*� )+,Y.#&-�	)+:�$
)+:\,��q&4.��a�	��,�3f6	:9�	.T���*)+:9&v�	&16!���	"'.#�	)egd"#&f:+�Y"'N4.'��:+���#)+��, ]IZk&f.#&-�	)+:�&-.'�P���834)+:9&42<&4,=�R"#&-6�N-"#N8$�34� "P:+�z����"UK
2a�	:?���*)+� , �	&wnO&4.'6	"#N-. � ^e^ f � ��� �	"#,	)e�a�	,�34"#)e�*;-"#&w�	&134��,=g &4"#M &4,	3-&Y� "#)+M )+,7� :�,��q&b_�)9.'�D�8,H�a67� .P6!���	"P�	&4.
����"#2a��:?�8�#)+��,	.m)+,=�*N-M�"*�8:+&4.h6�:+�	.h3-:?� .'.#)+FH�	&-.4]7��:�&-.'�X�7� .'NT.'�	"5:?�a"#&-:?�8�#)+��,y.'�	)9g8� ,=�#&<�

xl = −2ikλl, l ∈ {1, 2}, � m�]daem��
�	N43-"#)9g8� ,=��:+���	N46!&4,	�	� ,	34&X&4,=�#"#&5:+&-.\)+,	3-��,	,H�	&4. {xl, λl}2l=1

�	�v6	"'���	:+;-21&h3-��,=�*)9,d��&(� ^ ]gcwi��`]=^��R"'&4:+�8�*)9��,
� m�]daem��k�	� )9�h�	� ,	3Rp-�*"'&cg�N4"')9�7N-&T6	� "h:+&-.h)+,	3-��,	,H�	&4. {X̃ l

h, Λ̃
l
h}2l=1

� ^ ]dc _ �k�	�J6�"#���	:9;42<&c�	)+.'34"'&-�E]
� TOpq@�P =�?sT 
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h, Λ̃

l
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Y l
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l
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X l
h = (αl

1, · · · , αl
N)t ' Λl

h = (γl
1, · · · , γl

N)t �
	 ∀j ∈ {1, · · · , N} ' (αl
j, γ

l
j) ∈ C2 �

[\,Y,	� �*� ,=� | · |2
:?�a,	��"'21&

l2
�	N-�7,�)+&c67� "R�

|u|2 = (
∑

K∈Γh

∫

K

|u(x)|2 dK(x))1/2,
�Jm�]da _ �

:+&c34"')9�#;4"#&c� � � "'"#pb�0��&4.X[\�Un "#&-6�� .#&R.#�	"5:+�v3-��,=g�&-"#M�&-,	34&T�	&
δ
FH�	)�&4.'�X�	Nb�7,	)9&(6	� "c�

δi = Max(
|d1

i+1 − d1
i |

d1
i

;
|d2

i+1 − d2
i |

d2
i
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�Jm�]gcen=�

���
dl

i = |X̃ l
h,i + 2ikΛ̃l

h,i|2
�Jm�]gc ^ �

&-�
X̃ l

h,i

$
Λ̃l

h,i

&b�
δi

34��"'"#&4.'6�� ,	�	&4,=�w� ��_ g8� :9&4�	"'.<��&
X̃ l

h

$
Λ̃l

h

&b�
δ
/t:+�

i ���
	��
)e�*N4"#�8�*)9��, �	� �TSJ�X&-.4]

^���� "'"#p-�R�����(SA�5&4.R.4�q& ��&43b�*�	&<:+� "#.#FH�	&
δ
&4.'�()9,���N4"')+&4��"c/

10−3 $�3-&v.#&4��)+:\� .'.#�	"#� ,=�(�7� ,	.R:?�w6�"*�8�#)+FH�	&
:i�q�����*&-,=�*)+� ,J���q�	,	&T.#��:9���*)9��,z6	"#N-34)9.#& ]�^��<�7M �	"#& m�]gf7���G�B�	N-34"#)e�O:9&T3-��2<6���"��*&-21&-,H�X�	&

δ
]G>0�A"#&-M=� "'�A�	&

34&-�'�*&��7M �	"#&8$	:i��� "#"'p-�k�	�J�TSA�5&4.k)+,=�*&-"'gd)+&-,H�X�86	"#;-. cwaP)9�#N4"*���*)+� ,	.k/a:���� "#�	"'& na&-�5�86	"#;-.�f _ )9�#N4"*���*)+� ,	.B/
:i�q��"#�	"'& ^ ]�nP��� 6	"#;-.h:?�T�	M��	"#& m�]gf7��&o�`$�)9:!��� ��� ikjP)e�*N4"#�8�*)9��,	.m/a:i�q��"#��"#&>na6!���	"kFd��&�:+&�"'N4.')+�	�y�	�Y�(SA�5&4.
.#��)e�B)+,���N4"#)9&4�	"k/

10−3 ]�>O�y�!�����B�	& ^ nenT)9�*N-"*�8�#)+��,�.4$H34&c"'N4.#)9�	�y,��q&4.��h�*����%'� �	"#.B6	� .h�8�'�*&4)9,=�h/a:i�q��"'�	"#& ^ ]
^�� "#.#FH�	&k:i��� "#"'p-�I�	�v�(SA�5&4.r��N46!&4,	�|�	&

δ
$�:9&4.�[\�Un ����,	,	&-,H���	,a"#N-.#�	:e�D�8��6	"'N434)9.��Eg�&-3B�	,	&m34��,=g &4"#M &4,	3-&

21�d�	&4.��*&a.'�	"c:+&P"#N4.')+�	�t�����(SA�5&4.-]�Zk��2<21&T6�����"�:+&a"'N4.')+�	�t�	� �(SA�5&4.4$
δ
34� ,Hg &4"'M�&v21��)9,	.0gd)e�*&|/

:i�q��"#�	"'& ^ ]
zc�	� ,=�X/v:+�P2<N42<��)+"'&O34� ,	.#��2<2<N4& $�&4:+:9&�&4.��X:+N4M ;4"#&-21&-,=�h6	:+��.h)+2<6���"��D� ,=�#&c/a:i�q��"#��"#& n|FH����/<:�����"'�	"#& ^ $
3E� "h�	&R6	:9�	.5M�"*�8,	�	.hg�&-3-�*&-�	"#.0.#��,=�X.'�#��3DW8N4.0/<:���� "#�	"'& n�]

^ akj



0 50 100 150
θ (deg.)

-30

-20

-10

0

10

20

30

40

S
E

R
 b

is
ta

tiq
ue

 (
dB

.m
²)

Séries de MIE
N=50000 (λ/10),  EF ordre 0
N=12500 (λ/5), EF ordre 1

�����

0 50 100 150
θ (deg.)

0

10

20

30

40

50

A
m

pl
itu

de
 d

e 
di

ffu
si

on

Séries de MIE
EF ordre 0
EF ordre 1

�����

0 50 100 150
θ (deg.)

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

E
rr

eu
r 

ab
so

lu
e 

su
r 

l’
am

pl
itu

de
 d

e 
di

ff
us

io
n

EF ordre 0
EF ordre 1

���	�

0 20 40
Itérations

10
-4

10
-3

10
-2

10
-1

10
0

10
1

δ

EF ordre 0
EF ordre 1

��
��

0 10 20 30 40 50
Itérations

10
-4

10
-3

10
-2

10
-1

10
0

R
és

id
u 

du
 G

M
R

es

EF ordre 0
EF ordre 1

�
���

+ ,/.10 m�]gf � �5N4.'�	:9�*�8�*.P�����*&-,H�	.v�Eg�&43z�	&-.|N4:9N42<&4,=�*.P�	,	)+.a� ����"'�	"#&vn�&b�|���q��"#��"#& ^ 6!���	"a��,	&y.#6	C�;4"#&
67� "'���8)9�*&-21&-,=�h34��,��	�	3-�#"#)934&1�

Zr = 0
�kN-34:+� )+"'N4&c67� "5�	,�&(� ,	�	&R)+,	3-)+�	&-,=�*&c�	&c��"#N-FH�	&4,	3-&
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ZB� .
Erra

��&-216�. SJN-2J] � �#&4"#. SA���*"#)934& Zk�����5�#� �D� : Zk�����O��S�S
(s.) (Go)

�(SA�5&4. u\"'��3DC	&1�
s.
� 6	"#N-34��,	� ]I�

s.
� ��67�8"h)9�*&-"D�c�

s.
�

[�� ��"#�	"'& n
3.7 · 10−3 5110 0.8 32 220 480 4384

Γh

&4,
λ/10

� ^ cwm��
[�� ��"#�	"'& ^

2.6 · 10−3 4449 0.7 49 94 588 3724
Γh

&-,
λ/5

� m�j=�
� � �*0Km�]dc � ~ 6	C�;4"#&8$

f = 1.2GHz
$
Zr = 0

]

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
3.2GHz

VX���	.�21� ,H�#��,	.�&4,<��"#N-Fd��&4,	3-& $d&-�k/(6	"'N4.'&4,=�k��,	&0� ,	�	&X)+,	3-)+�	&-,H�#&5�	&X��"'N4FH�	&-,	34&
3.2GHz

&-.'�m34��,�.#)eK
�	N4"'N4& ]G^�&-.h"#N4.'�	:9�*�8�*.h� ���*&-,d��.0/a6	� "'�#)+"B�	&c:������*)+:9)+.#�8�*)9��,v����N-:+N-21&-,H�#.B�7,	)9.h����� "#�	"'& n|�og &43R�	,z21� )+:9:?� M�&
&4,

λ/10
.#� ,H�53-��2<67� "#N-.X� ��_y"'N4.'�	:9�*�8�*.h�����*&4,H�	.0/a67� "��*)9"B�	&R:i�q���*)9:+)9.*�8�#)+��,<���qN4:+N-21&-,=�*.B�7,	)9.h���q��"#�	"'& ^

�og &43(�	,Y2f� )9:+:+� M�&5&4,
λ/4

]GZk&4.5"'N4.#��:9�D���*.5.#��,=�X"#&-6�� "'�*N-.5�7� ,	.5:?�a�7M �	"#& m�]dia&-�5�7� ,�.0:9&��D� �	:9&E� ��md]gf	]
> :�����"'�	"#& nR&-�k/T:�����"'�	"#& ^ $=:9&4.�.'xd.'�#;42<&4.m.#��,=�B3-��2<6���.'N4.�"#&-.#6!&43-�#)9g &42<&4,=�B�	& f _5^ ieaknc)+,	3-��,	,H�	&-.k&-�m�	&
c ^ cejenkna)+,	3-��,	,H�	&4.-]7��: xz�|�	��,�3(6�:+�	.h�	&

36%
��&(��&4M�"'N4.5�	&R:+)9��&-"'�*NO.#�	6	6�:+N42<&4,=�*� )+"'&4.5/|:i�q��"#��"#& n�]	^�&

,	��2a�	"'&k�	&m,	)9g &E� �d_P�	� ,	.�:+�0�\SAS � m0,�)9g�&4� ��_	�I&-.'�\:9&m2<p42<&�6�����"�:9&4.r2<N-�#C	�d�	&4.������ "#�	"'& n0&b�����q��"'�	"#&
^ ]d[�,f& ��&-�E$d�	)9&4,fFH�	&0:?�c�*C	N-��"#)9&06�"#N4��)+.#&X:?�(.#�	6�6	"#&-.#.#)9��,w���q�	,w,�)9g�&4� �f:9��"#.'FH������,w2f�8)+:+:+� M�&m&4,

λ/4
&4.'�

���*)9:+)+.'N $ � �	34��,	&56�&-"'�*&5�	&56	"'N43-)+.#)9��,v,����(Nb�*N534��,�.'�D���*N4&X&4,<34� ,	.#)9�	N4"#� ,=�&jc��� m�,	)9g &E� �d_<�7� ,	.�:?�c��S�S ]
Zk&c6	C	N4,���21;-,	&�3-��,�%'�	M���NR/a:?�P"'N4�	�	3b�*)9��,y�	�y,	��2P�	"#&���&c�	&4M�"'N4.h�	&O:+)+�!&4"��*NO/P:i�q��"#��"#& ^ &-,H�#"*���+,	&�FH�	&
:i��� .#.'&42a�	:+� M�&���&(:+�a2f���*"#)934&06	"#�d3DC	&(� )+,�.#)�FH�	&R:+&c6�"#�d�	�	)9�B2f�8�#"#)934&bKig�&-3-�*&-�	"h.#� ,H�X6	:9�	.h"*�86	)+�	&-.h34&RFH�	)
34��2<6�&-,	.#&(:i��� �	M 21&-,H�*�8�*)9��,z�	�A,���2a�	"'&T���q)9�#N4"#�8�*)9��,	.5�	�t�(SA�5&4.O/1:i�q��"'�	"#& ^ ]!^�&T"#� 6	6!��"'�5�#C	N4��"')+FH�	&
f iter,0

total /f
iter1

total ' 1.9
$ ����,	,	N567� "h�Jj�] fwc=�`$ &4.���.#�	6!N4"')+&-�	"�� �v"*� 6�6���"��\"#N-&4:

f iter,0
total /f

iter1

total ' 1.3
]�^�&hM�� )+,a��&

�*&42<6	.�M�:9���7� :7/R:i�q��"'�	"#& ^ 67� "�"*�86	6�� "'��/R:i�q��"#�	"'& n(&-.'����� )+��:+& $82f�8)+.\:?�c6	"'N43-)+.#)9��,v&4.��k�	,<6!&4�f2<&4)9:+:9&4�	"'&
/v:���� "#�	"'& ^ ]
[�,v3-&hFd��)	34��,�34&4"',	&5:?�O3-��,=g�&-"#M�&-,	34&X�	�1�TSJ�X&-.\&-�\�	�

δ
$�:+&-.�"#&-2f�8"#FH�	&4.����8)9�*&-.�6!���	"�:9&B3E� .�/

1.2GHz.4��� 6	6	:9)+FH�	&4,=�ON4M=� :9&42<&4,=�X)+3-)i]!SJp-21&T.#)I:+&(,	��2a�	"'&T� ��)e�*N4"#�8�*)9��,	.5�	�}�(SA�5&4.O/1:i�q��"'�	"#& n1&-.'��)9,���N4"')+&-�	"
/w34&4:9�	)�/w:���� "#�	"'& ^ $ :+�1�D�8)+:+:9&T��� .�xd.'�*;-21&|� ����"'�	"#&InwNb�D� ,=�R�	)9&4,t6	:9�	.�M�"#� ,	�	&|FH�	&|3-&4:9:+&a�	�t.�xd.'�*;-21&
����� "#�	"'& ^ $	�	,YM=� )+,y&-,J2<N42<��)9"#&�&-.'�XN4M=�8:+&42<&4,=�5"'NE� :9)+.#N8]

ZB� .
Erra

��&-216�. SJN-2J] � �#&4"#. SA���*"#)934& Zk�����5�#� �D� : Zk�����O��S�S
(s.) (Go)

�(SA�5&4. u\"'��3DC	&1�
s.
� 6	"#N-34��,	� ]I�

s.
� ��67�8"h)9�*&-"D�c�

s.
�

[�� ��"#�	"'& n
3.9 · 10−3 48502 6.7 42 1766 5334 40194

Γh

&4,
λ/10

� _ iem��
[�� ��"#�	"'& ^

2.7 · 10−3 47002 5.4 56 518 4312 41552
Γh

&-,
λ/4

� m f.a��
� � �*0Km�]gf � ~ 6	C�;4"#&8$

f = 3.2GHz
$
Zr = 0

]
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67� "'���8)9�*&-21&-,=�h34��,��	�	3-�#"#)934&1�

Zr = 0
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f = 3.2GHz
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� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
4.7GHz

VX���	.y3-��,=�*)+,H�	� ,	.z�	&t21� ,H�#&4"w&-, ��"#N4FH�	&-,	34&8$5&-�Y/ 6	"'N4.#&-,=�A�	,�&t��,	�	&t)9,	34)9�	&4,=�*&t��&���"#N4FH�	&-,	34&
4.7GHz

&4.'�53-��,	.')+�	N-"#N4&8]G^�&4.5"#N-.#�	:e�D�8�#.B�����#&4,H�	.0/a67� "'�#)+"B��&c:i�q���*)9:+)+.#�8�*)9��,<����N-:+N-21&-,H�#.B�7,	)9.h����� "#�	"'& n
�og &43m�	,P21� )+:9:?� M &r&4,

λ/10
.#��,=��34��2<67� "'N4.�� ��_("#N-.#�	:e�D�8�#.�� ���*&-,d��.�/06	� "'�#)+"��	&m:i�q���*)9:+)+.#�8�*)9��,O� ��N-:+N42<&4,=�#.

�7,	)+.m���q��"#�	"'& ^ �Eg�&-3c�	,w21� )+:9:?� M�&h&-,
λ/4

]�Zk&4.h"#N-.#�	:e�D�8�#.B.#� ,H�B"#&46!��"��*N4.k�7� ,	.B:+�(�7M �	"#& md]djP&b�h�7� ,�.B:+&
�D� �	:9&E� ��m�]di�]
> :�����"'�	"#& n<&-�O/<:�����"'�	"#& ^ $7:9&4.X.'xd.'�#;42<&4.�.'��,=�O3-��216!��.'N4.X"#&4.'6�&-3-�#)9g�&-21&-,=�c�	&

1105920
)9,	34� ,	,H�	&4.0&-�

�	&
640000

)9,	34� ,	,H�	&4.-]7��: xz�a�	��,�3(&-,=g�)9"#��,
42%

�	&c��&4M�"'N4.5�	&c:+)9��&-"'�#N�.#�	6�6	:+N-21&-,H�*� )+"'&4.5/|:i�q��"'�	"#& n�]
^�&|,���2a�	"'&a�	&|,	)eg�&E�8��_t�7�8,	.c:?�w��S�S �Jlw,	)eg�&E�8��_	�c&-.'�R:9&a21p-21&T6�� �	"�:+&-.c21Nb�*C	�d�	&-.����q��"#�	"'&Inw&-�
����� "#�	"'& ^ ]
^�&<"*�86	6�� "'�(�*C	N-��"#)9Fd��&

f iter,0
total /f

iter,1
total ' 1.9

&4.��a.'�	6�N-"#)9&4�	"P� ��"#� 6	6!��"'�("#N-&4:
f iter,0

total /f
iter,1
total ' 1.3

]I^�&
�D� �	:9&E� �Ym�]bi<21��,=�#"#&PFH�	&|:9&4.X�*&42<6	.�� � � .'.#&-2a�	:?�8M�&P�	&P:?�f21�8�*"')+3-&T6	"'��3DC�&a&-�c� ���	,t6�"#�d�	�	)9�021�8�*"')+34&`K
g�&43b�*&-�	"��og &435:?�c��S�S .#��,=��6	:9�	.�34�����*&-��_</�:i�q��"'�	"#&�nR/�34� �	.#&5���q�	,v6	:9�	.�M�"#� ,	�v,	��2a��"#&B���q)+,�34��,	,H�	&-.4]
Zk&46!&4,	�7�8,H�4$\:?���	) � N-"#&-,	34&y&-,H�#"#&z:+&-.P�*&-216�.|�	&y3E� :934�	:k,	N43-&4.#.#� )+"'&4.</�:?��"'N4.'��:+���#)+��,��	��6	"#����:+;42<&y/
:i�q��"#�	"'&>na&b�5/a:i�q��"#��"#& ^ .'&���� )9�B� �y,	)eg�&E�8�y�	�z,	��2a�	"'&����q)9�#N4"*���*)+� ,	.k�	�Y�(SA�5&4.-]7[\,y& ��&-�E$���� �86	"#;-.h:?�
�7M��	"'& m�]dj	���G�`$	:+&-.h,	��2a�	"'&4.5���q)9�#N4"*���*)+� ,	.k�	�A�(SA�X&-.5/|:i�q��"#�	"'& n|&-�0/a:i�q��"'�	"#& ^ .'��,=�0"'&4.'6�&-3-�*)eg�&-21&-,H�
�	&Wikn<&-�O�	&Wlwa�]G>0�A�7,7� :�$G:?�12<N-�#C	�d�	&T� ����"'�	"#& n1&4.��c6	:9�	.0"#� 6	)9�	&TFH�	&P34&4:9:+&(���q��"#�	"'& ^ ] Zk&46!&4,��7� ,=�E$
:?�A2<N-�#C	����&w���q��"#�	"'& ^ �����	"',	)9�P�	, "#N-.#�	:e�D�8�a6	:+�	.P6	"#N-34)+.PFd��&y34&4:9:+&w� ����"'�	"#& n�]\SJp-21&y.')k:9&w,	��2a��"#&
����)e�*N-"*�8�#)+��,	.I&4.��\)+,���N4"#)9&4�	"�/0:���� "#�	"'& n�$�:?�5�D� )9:+:+&\���|.'xd.'�#;42<&k��� )9��FH�	&B:+�02<N-�*C����	&m���q��"#�	"'& nO3-��,	.'��212<&
Fd�	� .#)921&-,H�X�8���D� ,=�X�	&R2<N42<��)+"'&�FH�	&R34&4:9:+&c���q��"'�	"#& ^ ]

ZB� .
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�TSA�5&4. u\"#�d3DC	&1�
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� 6	"'N434� ,	��]I�

s.
� ��67� "h)9�#&4"*�c�

s.
�

[�� ��"#�	"'& n
1.8 · 10−2 ^ f.aea ^ n ^e^ ]da ikn cknel ^ ^ aknwikn ^e^ lwmknen

Γh

&4,
λ/10

�Jakcwm�f=�
[�� ��"#�	"'& ^

1.1 · 10−2 ^ m ^ jeikl ^e^ ]gj lwa mklej ^ fwnwmkn ^ i f.a�f.a
Γh

&-,
λ/4

� ^ lel ^ �
� � �*0Km�]bi � ~ 6	C�;4"#&8$

f = 4.7GHz
$
Zr = 0

]

9 ��� � � � !�� � 2U�O
0� �.- � ���	� -'!���� !�
���������
m�+! �O�)�\� �'!�
m���
(Zr = 1)

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
1.2GHz

^�&-.h"#N4.'�	:9�*�8�*.h� ���*&-,d��.0/a6	� "'�#)+"k��&c:i�q���*)9:+)+.#�8�*)9��,v���qN4:+N-21&-,=�*.B�7,	)9.h���q��"#�	"'& nv�Eg�&43c��,Y21� )9:+:?�8M�&
Γh&4,

λ/10
.#��,=�T34��2<67� "'N4.(� ��_ "'N4.#��:9�D���*.(�����*&-,H�	.P/z67� "��*)9"c�	&1:������*)+:9)+.#�8�*)9��,A���qN4:9N42<&4,=�*.R�7,	)9.R����� "#�	"'&

^ �Eg�&-3a�	,J2f� )9:+:+� M�&
Γh

&4,
λ/5

]!Zk&4.O"'N4.'�	:9�*�8�*.X.#��,=�0"#&-6���"��*N-.O�7� ,�.0:+�v�7M �	"#&3m�]dmv&b�O�7�8,	.0:9&c�D� �	:9&E� �
m�]dj�]	��:�xz�v6	:+�	.h��&

15%
���q)+,�34��,	,H�	&-.0.'�	6	6	:9N42<&4,=�D�8)+"#&-.X/v:���� "#�	"'& n�]7^�&R,	��2a�	"'&R�	&R,	)9g &E� ��_Y�	� ,	.5:?�

�\S�S �Jj|,	)9g &E� �d_7�B&-.'�X:+&c2<p42<&c6�� �	"h:+&-.X2<N-�#C	�d�	&4.5���q��"#��"#& nv&-�X���q��"#�	"'& ^ ]
Zk��,=�*"*�8)+"#&-21&-,=��� �J3E� .X�	��3-��,	�	��3-�*&-�	"O6	� "'��� )e�E$7:9&4.X"#N4.'�	:9�*�8�*.X�����#&4,H�	.c/v:i�q��"'�	"#& n1&b��/<:i�q��"#�	"'& ^ ,	&

^ cen
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67� "'���8)9�*&-21&-,=�h34��,��	�	3-�#"#)934&1�

Zr = 0
�kN-34:+� )+"'N4&c67� "5�	,�&(� ,	�	&R)+,	3-)+�	&-,=�*&c�	&c��"#N-FH�	&4,	3-&

f = 4.7GHz
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"#&43-��:+:9&4,=�R67� .R�*� ���(/z���8)9�(� ��_t.#N4"')+&-.(��&wSJ�U[h]I^���"#.'FH�	&
θ
&-.'�T34��2<6	"#)9.c&4,=�*"'& ^ ay&b� cwiz��&4M�"'N4.4$�)9:rx

�<�	,�&T:9N4M�;-"#&R�	)���N4"'&4,	3-&T&-,=�*"#&(:?�|.'��:+���#)+��,z�����*&4,H�	&T�Eg�&-3P:+&-.5N4:+N-21&-,=�*.5�7,	)+.5���q��"'�	"#& n<&b�X:?�|.#��:9���*)9��,
&b_�� 3-�#& ]�Zk&-�'�*&(�	)���N4"'&4,	3-&T, ��&-.'�067� .X���	.#&-"'g N4&a�Eg &43P:9&4.5N4:9N42<&4,=�*.5�7,	)9.5����� "#�	"'& ^ ]Gur� "X34��,=�#"#& $GFH�	&(34&
.#��)e��/<:i�q��"#�	"'&3n1���t/1:���� "#�	"'& ^ $!:?�v.#� :+���#)+��,Y&b_�� 3b�*&a&-.'�c21� :I� 6	6	"'��3DC�N4&aFH�7� ,��

θ
�Eg�� )+.#)9,	& � N4"'�	$ 34� "

:?�Pg8� :+&-�	"h�	&R:?�a.'��:+���*)+� ,y&b_�� 3-�#&T&-, � N4"'�1&-.'�X�	&R21� )+,	.B:���)9,��7,	)�]	[��D�8,H�X�	� ,	,	NRFH�	&R:+&4. ~ [�� 34� :+3-�	:+N-&4.
,	&v.#��,=�(67� .c"'&46	"'N4.#&-,=�D�8�#)9g�&-.P�	&v:+�w.#��:9���*)9��,t&b_�� 3b�*&<:+��"'.#FH�	&

θ
&4.��T6�"#�d3DC	&v�	& � N4"'�	$�,	� �	.R3E� :934�	:9��,	.

Erra

��3b�U]�� md]dc=�'�k34&RFH�	)�34��"'"#&-.#6!��,	�J/v:���&-"#"'&4�	"534� 212<)+.'&�.#�	"5:�� � 2<6	:9)9�*���	&O�	&R�	) � ��.#)+� , � m�] ^ �b]
Zk��212<&X6	"#N-34N4��&42<21&-,H�4$	:?�(34��,=g &4"#M &4,	3-&(��&

δ
.'&4"��5�	&O3-"#)9�#;4"'&������ "#"'p-�h�8�Y�TSA�5&4.-]	[\,y& ��&-�4$������ 6	"';4.

:+&4.��	M��	"#&-. md]bm	��&o��&-�&m�]dm	���G�b$�)9:���� ��� a fT)e�*N4"#�8�*)9��,	.\/c:�����"'�	"#& nR&-�&a _ )e�*N4"#�8�*)9��,	.\/R:i�q��"'�	"#& ^ 6!���	"\FH�	&X:+&
"#N4.')+�	�z�	�A�(SA�X&-.h.#��)e�5)+,���N-"#)9&4�	"h/

10−3 $G� :9��"#.BFH���q)+:���� ����a ^ )e�*N4"#�8�*)9��,	.h/|:�����"'�	"#&>nv&b�'akca)9�#N4"*���*)+� ,	.
/P:i�q��"#��"#& ^ 6�����"BFH�	&

δ
.'��)9�k)+,���N-"#)9&4�	"m/

10−3 ]���: &-.'�5/T,	� �*&-"BN4M�� :+&-21&-,H�kFH�	&c:+&0"#N4.')+�	�f�	�Y�TSJ�X&-.B&-�
δ
34��,=g &4"#M &4,=��6	:9�	.h"*�86	)+�	&-21&-,=�5Fd��&T�7�8,	.5:+&c3E�8.X���J3-��,	�	�	3b�*&-�	"06	� "'��� )e�E]

^�&R"#� 6	6!��"'�h�#C	N4��"')+FH�	&
f iter,0

total /f
iter,1
total = 1.2

$	�	��,	,�N(6	� "T�Jj�] fwc=�`$	&4.��0)9,���N4"')+&-�	"h� �Y"*� 6�6���"��5"#N-&4:
f iter,0

total /f
iter,1
total ' 1.8

]k^�&-.w�*&-216	.y� � � .'.#&-2a�	:?�8M�&��	&t:+� 2f�8�#"#)934&A6�"#�d3DC	&t&-�z���q�	, 6	"'���	��)9�w21�8�#"#)+3-&bK
g�&43b�*&-�	"T.'��,=�R21� )+,	.�3-�����#&4��_ /y:�����"'�	"#& ^ /y34� �	.#&v�	&v:+�f6	:+��.cM�"*� ,��	&a�D� )9:+:9&P�	�}.'xd.��*;42<&v���q��"#�	"'& n�]
[\�*� ,=���	� ,	,	NPFH�	&P:+&4.0,	��2a��"#&4.0���q)9�*N-"*�8�#)+��,�.X���}�TSJ�X&-.�/f:�����"'�	"#& n1&b�c/f:���� "#�	"'& ^ .#��,=�cFH�7� .')+2<&4,=�
)+�	&-,H�#)+FH�	&-.4$�:������*)+:9)+.#�8�*)9��,|�	&�:+�T2<N-�*C����	&0���q��"#�	"'& ^ &-,H�#"*���+,	&O��,	&�"#N-�	�	3b�*)+� ,y�	�f�*&-216�.B�	&�34� :+3-�	:i$HFH�	)
.4��� 343-��216	� M�,	&R���q�	,	&T� 2<N4:+)9��"*���*)+� ,f�	&(:?�|6	"'N434)9.#)9��,z�	�A"'N4.#��:9�D���E]Gz��7� ,=�0/<:+�|21N-21��)9"#&�3-��,	.'��212<N4&8$
&4:+:9&R&4.'�O:+N-M�;4"'&42<&4,=�O6�:+�	.0)+2<6���"��D� ,=�#&R/1:i�q��"'�	"#& n1FH����/f:i�q��"'�	"#& ^ $G3E� "0/1,���2a�	"'&PFH�7� .')+2<&4,=�ON-M=� :��	&
6	:+�	.hM "*� ,	��.5g &43b�*&4��"#.O.'��,=�X.'�*�d3DW N-.�/|:i�q��"'�	"#& n�]

ZB� .
Erra

��&-216�. SJN-2J] � �#&4"#. SA���*"#)934& Zk�����5�#� �D� : Zk�����O��S�S
(s.) (Go)

�(SA�5&4. u\"'��3DC	&1�
s.
� 6	"#N-34��,	� ]I�

s.
� ��67�8"h)9�*&-"D�c�

s.
�

[�� ��"#�	"'& n
4.2 · 10−3 3461 0.9 21 220 315 2898

Γh

&4,
λ/10

� ^ cel=�
[�� ��"#�	"'& ^

2.6 · 10−3 2212 0.7 23 96 299 1771
Γh

&-,
λ/5

� mkm��
� � �*0Km�]dj � ~ 6	C�;4"#&8$

f = 1.2GHz
$
Zr = 1

]

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
3.2GHz

^�&-.<"'N4.'�	:9�*�8�*.|�����*&4,H�	.</t67� "��*)9"a�	&y:i�q���#)+:+)9.*�8�#)+��, ���qN4:9N42<&4,=�*.|�7,	)9.|���q��"#�	"'&vn}�og &43z�	,�21� )+:9:?� M�&
&4,

λ/10
.#��,=�T34��2<67� "'N4.(� ��_ "'N4.#��:9�D���*.(�����*&-,H�	.P/z67� "��*)9"c�	&1:������*)+:9)+.#�8�*)9��,A���qN4:9N42<&4,=�*.R�7,	)9.R����� "#�	"'&

^ �Eg &43z�	,�2f�8)+:+:+� M�&v&4,
λ/6

]�Zk&4.v"#N-.#�	:e�D�8�#.|.#��,=�<"#&-6���"��*N-.|�7� ,	.v:?�A�	M��	"#&�md]dl�&b�1�	� ,	.|:+&1�D� �	:9&E� �
m�]bmd]	> :i�q��"#�	"'& nv&-�X/|:i�q��"#��"#& ^ $	:9&4.5.'xd.��*;42<&4.X.#� ,H�X3-��216!��.'N4.5"#&-.#6!&43-�#)9g &42<&4,=�O��& f _5^ ieakna)9,	34� ,	,H�	&4.
&-�a��& jkfenenenenz)+,	3-��,	,H�	&-.4]r��:�x �A&-,Hgd)9"#��,

23%
�	&1�	&4M "#N4.P�	&f:9)+�!&4"'�#Nv.#�	6	6�:+N42<&4,=�*� )+"'&4.T/J:i�q��"'�	"#& ^ ]

^�&|,���2a�	"'&a�	&|,	)eg�&E�8��_t�7�8,	.c:?�w��S�S � mf,	)eg�&E�8��_	�c&-.'�R:9&a21p-21&T6�� �	"�:+&-.c21Nb�*C	�d�	&-.����q��"#�	"'&Inw&-�
����� "#�	"'& ^ ]
^�&0"*� 6�6���"��m�#C	N4� "#)+FH�	&

f iter,0
total /f

iter1

total ' 0.6
&-.'�h)9,���N4"')+&4��"k� �1"*� 6�6���"��B"'N4&4:

f iter,0
total /f

iter1

total ' 1
]�^�&X�*&-216	.
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+ ,/.10 m�]bm � �5N4.'�	:9�*�8�*.P�����*&-,H�	.v�Eg�&43z�	&-.|N4:9N42<&4,=�*.P�	,	)+.a� ����"'�	"#&vn�&b�|���q��"#��"#& ^ 6!���	"a��,	&y.#6	C�;4"#&
67� "'���8)9�*&-21&-,=�5� �	.'��"#�7�8,H�#&w�

Zr = 1
�BN43-:?� )9"#N-&�67� "5�	,	&R��,��	&R)+,	3-)+�	&-,H�#&c�	&c��"#N-Fd��&4,	3-&

f = 1.2GHz
]
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6	"#�d3DC	&v/y:i�q��"#��"#& n�$�3E� "c��&4.c)+,=�#N4M�"#� :+&-.��	&|34� "#"#&-3-�#)+��,t6	"'�og�&4,	� ,=�T��&|:?�fg�&-"#.')+��, /w�	,	&v3-��216!��.#� ,=�*&
�	&a:?�f�\S�S .#� ,H��3E� :934�	:9N4&4.�/w:i�q��"#�	"'& n�] Zk&4.c)9,=�*N4M "*� :9&4.O, � � 6�67� "*�8)+.#.'&4,=�R67� .�/f:i�q��"#��"#& ^ 6��	)+.'Fd��&|:?�
g�&4"'.#)9��,A/|FH�7�8�#"#&R34� 216!��.*�8,H�#&4.5�	&R:?�v�\SAS &-.'�X���*)9:+)9.#N4&8]
> :i�q��"#�	"'& ^ $�:+�}��)+2<)+,H���*)9��,�����3-�����<�	&4.v6	"'�����	)9�#.|2f�8�#"#)934&bKig�&-3-�*&-�	"|,	&z"#N-�	.#.')9�<67� .</t34� 216!&4,	.'&4"
:?�t�	)+2<)+,H���#)+��, ��� 34�����f��&4.f6�"#�d�	�	)9�#.v2f�8�#"#)934&bKig�&-3-�*&-�	"<�	�	&J� � 2<��)+,�.|����,�34��,��	)9�#)+��,	,�&42<&4,=�<�	&4.
21Nb�*C	�d�	&4.c� ����"'�	"#& ^ ]�Zk&-�'�*&v� ��M�21&-,=�D�8�#)+��,�&-,=�*"*� �?,	&|����� )9:+:+&-�	"#.0�	,	&|6!&4"��*&|&4,t�#&42<6	.c�	&|3E�8:+34��:i]�[�,
���*)9:+)+.#� ,=�R:?�z21Nb�*C	�d�	&v���q��"#��"#& ^ $I,����	.(34��,	.��D�8�#��,	.T�	,	&w�821N-:+)+� "*�8�#)+��,���&1:+�Y6	"'N43-)+.#)9��,�����"#N-.#�	:e�D�8�4]
Zk��212<&t6	"'N434N-�	&42<2<&4,=�E$X:+&t"'N4.#)9�	� ��� �(SA�5&4.Y&-�

δ
34��,=g�&-"#M�&-,=��6	:9�	.yg�)e�*& FH�	& �	� ,	.Y:+&t3E�8.J�	�

34��,	���	3-�#&4�	"�67� "���� )9�4]�[\,v34&5FH�	)734� ,	34&-"#,	&5:?��2<N42<��)9"#& $�:+&-.��D� )9:+:9&4.r��&4.�.'xd.'�#;42<&0.���� ,H��FH�	&5:+��21Nb�*C	�d�	&
����� "#�	"'& ^ 3-��,	.#� 212<&c6	:+��.h�	&R21N-21��)9"#&�FH�	&(34&-:+:9&����q��"#�	"'& n�]

ZB� .
Erra

��&-216�. SJN-2J] � �#&4"#. SA���*"#)934& Zk�����5�#� �D� : Zk�����O��S�S
(s.) (Go)

�(SA�5&4. u\"'��3DC	&1�
s.
� 6	"#N-34��,	� ]I�

s.
� ��67�8"h)9�*&-"D�c�

s.
�

[�� ��"#�	"'& n
2.7 · 10−3 33120 6.3 28 1766 3556 26796

Γh

&4,
λ/10

� _ iem��
[�� ��"#�	"'& ^

2.2 · 10−3 38688 7 32 1228 7209 29472
Γh

&-,
λ/6

� _ a ^ �
� � �*0Km�]bm � ~ 6	C�;4"#&8$

f = 3.2GHz
$
Zr = 1

]

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
4.7GHz

^�&-.X"'N4.'�	:9�*�8�*.h�����*&4,H�	.X/|67� "��*)9"B�	&R:i�q���*)9:+)9.*�8�#)+��,v���qN4:9N42<&4,=�*.h�7,	)9.h���q��"#�	"'& nv�og &43(�	,z2f�8)+:+:+� M�&5&4,
λ/11.5

.#� ,H�R3-��2<67� "#N-.c� ��_�"#N-.#�	:e�D�8�#.������#&4,H�	.(/w67� "��*)+"0�	&a:������#)+:9)+.*���*)+� ,Y� ��N-:+N42<&4,=�#.��7,	)+.O����� "#�	"'& ^
�og &43|�	,t21� )9:+:?�8M�&c&4,

λ/6
] Zk&4.c"'N4.#��:9�D���*.�.'��,=�R"#&46!��"��*N4.O�7� ,	.c:+�<�7M���"#& m�] _ &-���7� ,	.c:9&T�D�8�	:+&4� � m�]gl�]

> :i�q��"#�	"'& n�$	:9&c2f� )9:+:+� M�&X&4,
λ/11.5

&4.��06�"#N-��N-"#N(/|34&-:+�	)�&-,
λ/10

$�34� "5)+: ����,	,	&R�	,	&R.'��:+���#)+��,y����,=�0:+�
6	"#N-34)+.')+��,z&-.'�X34��2<67� "#� �	:9&c/|34&4:9:+&c�	&R:+�v.'��:+���*)+� ,y����� "#�	"'& ^ ]G^��|�	M��	"#& m�] _ ���G�k34��,��7"#2<&R34&R3DC	��)L_ ]
> :�����"'�	"#& n1&b��/<:i�q��"#��"#& ^ $G:+&4.X.'xd.��*;42<&4.O.#��,=��.'��2<6���.'N4.X"#&-.#6!&43-�#)9g &42<&4,=�c�	& ^ iknwiea�len|)+,	3-��,	,H�	&4.0&-�
�	& ^ aei�fkfwnen1)9,	34� ,	,H�	&4.-]���:�xt�w����,	3|6	"';4.c�	&

16%
��&|�	&4M�"'N4.c�	&|:9)+�!&4"��*NP.'�	6	6	:9N42<&4,=�D�8)+"#&-.c/w:i�q��"'�	"#&

n�]�^�&0,	��2a�	"'&��	&0,	)9g &E� ��_f�7� ,�.B:?�T�\S�S �JlT,	)9g &E� ��_	��&4.'�B:+&O2<p42<&X6�����"k:+&-.k2<N-�#C	����&4.B���q��"'�	"#&'nP&-�
����� "#�	"'& ^ ]
Zk��212<&�6!���	"5:+&-.B��"#N-Fd��&4,	3-&4.

1.2GHz
&b�

3.2GHz
$	:9&c"#N4.')+�	�z�	�A�(SA�X&-.5&-�

δ
34� ,Hg &4"'M�&4,=�06	:+�	.hgd)9�#&

Fd��&|�7� ,	.�:9&a3E�8.��	�t34� ,	�	�	3b�*&4��"(6	� "'��� )e�E]!^�&a"*�86	6�� "'�O�#C	N4� "#)+FH�	&
f iter,0

total /f
iter,1
total ' 1.1

&-.'�R6	"'��3DC	&P�	�
"*� 6	6!��"���"#N-&4:

f iter,0
total /f

iter,1
total ' 1.2

] ^�&4.0�*&42<6	.�� � � .'.#&-2a�	:?�8M�&a�	&a:+�121�8�*"')+3-&T6	"'��3DC�&|&-��� ���	,}6	"'�����	)9�
2f�8�#"#)934&bKig�&-3-�*&-�	"(.#��,=�|2<��)+,�.(3-�����#&4��_ /J:�����"'�	"#& ^ ������� )9�(�	&1:?�z6	:+��.PM�"#� ,	�	&v�D� )9:+:9&|�	� .'xd.��*;42<&y/
:i�q��"#�	"'&In�]�[��D�8,H�(�	� ,	,	NvFH�	&1:9&4.c,	� 2a�	"#&-.R����)e�*N-"*�8�#)+��,	.O�	� �(SA�5&4.(/y:i�q��"#��"#&Iny&-�T/y:i�q��"#��"#& ^ .#��,=�
Fd�	� .#)921&-,H�k)+�	&-,=�*)+FH�	&-.4$�:i�q���*)9:+)+.#�8�*)9��,|�	&�:+�T2<N-�#C	����&O���q��"#��"#& ^ &-,=�*"*� �?,	&���,	&�"#N-�	�	3b�*)+� ,w�	�w�*&-216�.k�	&
3E� :934�	:�$EFH�	)H.4��� 343-��216	� M�,	&����q�	,	&m� 2<N4:+)9��"*���*)+� ,��	&�:?�h6	"'N434)9.#)9��,T���T"'N4.#��:9�D���E]�^�&4.I,	��2a��"#&4.I���q)9�#N4"*���*)+� ,	.
N-�D�8,H�5.')+2<)+:+� )+"'&4.�/a:i�q��"#��"#& na&b�X/a:i�q��"#�	"'& ^ $�:+&4.m�D� )9:+:+&-.m��&4.5.'xd.'�#;42<&4.h����,=�hFH�	&R:?�T21Nb�*C	�d�	&����q��"'�	"#& n
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Zr = 1
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ZB� .
Erra

��&-216	. SJN42Y] � �*&-"#. SA�8�#"#)934& Zk�����5�*� �*� :i] Zk�����0�\SAS
(s.) (Go)

�(SA�X&-. u\"#�d3DC	&1�
s.
� 6�"#N43-��,	��]I�

s.
� ��67� "h)e�*&-"D�c�

s.
�

[�����"'�	"#& n
3.8 · 10−3 90494 12.2 25 4730 11025 68625

Γh

&4,
λ/11.5

� aem f.i��
[�����"'�	"#& ^

2.9 · 10−3 70726 11.8 24 2092 10320 54360
Γh

&4,
λ/6

� aeakjei��
� � �*0Km�]dl � ~ 6	C�;4"#&8$

f = 4.7GHz
$
Zr = 1

]

� ��� � � ��� �'( 	$# � � � � #�������#)� 	$��� �*� � � �'(��

9 � ��� 8 ���5������
m�)!���
���
 �O�6" 24!�� !�
'�0�

^\��� 21� ,	�	&h&-.'���	N-34"#)e�*&h.'�	343-)+,=�*&-21&-,H�4]dZk&-�����d%'&b�E$=�86	6�&-:+N5� 21� ,	��&hV0> ~ >P$�&-.'��.#� ��g�&-,H�m���#)+:+)9.#Nm67� "
:+&4.5)9,	�	�	.��*"#)9&4:9.h6�����"h34��2<67� "'&4"5:+&-�	"#.h3-���	&-. � ^�� ]G^\� � 21� ,	��&c&4.'�0��"')+&4,=�#N4&R�	&R�*&4:9:+&�.'��"'�#&TFH�	&R.'��,A6	:9�	.
M�"*� ,��A�	)+� 21;b�*"'&(6	� "'�#&T�	&(:i�q��"')+M�)9,	&c&-�0.#�	)eg�&T:i����_�&

(Oz)
$G&-�0Fd��&P:+&R6	:+� ,

(xOz)
3-���	6!&T:�� �82f� ,��	&R&4,

�	&4��_t67� "'�#)+&-.�)+�	&-,=�*)+FH�	&-.(� �t,	)9g &E� �}�	&v.'&4.R�	&4�d_ � "#pb�*&-.��*"*�8,	3DC7� ,=�*&-.4]I^��w:+��,�M��	&4��"
d
��&|:i��� 2f�8,	�	&

&4.'�X�	&
2.5

2<;-�*"'&4.-]G^���� 21� ,	�	&c&-.'�0�	)9gd)9.#N4&c&-,J��&4��_Y67�8"'�*)9&4.c�

^ ]5�	,	&R&4:9:+)96	.#� �i�	&a�
t ∈]− 0.416667; 0[

&-�
ψ ∈]− π; π[





x = 0.193333d

√
1− (

t

0.416667
)2cosψ

y = 0.064444d

√
1− (

t

0.416667
)2sinψ

z = dt

�Jm�]gcwa��

a�]5�	,	&R��M�)eg�&c&-:+:+)96��*)9FH�	&a�
t ∈]0; 0.583333[

&-�
ψ ∈]− π; π[





x = 4.833450d(

√
1− (

t

2.083350
)2 − 0.96)cosψ

y = 1.611148d(

√
1− (

t

2.083350
)2 − 0.96)sinψ

z = dt
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:+&4.�"#N-.#�	:e�D�8�#.������*&-,H�	.4$�,	���	.m�Eg���,	.m"#&-34���	"'.B/R:i�q&42<6	:+� )	���q�	,	&X.#��:9���*)9��,1��&0"'N-��N4"'&4,	3-&O34� :+3-�	:+N-&0�Eg &43�:9&4.
N4:+N-21&-,=�*.c�7,	)9.c����� "#�	"'& ny&b�T��, 21� )+:9:?� M &R�#"#;-.R�	, &-,

λ/15
]�u�� �	"c�*���	.R:9&4.c3E�8.R�#&4.��*.4$�:�� � 21� ,	��&a&4.��

N434:+� )+"'N4&(67� "0�	,	&P� ,	�	&P)9,	34)9�	&4,=�#&P�	&a��)+"#&-3-�#)+��,
(0, 0,−1)t ����,=��:?�|��"#N-FH�	&4,	3-&ag8� ����.'��)9�

1.2GHz
� �

.#��)e�
5GHz
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 ��������
m� �K��
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U� ���
Zr = 0 �

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
1.2GHz

^��|.#� :+���#)+��,y�	&c"'N-��N-"#&4,�34&(&4.'�X34� :+3-�	:+N-&c&4,z34��,�.#)+��N4"*�8,H�X�	,z21� )+:9:?� M &0&-,
λ/15

34��2<6�� "'�D�8,H�
31228N4:+N-21&-,=�*.4]0^�&4.�"'N4.'�	:9�*�8�*.J�����*&-,H�	.}/ 67� "��*)9"Y��& :i�q���*)9:+)9.*�8�#)+��, ���qN4:9N42<&4,=�*.Y�7,	)9.A���q��"#��"#& n��Eg &43 �	,

2f� )9:+:+� M�&|&4,
λ/10

.#��,=�|3-��216	� "#N-.v� ��_�"#N4.'�	:9�*�8�*.|� ���*&-,d��.v/�67� "'�#)+"T�	&y:i�q���*)9:+)9.*�8�#)+��,}���qN4:9N42<&4,=�*.a��K
,	)+.0����� "#�	"'& ^ �Eg�&-3|�	,t2f�8)+:+:+� M�&c&-,

λ/5
]�Zk&-.c"#N-.#�	:e�D�8�#.O.#� ,H��"#&46!��"��*N4.O�7� ,	.c:9&(�*� �	:+&4� � m�] _ &b�c�7� ,	.

:?�P�7M���"#& m�] ^e^ ]
> :i�q��"#�	"'& na&-�X/|:�����"'�	"#& ^ $	:+&-.B.'xd.��*;42<&4.X.#� ,H�53-��2<6���.'N4.h"'&4.#6!&43b�*)eg�&42<&4,=�X�	& aknkfkfwlP)+,�34��,	,H�	&-.5&-�5�	&
a ^e^ lena)9,	34� ,	,H�	&4.-]G^�&c,���2a�	"'&c�	&c,	)9g &E� �d_z�7� ,	.h:+�|�\S�S �Jj|,	)eg�&4� ��_	�k&4.��0:9&�2<p42<&c/|:i�q��"#�	"'& n|&-�X/
:i�q��"#�	"'& ^ ]�^�&-.O,	��2P�	"#&-.O�	&T�	&4M�"'N4.���&P:+)9��&-"'�#N(Nb�D� ,=�OFd�	� .#)921&-,H�O)+�	&-,=�*)+FH�	&-.4$!:+&-.03-�����*.O������,�6	"#�d�	�	)e�
2f�8�#"#)934&bKig�&-3-�*&-�	"0/1:i�q��"'�	"#& n<&b�c/<:i�q��"#�	"'& ^ .#� ,H�0g���)9.#)9,	.4]!^�&P"#� 6	6!��"'�5�*C�N4��"')+FH�	&

f iter,0
total /f

iter,1
total = 1.2&4.'���#"#;4.�6	"'��3DC�&X���<"#� 6	6!��"'��"'N4&-:

f iter,0
total /f

iter,1
total ' 1.2

]=^�&h34"')9�*;-"#&h����� "'"#p-���	�1�(SA�5&4.��	N46!&4,��1)934)7� ��.#.#)
�	��34� 216!��"'�#&42<&4,=�0�	&

δ
] ^�&P,���2a�	"'&P���q)9�#N4"*���*)+� ,	.5�	� �TSJ�X&-.�/f:�����"'�	"#& n1&-.'�c)9,���N4"')+&-�	"O�8��,	��2a��"#&

����)e�*N-"*�8�#)+��,	.5/|:�����"'�	"#& ^ $�34&(Fd��)I&-,=�*"*� �?,	&RFH�	&(:?�a2<N-�*C����	&R���q��"'�	"#& nv.#��)e�521��)9,	.h34�����*&-�	.#&(FH�	&T3-&4:9:+&
����� "#�	"'& ^ ]�[\,����*)9:+)9.*� ,=�T:?�A2<N-�#C	����&w���q��"#�	"'& ^ $r)9:�x�34&-6�&-,	�7� ,=�1� 2<N4:+)9��"*���*)+� , ��&y:?�A6	"'N43-)+.#)9��, �	�
"#N4.'�	:9�*�8�E]	^�&-.534��,	.'��2<2f�8�#)+��,�.B&4,Y21N-21� )+"#&�/v:���� "#�	"'& nv&b�0/v:���� "#�	"'& ^ .'��,=�X)+�	&-,H�#)+FH�	&-.4]

ZB� .
Erra

�I6	. SJN-2J] � �#&4"'. SA�8�*"')+3-& Zk�����X�#� �D�8: Zk�����0�\S�S
(s.) (Go)

�(SA�5&4. u�"'��3DC�&f�
s.
� 6	"#N-34��,���]I�

s.
� ��6	� "h)9�#&4"D�c�

s.
�

[�� ��"'�	"#& n
5.9 · 10−3 1501 0.3 33 66 132 1254

Γh

&-,
λ/10

�Jcel=�
[�� ��"'�	"#& ^

5.6 · 10−3 2056 0.3 44 38 286 1716
Γh

&-,
λ/5

�4c _ �
� � �*0 md] _ � >O21� ,	�	&8$

f = 1.2GHz
$
Zr = 0

]

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
5GHz

^��R.#��:9���*)9��,v�	&X"#N-��N-"#&-,	34&0&4.'�m3E�8:+34��:+N4&5&-,f34� ,	.#)9�	N4"#� ,=�k�	,<21� )+:9:?� M�&m&4,
λ/15

34��2<6�� "'�D�8,H�
499648N4:+N-21&-,=�*.4]0^�&4.�"'N4.'�	:9�*�8�*.J�����*&-,H�	.}/ 67� "��*)9"Y��& :i�q���*)9:+)9.*�8�#)+��, ���qN4:9N42<&4,=�*.Y�7,	)9.A���q��"#��"#& n��Eg &43 �	,

2f� )9:+:+� M�&y&4,
λ/10.5

.#� ,H�z3-��2<67� "#N-.w� �d_�"'N4.#��:9�D���*.w�����*&4,H�	.z/ 67� "'�#)+"1�	&�:i�q���#)+:+)9.*�8�#)+��, � ��N-:+N42<&4,=�#.
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Solution de référence (λ/15)
N=13632 (λ/10), EF ordre 0
N=4236 (λ/5), EF ordre 1
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Solution de référence
EF ordre 0
EF ordre 1
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+ ,/.10�m�] ^e^ � �XN-.#�	:e�D�8�#.O�����*&4,H�	.O�Eg�&43P�	&4.0N4:+N-21&-,=�*.0�	,	)+.X���q��"#�	"'& n<&-��� ����"'�	"#& ^ 6!���	"X�	,	&P� 2f�8,	�	&
67� "'���8)9�*&-21&-,=�h34��,��	�	3-�#"#)934&4&f�

Zr = 0
�kN434:+� )+"'N4&c67�8"h�	,	&R��,	�	&R)9,	34)9�	&4,=�*&R�	&c��"'N4FH�	&4,�34&

f = 1.2GHz
]

^ fwn



�7,	)+.����q��"#��"#& ^ �Eg�&43O�	,w21� )+:9:?� M�&k&4,
λ/5

]�Zk&-.k"#N-.#�	:e�D�8�#.k.'��,=�B"#&-6�� "'�*N-.k�7�8,	.k:9&X�*� �	:+&4� �Zmd] ^ nR&-�k�7� ,	.
:?�P�7M���"#& m�] ^ a�]
> :i�q��"#�	"'&Inw&-�T/y:i�q��"#��"#& ^ $ :+&4.c.�xd.'�*;-21&-.T.'��,=�(34��2<6�� .#N4.c"'&4.'6�&-3-�*)eg�&-21&-,H�T�	&Ifwnejkjwikjf)9,	34��,�,d��&4.R&-�
�	& ckcelelelenw)9,	34� ,	,H�	&4.-]���:�x �z6	:+��.(��&

20%
�	&<�	&4M "#N4.(�	&<:+)9��&-"'�*NP.#�	6	6�:+N42<&4,=�*� )+"'&4.T/Y:�����"'�	"#&In�]�^�&

,	��2a�	"'&c�	&R,	)9g &E� �d_Y�7� ,	.5:?�|��S�S �4l|,	)9g &E� ��_	�B&4.��O:9&c21p-21&�/<:�����"'�	"#& n|&b�O/|:�����"'�	"#& ^ ]
^�&\"#� 6	6!��"'���#C	N4� "#)+FH�	&

f iter,0
total /f

iter,1
total ' 1.3

&4.��I6	"#&-.#FH�	&�)+�	&-,H�#)+FH�	&�� �R"#� 6	6!��"'��"'N4&4:
f iter,0

total /f
iter,1
total ' 1.3

]
^�&\�*� �	:+&4� � m�] ^ nX2<��,=�*"'&\FH�	&m:9&4.��*&-216�.I� � � .'.#&-2a�	:?�8M�&��	&m:+�B2f���*"#)934&\6	"'��3DC�&m&b��� ���	,T6	"#�d�	�	)e��21�8�*"')+34&`K
g�&43b�*&-�	"��og &435:?�c��S�S .#��,=��6	:9�	.�34�����*&-��_</�:i�q��"'�	"#&�nR/�34� �	.#&5���q�	,v6	:9�	.�M�"#� ,	�v,	��2a��"#&B���q)+,�34��,	,H�	&-.4]
Zk&46!&4,	�7�8,H�4$�:+�Y��)���N4"#&-,	34&<&4,=�#"#&f:9&4.c�*&-216�.T�	&<3E�8:+34��:m/z:i�q��"'�	"#& nz&-�P/J:i�q��"'�	"#& ^ .#&1���8)9�(� � ,	)9g &E� �
�	�A,	� 2a�	"#&T���q)9�*N-"*�8�#)+��,�.X���t�(SA�X&-.4]�^�&T3-"#)9�#;4"'&P����� "#"'p-�0�	�t�(SA�5&4.0�	N46!&4,	�t��&T:+�<3-��,=g�&4"'M�&4,�34&|�	&
δ
�r,����	.|�Eg�� ,	.|2f�8)+,=�*&-,d��/�:���� "#�	"'& n�:+&1.#&-�	)+:

10−3 �
6	� "a34� ,H�#"#&8$\/�:i�q��"#��"#& ^ $r34&f.#&4��)+:k&-.'�|��_�Nz/

5 · 10−3 ���7,��	&a"'N4�	��)+"#&T:+&(,	��2a��"#&P� ��)e�*N4"#�8�*)9��,	.X�	�}�(SA�5&4.4] [\,�& ��&-�4$�/f:�����"'�	"#& ^ $!34&a.'&4�	)9:�����,	,	&
�	&4.v"#N-.#�	:e�D�8�#.|6	:+��.|6	"#N-34)+.|FH�	&z3-&4��_�� ���*&-,d��.1/t:�����"'�	"#& n �Eg &43

δ = 10−3 34��2<2<&w34"')9�*;-"#&w� � � "'"#pb�E]
nP� �86	"#;-.<:+�J�7M���"#&�m�] ^ a	���G�b$�:+&4.|,���2a�	"'&4.|���q)9�#N4"*���*)+� ,	.P�	���(SA�5&4.</�:i�q��"#��"#&Zn�&b�</}:���� "#�	"'& ^ .#��,=�
"#&4.'6�&-3-�#)9g�&-21&-,=�v�	& f.mJ&b�a�	&Zmkn�]I>O� �7,7�8:i$I�	, M=� )9,�&4, �#&42<6	.P��&w3E� :934�	:m&4.��|���	.'&4"'g Nz/A:i�q��"'�	"#& n�]
[�, ���#)+:+)9.*� ,=�O:?�y21Nb�*C	�d�	&|���q��"'�	"#& ^ $�)9:rx}�z� 2<N4:9)+��"#�8�*)9��,J��&<:+�y6	"#N-34)+.')+��,t��� "'N4.#��:9�D���E]�SJp-21&v.')\:+&
,	��2a�	"'&R����)e�*N-"*�8�#)+��,	.k&4.'�0)+,���N4"#)9&4�	"B/<:�����"'�	"#& n�$7:?�P�D�8)+:+:9&O�	�Y.'xd.��*;42<&R��� )9�5FH�	&(:?�a2<N-�#C	����&(� ����"'�	"#& n
34��,	.'��2<21&cFH�7� .')+2<&4,=�X� ���*� ,=�X�	&R21N-21��)9"#&0Fd��&T3-&4:+:9&c���q��"#�	"'& ^ ]
>�:i�q��"#��"#& ^ $�:+��"'.#FH�	&|:9&P34"')9�#;4"#&|� � � "'"#pb�c&4.��c��_�Nv/

δ = 10−3 $ :9&v�TSJ�X&-.�34��,=g &4"#M &<&-, lenw)9�#N4"*���*)+� ,	.
34&RFH�	)�34��"'"#&-.#6!��,	��/|�	,z�*&-216�.h�	&R3E� :934�	:��	& ^ akiemeiemP.'&434� ,	�	&4.-$�����,	,	&R�	,	&R&-"#"#&-�	"5�	&

1.3 · 10−2 .#�	"
:i��� 216�:+)9�#�	�	&R�	&a��)����	.#)9��,�&-��,	N43-&4.#.')9�#&<��,	&a2<N42<��)+"'&T�	&

5.7Go
]�u����	"c����,	,	&-"��	,t��"'�	"#&a��&|34��2<67��K

"*� )9.#��,�$�6!���	"R:+�Y.'��:+���#)+��,}�	&<"#Nb��N4"'&4,	3-&t��21� )9:+:?�8M�&P&-,
λ/15

�b$�:+&1�(SA�5&4.(34��,=g�&-"#M�&f&4,0lknY)e�*N4"#�8�*)9��,	.
34&vFH�	)�34��"'"#&4.'6�� ,	��/z�	,}�*&-216	.R�	&v34� :+3-�	:\�	& ^ c _ ckj ^ .#&-34��,	��&4.P&b�(,	N43-&4.#.')9�#&

11Go
]�[\, &b_�)+M�&4� ,=�T/

:i�q��"#�	"'& nw�	,�&|.#��:9���*)9��,�� ��.#.#)r6	"#N-34)+.'&|FH��� /w:���� "#�	"'& ^ $�)+:I.#&4"#� )9��6	"#���	� �	:+&TFH�	&|:?�f2<N-�#C	�d�	&a���q��"#��"#& ^
.#��)e�521��)9,	.B3-�����*&-�	.#&(&4,z�*&-216�.X&b�X&4,Y21N-21��)9"#&8]

ZB� .
Erra

��6�. SJN-2J] � �#&4"#. SA���*"#)934& Zk�����5�#� �D� : Zk�����O��S�S
(s.) (Go)

�(SA�5&4. u\"'��3DC	&f�
s.
� 6	"#N-34��,	� ]r�

s.
� ��67�8"h)9�*&-"D�c�

s.
�

[�����"'�	"#& n
2.4 · 10−3 jen _ l ^ i�] f f.m ^ f.mki ^ cejemem f.i ^ a�n

Γh

&4,
λ/10.5

� _ jen=�
[�����"'�	"#& ^

2.2 · 10−3 mknelenwi i�]di mkn i _ l ^ jkfwikn ikcenejkn
Γh

&4,
λ/5

� mkikl=�
� � �*0Km�] ^ n � >02f� ,��	& $

f = 5GHz
$
Zr = 0

]

9 � ��� � � !�� � 2U�O
0� !�� !�
'�0�6->!\��� !�
 ��������
m�+! ���O�\� �'!�
���� �
Zr = 1 �

� FsT~EGFAVATYC4FAuwCJVsTOFKB`T�VAT � PDL)= ?ATOFAueT
1.2GHz

^��|.#� :+���#)+��,y�	&c"'N-��N-"#&4,�34&(&4.'�X34� :+3-�	:+N-&c&4,z34��,�.#)+��N4"*�8,H�X�	,z21� )+:9:?� M &0&-,
λ/15

34��2<6�� "'�D�8,H�
31228N4:+N-21&-,=�*.4]0^�&4.�"'N4.'�	:9�*�8�*.J�����*&-,H�	.}/ 67� "��*)9"Y��& :i�q���*)9:+)9.*�8�#)+��, ���qN4:9N42<&4,=�*.Y�7,	)9.A���q��"#��"#& n��Eg &43 �	,

^ f ^
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Solution de référence (λ/15)
N=271104 (λ/10.5), EF ordre 0
N=67776 (λ/5), EF ordre 1, δ=0.005
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Solution de référence
EF ordre 0
EF ordre 1
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+ ,/.10�m�] ^ a � �XN-.#�	:e�D�8�#.O�����*&4,H�	.O�Eg�&43P�	&4.0N4:+N-21&-,=�*.0�	,	)+.X���q��"#�	"'& n<&-��� ����"'�	"#& ^ 6!���	"X�	,	&P� 2f�8,	�	&
67� "'���8)9�*&-21&-,=�h34��,��	�	3-�#"#)934&4&f�

Zr = 0
�kN434:+� )+"'N4&c67�8"h�	,	&R��,	�	&R)9,	34)9�	&4,=�*&R�	&c��"'N4FH�	&4,�34&

f = 5GHz
]

^ f.a



2f� )9:+:+� M�&|&4,
λ/10

.#��,=�|3-��216	� "#N-.v� ��_�"#N4.'�	:9�*�8�*.|� ���*&-,d��.v/�67� "'�#)+"T�	&y:i�q���*)9:+)9.*�8�#)+��,}���qN4:9N42<&4,=�*.a��K
,	)+.h���q��"'�	"#& ^ �og &43(�	,Y2f� )9:+:+� M�&X&4,

λ/5
]GZk&4.X"#N-.#�	:e�D�8�#.5.#��,=�X"#&-6���"��*N-.X�	� ,	.5:+&��*� �	:+&4� ��m�] ^e^ &-�X�7� ,	.

:?�P�7M���"#& m�] ^ c�]
^�&-.521p-21&-.h34��2<21&-,=�D� )9"#&4.hFH�	&(6!���	"h:+&c34� .5�	�Y34��,	���	3-�#&4�	"X67� "���� )9�h6!&4��g�&4,=�Op-�*"'&c��� )9�#.4]	^�&R"*�86	6�� "'�
�*C	N-��"#)9Fd��&

f iter,0
total /f

iter,1
total = 1.2

&4.��O�*"';4.�6�"#�d3DC	&a�	��"#� 6	6!��"'�0"#N-&4:
f iter,0

total /f
iter,1
total = 1.2

]�^�&T,	��2a��"#&P��&
,	)9g &E� ��_<�	� ,	.�:?�R�\S�S �Jjc,	)eg�&4� ��_	��&-.'�m:+&h2<p42<&5/c:i�q��"#�	"'& nR&b�m/(:�����"'�	"#& ^ ]dZk��212<&h6!���	"\:?�c.'6	C	;4"'& $
67� "\"*�86	6�� "'��� �v3E�8.����13-��,	�	�	3b�*&-�	"m6	� "'��� )e�E$�:+&h"'N4.#)9�	�<�	�w�(SA�5&4.\&b�

δ
34��,=g�&-"#M�&-,=�B6	:9�	.\"*� 6�)+�	&-21&-,H�4]

> :i�q��"'�	"#& ^ $!:+&(34�����O�	��6	"'N43-��,	�	)e�*)+� ,	,	&42<&4,=�0&4,=�*"#���?,�&PFH�	&a:9&(�#&42<6	.O�	&P3E� :934�	:�&4.��c:+N-M�;4"'&42<&4,=�0.#��K
6�N-"#)+&-�	"�� �v�*&42<6	.��	&X3E� :934�	:G/R:i�q��"#��"#& n�]=��:	x<�(� 21N-:+)9��"*�8�#)+��,a/(:�����"'�	"#& ^ �	&X:?�c6	"'N434)9.#)9��,1���f"#N-.#�	:e�D�8�4]
^�&-.534��,	.'��2<2f�8�#)+��,�.B&4,Y21N-21� )+"#&O/<:���� "#�	"'& nv&b�0/v:���� "#�	"'& ^ .'��,=�X)+�	&-,H�#)+FH�	&-.4]

ZB� .
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s.
�

[�� ��"'�	"#& n
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[�� ��"'�	"#& ^

1.4 · 10−3 827 0.3 17 38 110 663
Γh
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λ/5
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Zr = 1
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2f� )9:+:+� M�&y&4,
λ/10.5

.#� ,H�z3-��2<67� "#N-.w� �d_�"'N4.#��:9�D���*.w�����*&4,H�	.z/ 67� "'�#)+"1�	&�:i�q���#)+:+)9.*�8�#)+��, � ��N-:+N42<&4,=�#.
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:?�P�7M���"#& m�] ^ f	]
> :i�q��"#�	"'&Inw&-�T/y:i�q��"#��"#& ^ $ :+&4.c.�xd.'�*;-21&-.T.'��,=�(34��2<6�� .#N4.c"'&4.'6�&-3-�*)eg�&-21&-,H�T�	&Ifwnejkjwikjf)9,	34��,�,d��&4.R&-�
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^�&\"#� 6	6!��"'���#C	N4� "#)+FH�	&

f iter,0
total /f

iter,1
total ' 0.7

&4.��I6	"#&-.#FH�	&�)+�	&-,H�#)+FH�	&�� �R"#� 6	6!��"'��"'N4&4:
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iter,1
total ' 0.7
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δ
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Solution de référence (λ/15)
N=13632 (λ/10), EF ordre 0
N=4236 (λ/5), EF ordre1
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Solution de référence
EF ordre 0
EF ordre 1
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Zr = 1
�BN43-:?� )9"#N-&�67� "5�	,	&R��,��	&R)+,	3-)+�	&-,H�#&c�	&c��"#N-Fd��&4,	3-&

f = 1.2GHz
]

^ fef



21N-21��)9"#&0Fd��&T3-&4:+:9&c���q��"#�	"'& ^ ]
>�:i�q��"#��"#& ^ $�:+��"'.#FH�	&|:9&P34"')9�#;4"#&|� � � "'"#pb�c&4.��c��_�Nv/

δ = 10−3 $ :9&v�TSJ�X&-.�34��,=g &4"#M &<&-, c ^ )9�#N4"*���*)+� ,	.
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10−3 .'�	"5:i��� 2|K
6	:+)e�*�	�	&P�	&|�	)����	.')+��,�&b�R,	N43-&4.'.#)9�#&v�	,	&v21N-21� )+"#&(�	&

8Go
]�uI���	"c�	��,�,	&4"c�	,}��"'�	"#&|��&|34��2<67� "#� )+.'��,�$

6�����"P:?�Y.#��:9���*)9��,���&w"#Nb��N4"#&-,	34&t��21� )+:9:?� M�&|&-,
λ/15
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34��"'"#&4.'6�� ,	�A/|�	,z�*&-216�.X��&(34� :+3-�	:��	& _ lkjwikl|.#&-34��,	��&4.X&-�X,	N43-&4.'.#)9�#&

9.9Go
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�	,	&v.#��:9���*)9��,t� ��.#.#)\6�"#N43-)+.'&<FH����/z:i�q��"#�	"'& ^ $�)9:r.'&4"*�8)9�c����"��R6	"#���	� �	:+&PFd��&<:+�w21Nb�*C	�d�	&|���q��"'�	"#& ^ .#� )9�
21��)9,	.B3-�����*&-�	.#&(&4,z�*&-216�.X&b�X&4,Y21N-21��)9"#&8]
�0,	&t�8���*"'&A.#� :+���#)+��,�6�����"f�Eg�� )+"f��, M=� )+,�&4, �#&42<6	.y/ :i�q��"#�	"'& ^ 3-��,	.')+.'�#&4"#� )9�f/ � 3-34N4:9N4"'&4"w:9&J6	"'�8K
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λ/6
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����)9,	34� ,	,H�	&4.-]5Zk&46!&4,	�	� ,=�E$B,	� �	.y,����og ��,	.z/���)+.#6!��.')9�*)9��, 6!���	"1:i��� 21� ,	�	&YFH������, ,���2a�	"'&�:+)921)e�*Ny�	&
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34"#N-��,	.�67� "�"*� �1,�&42<&4,=�k&b��6	"#��%'&-3-�#)+��,v�*����.m:9&4.�� ���#"#&4.�21� )+:9:?� M &4.r���*)+:9)+.'N4.4] > 6	� "'�#)+"\�	&X2f�8)+:+:+� M�&-.��*"';4.
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Solution de référence (λ/15)
N=271104 (λ/10.5), EF ordre 0
N=124912 (λ/7), EF ordre 1, δ=0.005
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Solution de référence
EF ordre 0
EF ordre 1
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δ
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� u�����"|�	,�21p-21&w� �d%'&-�4$��	,	&y2<p42<&f��"#N-FH�	&4,	3-&z&-�v�	,�2<p42<&w2f�8)+:+:+� M�&8$�:+&w3-�����|���q�	, 6	"#�d�	�	)e�
2f���*"#)934&`K g�&-3-�#&4�	"h,	&cg8� "')+&c67� .5&-,Y����,�3-�*)9��,z�	&R:i�q)+2<6�N-�7� ,	3-&�34� ,	.#)9�	N4"'N4& ]

� [\,Y6�"*�8�#)+FH�	& $�:+&�2<p42<&�,	��2P�	"#&���&c,	)9g &E� ��_y&4.'�5���*)+:9)+.'NO�7� ,�.h:?�|�\S�S /a:�����"'�	"#&>nv&b�X/a:i�q��"#��"#&
^ ]

zc��&4:	FH�	&5.#� )9��:i�q���	.��D� 3-:+&B3-��,	.')+�	N-"#NT��.'6	C	;4"'&5���<� 2f�8,	�	&hVX> ~ >��b$=�	&-.���)���N4"#&-,	34&-.�� 6	67� "#� )+.'.#&-,H��&-,H�#"#&
:+&4.h34� .

Zr = 0
&b�
Zr = 1

�

� ^�&(34� .X������,A���d%'&b�O6	� "'��� )e�*&-21&-,H�X�8�	.#��"'�7� ,=�X�	&421� ,	��&T6	:9�	.5�	&(6	"#N-34)+.')+��,YFH�	&(:+&c3E�8.0���q�	,J����K
%'&-�P67� "'���8)9�*&-21&-,=�a34� ,	�	�	3b�*&4��"4$�34� "a:+&-.P,	)eg�&4� ��_ ��& ~ [�� .'��,=�|6	:+��.a�7� .-$r�	��,�3w6	:+��.a�	)��<3-)+:+&-.
/f3E�86��*&-"|� 67� "O&b_�&42<6	:+&8$ �7�8,	.�:+&T3E� .c��&a:?�f.'6	C	;-"#& $�6!���	"0�	,	&a��"'N4FH�	&4,�34&v�	&

4.7GHz
$ )+:���� ���

���*)9:+)9.#&4"0/w:i�q��"'�	"#& ^ ��, 21� )9:+:?�8M�&R&4,
λ/6

FH�7� ,	�
Zr = 1

$ � :+� "#.�FH���q�	,}2f�8)+:+:+� M�&R&4,
λ/4

.'� �v�
FH�7� ,	�

Zr = 0
]

� ^�&P"#N-.#)9�	���	�}�(SA�5&4.0&-�
δ
34� ,Hg &4"'M�&4,=�R6	:9�	.O"#� 6	)+��&42<&4,=�O6!���	"

Zr = 1
Fd��&P6!���	"

Zr = 0
]!^�&

6	"#N-34��,��	)9�#)+��,	,�&42<&4,=��&-.'�c�!&E� ��34���	6t6�:+�	.�& �<3E� 3-&|6�����"
Zr = 1

FH�	&|6!���	"
Zr = 0

$ 34&-34)�N-�D�8,H�
&4,Y67� "��*)+&1��:+&c3E�8.

Zr = 0
&-.'�X�*����%'���	"#.56	:9�	.5�	)��<3-)+:+&�/v��� )9"#&c3-��,=g�&4"'M�&4"0FH�	&T:9&R3E� .

Zr = 1
�h� �

� �J���8)9�5FH�	&P:+�<21�8�#"#)+3-&c�	&(6	"#N-34��,	��)9�*)9��,	,	&-21&-,=�|�Jm�]ba�j=�B&4.'�06	:9�	.06�"#�d3DC	&P�	&(:?�v21�8�*"')+34&<�Jm�]da�fH�
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Zr = 1
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Zr
�7� ,	.
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Zr = 0
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34"'���+�m6	:+��.�����"��*&-21&-,H�B/P:i�q��"'�	"#& ^ ]�nO&O6	:9�	.4$d34&b�#�#&c� �	M�2<&4,=�*�8�*)9��,1.'�	)9�k:?�R21� ,H�#N4&0&4,w��"#N-FH�	&4,	3-& ]
[��D� ,=�\�	� ,	,	NhFH�	&h6!���	"

Zr = 0
$8,	���	.\6!����g ��,	.\���#)+:9)+.#&-"r�	&-.\2f�8)+:+:+� M�&-.���&4� �	34� �	6v6	:+�	.rM�"#��.'.#)9&4"#.

/J:�����"'�	"#& ^ FH����/A:i�q��"'�	"#& n�$�)+:�&4.��|:+N-M�)9�#)+2<& $�&-, "#N-.#��:eg �8,H�P:+&<6	"#� �	:+;-21&<�	&f3-��,	�	)e�*)9��,	,	&-21&-,H�4$
���q&4.#6!N4"'&4"0/|:i�q��"#�	"'& ^ �	&4.XM=� )9,	.B)+2<6!��"'�*� ,=�*.B&-,Y�#&42<6	.5�	&R3E� :934�	:�]
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n�� ,	.c:9&P3E�8.c�	&a:i��� 21� ,	�	&P/
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$ � �	.#.')��	)9&4,t6!���	"
Zr = 0

FH�	&|6�� �	"
Zr = 1

$ :+&-.�"#N-.#�	:e�D�8�#.�.#� ,H�
. �	"'&42<&4,=�R� 2<N4:9)+��"#� �	:+&-.5&4,t���#)+:+)9.*� ,=�X�	& ����� ,	. �T21� )+:9:?� M�&-.h&-�O,	��,t�	&-.�2f�8)+:+:+� M�&-.h�����*&-,H�	.c67� "0"*� �|K
,	&42<&4,=�X&-�X6	"'��%'&43b�*)+� ,Y��&(21� )9:+:?�8M�&4.�)+,	)e�*)+� ��_1M�"#� .#.#)9&4"'.4]

Zk��,	34:9�	.#)9��,y�7,7� :9&|�
n�� ,	.h:���&-,	.#&-2a�	:+&O�	&4.h34� .B�*&-.'�*.h3-��,	.')+�	N-"#N4.-$7,	���	.h6!���	"'"#)9��,	.k3-&4"��D� )9,	&42<&4,=�5�Eg�� )+"B�	&c2<&4)9:+:9&4�	"'.m"'N4.#��:eK
�D�8�#.�&-,<�#&42<6	.��	&X3E� :934�	:7/R:i�q��"'�	"#& ^ FH��� /R:i�q��"'�	"#& n�$=&-,f�o%'�	.'�*� ,=�k2<)+&-��_|:+�c�	,	&4.'.#&O���121� )+:9:?� M &����7� ,	.
�*���	.O:+&4.O3E� .O�#&4.��*.4$ ,	���	.R�Eg�� ,	.c�����#&4,H�t�	,	&|2<&4)9:+:+&-�	"#&R6	"'N43-)+.#)9��,}/f:�����"'�	"#& ^ $ 3-&aFH�	)�6	"'����g &|Fd��&|:?�
�7,	&4.'.#&<�	�}2f�8)+:+:+� M�&RN-�*� )9�O�*"#� 6t)+2<6���"��D� ,=�#&a6�� �	"��	,	&v3-��216	� "*� )9.#��,��og &43v:i�q��"'�	"#&In=�`$ &b�RN4M=� :9&42<&4,=�
&4,z�*"*�Eg8� )9:+:?�8,H�k.#�	"5:9&c6	"#N-34��,	��)9�*)9��,	,	&-21&-,=�E]
u����	"I"#N-�	�	)9"#&�:+&\�*&-216	.I�	&�3E� :934�	:H/5:i�q��"'�	"#& ^ $�)+:����8�	�	"*�8)9���	)921)9,d��&4"�:+&�,	� 2a�	"#&����q)9�#N4"*���*)+� ,	.��	�|�(SA�5&4.
&4,z� 2<N4:9)+��"#� ,=�k:9&O6	"'N434� ,	�	)9�#)+��,�,	&42<&4,=�h�	�y.�xd.'�*;-21&1�Jm�]ba fH�b]�[\,y& ��&-�E$�6�����"B:?�PFH�7�8.#)eKi�*� �*� :+)e�*N5�	&-.h3E� .
�*&4.��*.R& ��&43b�*�	N-.4$�:+&-.R6	"#�d�	�	)e�*.�21�8�*"')+3-&bK g &43b�*&4��"c.#��,=�(21� )+,	.�3-�����#&4��_ /y:i�q��"'�	"#& ^ FH����/Y:���� "#�	"'&In�]�nO&
6	:+�	.-$ )9:�67�8"*���9���	) �13-)+:9&B/O:�����"'�	"#& ^ �	&B"#N-�	�	)9"#&B:9&k�*&-216	.r������,<6�"#�d�	�	)9�r2f���*"#)934&`K g�&-3-�#&4�	"�.#� ,	.\�	N-M�"*�8�	&4"
:?�z6	"#N-34)+.')+��, �	&f:+�Y.'��:+���*)+� , 34� "P,	� �	.P���#)+:9)+.#� ,	.R�	NU%#/Y�	&4.a21� )9:+:?�8M�&4.c�8.#.#& � M�"'��.#.')+&4"'.w��67� "(&b_�&42<6	:9& $
6�����"��	,	&v)+2<6!N4�7� ,�34&

Zr = 0
&b�R6�� �	"��	&-.R��"'N4FH�	&-,	34&-.T�	&

3.2GHz
&-�R�	&

4.7GHz
$�:+&a21� )9:+:?�8M�&

Γh&4.'�1&4,
λ/4

�b]\>X�7, ��&Y"'&4,	��"#&A6�:+�	.v& �<34� 34&J:?�t34��,=g &4"#M &4,	3-&��	� �(SA�5&4.-$\)+:B��� ���<21� )+,=�#&4,7� ,=�v�*"#��K
g �8)+:+:9&4"c.'�	"a:+&<6	"'N434� ,	�	)9�#)+��,�,	&42<&4,=�

�
,	���	.T6�� �	"#"')+��,	.(67� "T&b_�&42<6	:9&f���#)+:+)9.#&-"(��&4.a6	"'N43-��,	�	)e�*)+� ,	,	&4��"#.

6	:+�	.O& �<3E� 3-&4.(34��2<2<&P34&-��_}�	Nbg�&-:+��6	6!N4.R�7�8,	.��gckn � 6!���	"�:���)9,=g�&4"'.#)9��,t�	&|.'xd.��*;42<&4.R6	:9&4)9,	.�6	"'��g &4,7�8,H�
�	&R:i�qN4:+&-3-�#"#��21� M�,	Nb�*)9.#2<&O67� "h��&4.X21Nb�*C	�d�	&4.h"#� 6	)9�	&4.534� 212<&�:?�v�\SAS ]
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^�� "#N4.'��:+���*)+� , �	&-.fN4FH�7���*)+� ,	.f�	&�SA��_d�m&4:+:X67� "1�	&4.121Nb�*C	�d�	&-.f)+,=�#N4M�"#� :+&-.1&b�w���qN4:9N42<&4,=�*.<�7,	)+.-$
� 21;-,	&X/T)9,Hg &4"'.#&4"m�	,f.�xd.'�*;-21&0:+)9,	NE� )9"#&B6�:+&4)9,v�	��,=�k:+�R�*� )+:9:+&8$

N ×N $d� �	M�2<&4,=�#&O�Eg�&-3O:+�R��"'N4FH�	&4,�34&O��&
:i�q��,	�	&T)+,	3-)+�	&-,H�#& ] u�:9�	.�6	"'N43-)+.#N-21&-,=�E$

N
&4.'�R6�"#��6!��"'�#)+��,�,	&4:�� �t,	��2P�	"#&a� ����,��	&

k
� �t34� "#"'N $ FH�	)r&4.'�

:+�	)LK�2<p42<&T6	"'��6!��"'�#)+��,	,�&4:�/z:+�1��"#N-FH�	&4,	3-& ] �0,�&|.#��:9���*)9��,�&4,=gd)+.#� M�&4� �	:+&|6!���	"�� 343-N4:+N-"#&-"c:?�w"#N-.#��:9���*)9��,
�	�v.'xd.'�#;42<&0&-.'���	&h"#N-�	�	)9"#&

N
]H^I�c2<N-�#C	����&h�	&5�	)+.'34"#Nb�*)9.*�8�#)+��,a2<)+3-"#��:9��34� :+&��	Nbg�&4:9��6	6!N4&567� "\>0�	�!���	��$

V0N4��N4:+&-35&-� � C	��� � ^ aei � 6!&4"'21&b������& � &-3-�#�	&4"��	,	&5�*&-:+:+&k"#N4���	3-�#)+��,1�Eg�&43X& �<34� 34)e�*N ]H^�&56	"')+,	3-)+6!&h�	&534&-�'�*&
21Nb�*C	�d�	&O&-.'�k:+&O.'�	)9g8� ,=�O��:9��"#.��	&�:+�T�	)9.#34"'N-�#)+.*���*)+� ,1�	&O:i�q)+,	3-��,	,H�	& $H�	,�&�)+,���� "#21�8�*)9��,v.#�	"B:9&034� "*�83-�*;-"#&
��.#3-)+:+:+� ,=���	&|:+�f.#� :+���#)+��,�&-.'�(�	��,�,	N4&v&4, � 6�6	"#�d3DC7� ,=�R:?�16	C7� .'&<��&|:i�q)+,	3-��,	,H�	& ] �0,	&|,	� ��g�&-:+:+&|)9,	34� ,�K
,d��&P�!&E� �	3-���	6J21��)9,	.5��.#3-)+:9:?� ,=�*&c&-.'�O�����*&-,H�	& $!&-�O�7� ,	.X:+&(3E� .X�	&-.ON4FH�7���*)+� ,	.0��&|SA��_d�m&4:9:i$7&4:9:+&R6!&4���
p-�*"'&(� 6	6	"'��3DC	N-&(�og &43(�	,Y,	��2a�	"'&c�	&R�	&4M "#N4.X�	&R:+)9��&-"'�#N�&4, O(kα)
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α

N-�D�8,H�X)9,���N4"')+&4��"h/ a�$G� �z:+)9&4�y�	&
O(k2)

]=Zk&46!&4,	�7�8,H�4$H:?�O3-��,	.#)9�	N4"#�8�*)9��,|���q�	,<2f� )9:+:+� M�&\6	:9�	.\M�"#� .#.#)9&4"\,	N-34&-.#.#)e�*&5����� 6	6	"'��3DC�&4"
Γ
�Eg &43X�	&4.

N4:+N-21&-,=�*.k��&O�	&-M�"#NX�*"#;-.kN-:+&-g N ]�>0�7,w��&O"#&-21N-�	)+&-"k/(34&�6�"#���	:9;42<& $=>0�	��� �	� �
	 ��
������#)+:9)+.#&-,=�m��,w�	���	��:+&
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6	:+&-)+,	&-21&-,H��:+&4.c&-.'�#)+21�8�*)9��,	.O� ��&-"#"#&-�	"R�	& � C	��� ]�^�&|2f� )9:+:+� M�&R�7,}N-�D�8,H�R� ���*&-,d� 67� "c"#� �<,	&42<&4,=�R�	�
2f� )9:+:+� M�&RM�"#� .#.#)9&4"c&b�T6�"#��%'&-3-�*)9��,}.#�	"R:+�w.#�	"���� 34&

Γ
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.'�	"
Γ

�

Γf = πh(Γ
−π
f ) =

Ng⋃

i=1

Ni⋃

i0=1

πh(T
−π
ii0

) =

Ni⋃

i0=1

Tii0 .
�4l�] ^ j=�

Γs
g

&4.��O��N-�7,	)9&R67� "c�

Γs
g = πh(Γg) =

Ng⋃

i=1

πh(Ti) =

Ng⋃

i=1

T s
i .

�4l�] ^ m��

nO��6���)9,=�a�	&fgd�	&yM N4��2<N-�#"#)+FH�	&8$
Γs

g

&-�
Γf
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g
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Nf =

Ng∑

i=1

Ni,
�4l�] ^ l=�
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	 �
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Nf = NgNi
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 �
� �
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� ��� � �'( � ����� ( � 	$# ��� � # � � � ���'��� �)����#�� 	�� � � 	 ��# �1��# � �

VX���	.06	"#N-.#&4,=�#��,	.O:9&4.5����,	3b�*)+� ,	.0��&T�7�8.#& {φ̃j}Nj=1

�	&4.0N4:+N-21&-,=�*.5�7,	)+.X2<)+34"'��:+�d3E�8��_�] ~ ��)e� {φj}Nj=1:i�q&4,	.'&42a�	:9&P�	&-.O����,	3b�*)9��,	.X�	&a�7� .'&|� .'.#�d34)+N-&4.c/
Γg

]�^�&4.X����,	3-�#)+��,�.O�	&a�	� .#&
φj

.#��,=�c:9&4.0��� ,	3-�#)+��,	.X�	&
�7� .#&R�	&(�X�Eg�)+� "'��K��hC	� 2f� .����c"*� M�:9)?�R�	N43-"#)e�*&4.5�7�8,	.5:+&4.h3DC	� 6	)9�#"#&-.'a|&-��c�]
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N
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	;��� ��	 �"	 � ��'
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	%��)��
� �
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N =
3

2
Ng

�
	
N = 5Ng

�
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T iun élément Γgde 

T i
s

un élément Γg
s

de 

T ii0

Γ
f

−π
T ii0

−π
    

π

Γ
f

de éléments 

éléments           de    

h

+ ,/.10Gl�] ^ � nO&-.#34"')+6��#)+��,z�	&-.03-��"#"'&4.'6���,��7� ,	3-&4.X&4,=�*"'&T:9&4.h21� )+:9:?� M�&-.m��&
Γg

&-�X�	&
Γf

]

~ ��)9�
ψi

:+�P����,	3b�*)+� ,Y��N-�7,	)9&R67� "c�

ψi : T̂ → Ti

�4l�] ^`_ �

η̂ = (η̂2, η̂3) → x = ai
1 + η̂2

−−→
ai

1a
i
2 + η̂3

−−→
ai

1a
i
3

Fd��)�� .#.'��3-)+&(� �y�*"')?� ,	M :+&��	&R"'N-��N4"'&4,	3-&
T̂

:i�qN4:9N42<&4,=�
Ti

��&
Γg

�
ai

1

$
ai

2

&b�
ai

3

.#� ,H�X:9&4.5.#��2<2<&-�*.h��&
Ti

�`]

nO&16�:+�	.-$I3DC	� FH�	&fN-:+N42<&4,=�
T s

i =

Ni⋃

i0=1

Tii0

��&
Γs

g

Nb�D� ,=�P� .#.'��3-)+N1/Y��,�N4:9N42<&4,=�
Ti =

Ni⋃

i0=1

T−π
ii0

�	&
Γg

67� "B:���)9,H�#&4"'21N-�	)?� )9"#&h�	&
πh

$�,	���	.k,	� �*� ,	.
πi

:+�P"#&-.'�*"')+3b�*)+� ,w�	&
πh

/
Ti

]	[\,y6!��.*�8,H�
T̂ =

Ni⋃

i0=1

T̂i0

$�,	���	.
�og ��,	.(�

Tii0 = πi ◦ ψi(T̂i0).
�4l�]dakn=�

� TOpq@�P =�?sT 
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T̂
�
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	��0	
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��	��
��)�� ��� �&$&� � ( ��� ��	 �"	��
M

�

ZkC	� FH�	&TN-:+N-21&-,H�
T̂i0

&4.��0:���)92f�8M�&O�	&
T̂

67� "h�*"#� ,	.#:+�8�*)9��,�$d"#� �*�8�*)9��,y&-�XC	� 21� �#C	N-�#)+&8]	V0� �	.X�og ��,	.(�

θi0 : T̂ → T̂i0 ,
&-�

χii0 : T̂ → T−π
ii0

�4l�]da ^ �
λ̂ → η̂ λ̂→ x = ψi ◦ θi0(λ̂).
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 * � � � 	 �"� 	
a−π,ii0

1

'
a−π,ii0

2

�
	
a−π,ii0

3


 ��� ������� �
	 �����
T−π

ii0

' � ��� � �")"������7

χii0 : T̂ → T−π
ii0

�4l�]daea��

λ̂→ x = a−π,ii0
1 + λ̂2

−−−−−−−−→
a−π,ii0

1 a−π,ii0
2 + λ̂3

−−−−−−−−→
a−π,ii0

1 a−π,ii0
3 .

�4l�]dakc=�
�X,	&R�7� .'&T�	�Y6	:+� ,w�D� ,�M�&4,=�0/

Tii0

&-.'�X�	��,	,�N4&(67� "c�

−→
eh
1 =

∂(πi ◦ χii0)

∂λ̂2
(λ̂)

&b� −→
eh
2 =

∂(πi ◦ χii0)

∂λ̂3
(λ̂).

�4l�]da�fH�

�0,	&R�7� .'&R�	�J6�:?� ,y�D�8,	M�&4,=�0/
T−π

ii0

&4.��0����,	,	N-&T67�8"c�

−→
eii0
1 =

∂(χii0)

∂λ̂2
(λ̂)

&b� −→
eii0
2 =

∂(χii0)

∂λ̂3
(λ̂).
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Γg

&b�<�	&4.��*)+,�Nz/}pb�*"'&Y6�"#��%'&b�*Nz.#�	"
Γf

��)i]q& ]r:?�
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ϕ
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Γf

�`]GZk��2<21&
Γg =

Ng⋃

i=1

Ti

$	,	���	.56!��.#� ,	.R�

ϕ|Ti
(x) = ϕi(x),

�Jl�]dakj=�

&-�X34��2<2<&
Ti =

Ni⋃

i0=1

T−π
ii0

$	,	����.06!��.#� ,	.R�

ϕ|T−π
ii0

(x) = ϕii0(x).
�Jl�]daem��

^��d3E�8:+&42<&4,=�4$
ϕ

&4.'�X�	� ,	3R�	N-�7,�)+&R.#�	"
Γg

6	� "c�

ϕii0(x) = ϕii0 ◦ χii0(λ̂) = ϕ1
ii0
◦ χii0(λ̂)

−→
eii0
1 + ϕ2

ii0
◦ χii0(λ̂)

−→
eii0
2 .

�4l�]dakl=�
~ ��)9�

ϕ̃
:+�a6	"#��%'&43-�#)+��,z�	&

ϕ
.#�	"

Γf
]GV0����.0�Eg ��,	.(�

ϕ̃(y) = ϕ̃(πi ◦ χii0(λ̂)) =
2mes(T−π

ii0
)√

gh(λ̂)
(ϕ1

ii0 ◦ χii0(λ̂)
−→
eh
1 + ϕ2

ii0 ◦ χii0(λ̂)
−→
eh
2 ),

�4l�]da _ �
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y = πh(x) ∈ Tii0

&b� √
gh = |

−→
eh
1 ∧
−→
eh
2 |

&4.'�X:9&m%#� 34����)+&4,z�	&
πi ◦ χii0

]
~ ��)9�

j ∈ {1, · · · , N} ] ~ ��)9� φ̃j
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j ��� 	��
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φ̃j,ii0
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φ̃j,ii0(y) = φ̃j,ii0(πh ◦ χii0(λ̂))

=
2mes(T−π

ii0
)√

gh(λ̂)
(φ1

j,ii0 ◦ χii0(λ̂)
−→
eh
1 + φ2

j,ii0 ◦ χii0(λ̂)
−→
eh
2 )eikξ·πi◦χii0

(λ̂),
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φj|T−π

ii0

(x) = φj,ii0(x) = sgn(∂T
β1(j,i)
i )

x− ai
β2(j,i)

2mes(Ti)
= Λβ2(j,i)(x),

�Jl�]gc ^ �
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supp(j)
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Γg
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sgn(∂T
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&-�
sgn(∂T
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)
�
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Ti2
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j ���
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Γg

&4,}3-��212P�	,G�b]
mes(Ti)

&-�
mes(T−π
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)
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T−π
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φj
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Λβ2(j,i)
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∫

Γf

divΓ
−→p dγ =

Ng∑

i=1

Ni∑

i0=1

∫

Tii0

divΓ
−→p dγ(y) �Jl�]dcwa �

=

Ng∑

i=1

Ni∑

i0=1

∫

T̂

∂λ̂α(

√
gh(λ̂)pα ◦ χii0) dλ̂

�4l�]gcec=�

&-�X34��2<2<& −→p =

N∑

j=1

pjφ̃j

$7)+: gd)+&-,=�R�

∫

Γf

divΓ
−→p dγ =

N∑

j=1

pj

Ng∑

i = 1
i ∈ supp(j)

Ni∑

i0=1

∫

T̂

∂λ̂α(2mes(T−π
ii0

)eikξ·πi◦χii0
(λ̂)Λα

β(j,i) ◦ χii0(λ̂)) dλ̂
�4l�]gckfH�

=

N∑

j=1

pj

Ng∑

i = 1
i ∈ supp(j)

Ni∑

i0=1

∫

T−π
ii0

divΓ(eikξ·πi(x)Λβ(j,i)(x)) dx
�Jl�]gcwi��

=
N∑

j=1

pj

Ng∑

i = 1
i ∈ supp(j)

Ni∑

i0=1

∫

∂T−π
ii0

eikξ·πi(x)Λβ(j,i)(x) · n̂−π
ii0
ds(x)

�Jl�]gcej=�

=
N∑

j=1

pj

Ng∑

i = 1
i ∈ supp(j)

Ni∑

i0=1

sgn(∂T
β(j,i)
i )

mes(∂T
β(j,i)
i )

∫

∂T−π
ii0

T
∂T

β(j,i)
i

eikξ·πi(x) ds(x)

︸ ︷︷ ︸
0

�4l�]gcwm��

= 0,
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n̂−π

ii0

&4.��X:?�|,	��"'2f� :9&O�	,�)9�D�8)+"#&c.'��"'�*� ,=�*&(/
T−π

ii0

34��,=�#&4,H�	&(�7� ,	.X:+&�6�:?� ,z�	&
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]
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φ̃j,ii0(y) = Λ̃
β(j,i)
lmn (y)

=
2mes(T−π

ii0
)√

gh(λ̂)
((Λ

β(j,i)
lmn )1 ◦ χii0(λ̂)

−→
eh
1 + (Λ

β(j,i)
lmn )2 ◦ χii0(λ̂)

−→
eh
2 )eikξ·πi◦χii0

(λ̂),
�4l�]gc _ �

���
y = πi ◦ χii0(λ̂)

$
Λ

β(j,i)
lmn (x) = α

β(j,i)
lmn (x)Λβ(j,i)(x) = φj,ii0(x)

$
x = χii0(λ̂)

]
α

β(j,i)
lmn

&-.'�X�	N-�	,	)�67� "c�

α
β(j,i)
lmn (x) = α

β(j,i)
lmn ◦ χii0(λ̂)

= N
β(j,i)
lmn

(p+ 2)α̂lmn(λ̂)λ̂β(j,i)

mβ(j,i)

Λβ(j,i)(λ̂),
�4l�] fwn=�

���
α̂lmn
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N

β(j,i)
lmn

&-.'�\��N-�7,	)�67� "k� a�] ^ j=�`$
&-�
mβ(j,i)
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���
n

.'&4:+� , FH�	&
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∫

Γf

divΓ
−→p dγ =

N∑

j=1

pj

Ng∑

i = 1
i ∈ supp(j)

Ni∑

i0=1

∫

∂T−π
ii0

T
∂T

β(j,i)
i

eikξ·πi(x)φj,ii0(x) · n̂−π
ii0
ds(x)

�Jl�] f ^ �

= 0.
�Jl�] f.a��

[�,P& ��&-�E$�.'��)9�
φj

&-.'�r�#&4:9:+&�FH�	&k.'��,a.#��6	6�� "'��&4.'�r34��2<6!��.#N����q�	,a.#&-�	:dN4:+N-21&-,=�
Ti

�	&
Γg

&-� ∀x ∈ ∂T β(j,i)
i

$
α

β(j,i)
lmn (x) = 0 �

.'��)9�
φj

&4.��|�*&-:+:+&1FH�	&z.#��,�.#��6	6�� "'�v&4.��v34��2<6!��.#Nw��&y�	&4��_ N4:+N-21&-,=�*.
Ti1

&-�
Ti2

�	&
Γg

$I&-�T:+&-.T�#"*� 3-&4.P��&
sgn(∂T

β(j,i1)
i1

)φj,i1i0 · n̂−π
i1i0

&b�a�	&
sgn(∂T

β(j,i2)
i2

)φj,i2i0 · n̂−π
i2i0

.#��)9&4,=�aN-M=� :9&4.(.#�	"

∂T
β(j,i1)
i1

= ∂T
β(j,i2)
i2
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[\, "'&-g &4,7� ,=�</Y:?�z,	� �D���*)+� ,
φ̃j

6!���	"(:+&-.(����,�3-�*)9��,	.T�	&f�7�8.#&f2<)+3-"#��:9��34� :+&-.4$�,����	.a�Eg ��,	.a����� 6	"';4.
�Jl�]gc _ �O� ∀y ∈ Tii0

$

φ̃j(y) = φ̃j,ii0(y) = Jii0(y)e
ikφ0(y)(φj,ii0 ◦ π−1

h (y) · −→eα
ii0

)
−→
eh

α,
�4l�] fwc=�

��� Jii0 =
2mes(T−π

ii0
)

√
gh

&-.'�X:+&m%#� 3-���	)9&4,Y� .#.'��3-)+N(/
πh

$7&-� {−→eα
ii0
}2α=1

&-.'�X�*&-:�FH�	& −→
eα

ii0
·
−→
eii0

β = δαβ

]
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� ��� � � ��� ���)����������� �'( 	 ! � � ��� ��� # � (����1%��*� �

VX���	.5"#&-6	"#&-,	��,	.X:?�P��� "#2a�	:+�8�*)9��,fg8� "')?�8�#)+��,	,�&4:+:9&a� ^ ]gcwm��b]
Vh

&4.��0��N-�7,	)�67�8"c�

Vh = Lin{φ̃j; 1, · · · , N}.
�Jl�] fefH�

^�&-.X� 6	6	"'�o_�)92f�8�#)+��,�.
X̃ l

h

&b�
Λ̃l

h

��&
xl &-� λl �7� ,	. Vh

.-��N-34"')9g�&-,=�a�

X̃ l
h =

N∑

j=1

α̃l
jφ̃j,

&-�
Λ̃l

h =
N∑

j=1

γ̃l
jφ̃j,

�4l�] f.i��

�og &43
α̃l

j, γ̃
l
j ∈ C

&-�
l ∈ {1, 2} ]V0���	.X� �!�����#)+.'.#��,	.X� �Y.'xd.��*;42<&f� ^ ] fwn=�`$7�Eg�&43(:+&-.52f�8�#"#)934&4. Bβ

$ Dβ

$ Al $Kl $ Kl∗ $ N l
R

&-�X:+&�g &43b�*&4��"
F l

�	N-�7,�)+.567� "c�

(F l)i = < FEID
l , φ̃i >Vh

,

(Bβ)ij = < βkφ̃j, φ̃i >Vh
,

(Dβ)ij = <
1 + β

2
φ̃j, φ̃i >Vh

,

(Al)ij = < δ∗l δlφ̃j, φ̃i >Vh
,

�4l�] fwj=�
(Kl)ij = < kKlφ̃j, φ̃i >Vh

,

(Kl∗)ij = < kKlφ̃j, φ̃i >Vh
,

(N l
R)ij = < AR,lφ̃j, φ̃i >Vh

.

���
Vh = Vh × Vh

]
^��qN4:9N42<&4,=�

(F l)j

.'&R3E� :934�	:9&c�	&R:?�P�����-��,J.'�	)9g8� ,=�#&|�

(F l)j =

∫

Γf

FEID
l (x) · φ̃j(x) dγ(x), ∀j ∈ {1, · · · , N} �4l�] f.m��

=
∑

i∈supp(j)

∫

T s
i

FEID
l (x) · φ̃j(x) dγ(x),

�Jl�] fwl=�

=
∑

i∈supp(j)

Ni∑

i0=1

∫

Tii0

FEID
l (x) · Jii0(x)e

ikφ0(x)(φj ◦ π−1
h (x) · −→eα

ii0
)
−→
eh

α dγ(x).
�Jl�] f _ �

ur� "�"*�86	6�� "'�I� ��_(34� :+3-�	:+.�3-:?� .'.#)9Fd��&4.4$�)9:=� 6	67�8"*���9���	,	&�.#��2<2<&\.#�	"
i0
$��8)+,	.')=Fd��&m:+�B6	C7� .'&m�	&�:i�q)+,�34��,	,H�	&8]

^�&-.BN4:9N42<&4,=�*.k2f�8�#"#)934)+&-:+.\.'&c3E� :934�	:9&4,=�B�	&O2f� ,�)+;4"'&0.')+2<)+:+� )+"'& ]=u�� "k&`_�&-216�:+& $������ 6	"#;-.B:?�T.#&43b�*)9��,vi�]gj�] ^ $
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,	���	.X�Eg���,�.T� ∀i, j ∈ {1, · · · , N}

(A1)ij =
k4

8π

∫

S2

(

∫

Γf

φ̃j(y) · (θ̂ − iφ̂)e−iky·ŝ dγ(y)) · (
∫

Γf

φ̃i(x) · (θ̂ − iφ̂)e−ikx·ŝ dγ(x)) dŝ,

=
k4

8π

∫

S2

(
∑

q∈supp(j)

Nq∑

q0=1

∫

Tqq0

Jqq0(y)e
ikφ0(y)(φj ◦ π−1

h (y) · −→eα
qq0

)
−→
eh

α · (θ̂ − iφ̂)e−iky·ŝ dγ(y))

�4l�]dikn=�

· (
∑

p∈supp(i)

Np∑

p0=1

∫

Tpp0

Jpp0(x)e
ikφ0(x)(φi ◦ π−1

h (x) ·
−−→
eβ

pp0
)
−→
eh

β · (θ̂ − iφ̂)e−ikx·ŝ dγ(x)) dŝ.

���
(ŝ, θ̂, φ̂)

&4.��X:+&c"#&-6�;-"#&R:+�d3E�8:�&4,Y34�d��"#����,	,	N-&4.5.#6	C�N4"#)9FH�	&4.X.#�	"
S2 ]

nP� �86	"#;-.��4l�] ^ l=�1&b� �Jl�]dikn=�`$k:�� � .'.#&-2a�	:?�8M�&��	&-.Y21�8�#"#)+3-&4.1�	N-�7,�)+&4.z67�8"}�Jl�] fwj=�1� �	,	&}34��2<6	:9&b_�)9�#NA&4,
O(N2

f )
]8^���34��2<6	:9&b_�)9�#Nm�	&k:?�02<N-�#C	�d�	&B�	&B��)+.#3-"#Nb�*)+.#�8�*)9��,P2<)+3-"#��:9��34� :+&\&-.'�\����,	3B&-, O(N2

f +NiterN
2
g )
$

���
Niter

&-.'�X:+&c,���2a�	"'&(� ��)e�*N4"#�8�*)9��,	.B,�N434&-.#.#� )+"'&4.0/<:+�a"#N4.'��:+���*)+� ,y�	�J.�xd.'�*;-21&8]
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[\,1&42<6	:+�ox=�8,H��:+�R2<N-�#C	�d�	&5�	&0��)+.#3-"#Nb�*)+.#�8�*)9��,|2<)+34"'��:+�d3E�8:+&k6!���	"�"'N4.#� �	�	"#&X:+&-.�N4FH�7�8�#)+��,	.��	&OSA��_HK
�k&-:+:i$H:+�(�D�8)+:+:9&5�	&4.B6�"#���	:9;42<&4.O� ^ ]gcwi���&-�c� ^ ]gcej=�\&4.��B�*C	N-��"#)9FH�	&42<&4,=�h&-, O(kα× kα)

$
α
Nb�D� ,=�h)9,���N4"')+&-�	"

/ ad$=� �v:+)9&4�a���qp-�#"#&5&4, O(k2×k2)
]dZk&b�#�*&5"'N4�	�	3b�*)9��,�$�)9216!��"'�*� ,=�*&m&4,<6	"*�8�#)+FH�	&8$�6�&-"#2<&-���	&h.��*�d3DW &-"m:9&4.

2f�8�#"#)934&4.0�	��.�x�.��*;-21&8]�Zk&46!&4,	�	� ,=�E$�:+&-�	"��8.#.#&-2a�	:+� M�&P��&421� ,	�	&a��,t,	��2a�	"'&P���q��6!N4"#�8�*)9��,	.O&-, O(k4)Fd��)�6!&4���'K�pb�*"'&f� 3-34N-:+N4"'Nv.#&4:9��, >O�	�!���	� �
	���
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n�� ,	. � fef � $�n�� "#"')+M�"#� ,	�t�1�	N-g &4:+� 6	6�NP�	,	&a2<N-�#C	����&P34� �	6	:?�8,H��:?�12<N-�#C	�d�	&P�	&P�	)+.'34"#Nb�*)9.*�8�#)+��,J21)934"#��K
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�7� ,	.h:9&�3E� .h2P�	:9�#)eK�,�)9g�&4� ��_�]d^\� � :9M���"')9�*C�21&X2a�	:e�*)eK ,	)9g &E� �d_<�7� ,	.h:9&�3E� ��"#&c�	&c:+�P�	)+.'34"'N-�*)9.*�8�#)+��,f21)934"#��K
:+�d3E� :9&O&4.��X�	)���N4"'&4,=�5�	&c:i��� :9M���"#)e�*C	2<&534:+� .#.')+FH�	& ]GVX���	.h6	"'N4.'&4,=�*��,�.03-&4.5�	)���N4"'&4,	3-&4.5&-�5,����	.5�	N-�*� )+:9:+��,�.
:?�a34� 216	:9&b_�)9�#Nc�	&R:i��� :+M ��"#)e�*C	2<& ]

� �	� � � � �)���$� 	$# � �'! � ���1#

VX���	.c,	� �	.c)+,=�*N-"#&-.#.#� ,	.c)+3-)r�	,	)9FH�	&42<&4,=�R� �t34� .c�	&-.cN4FH�7�8�#)+��,	.c��&vSA��_d�m&4:+:�]�VX���	.c"#&-,=g��ox���,�.P/
� fef � 6�� �	"h:i�qN4FH�7�8�#)+��,z�	&(lX&4:+2<C	��:e� � ]
>0�7,v���q&42<6	:+�ox &4"�:+��21Nb�*C	�d�	&B�	&k�	)+.'34"#Nb�*)9.*�8�#)+��,a2<)+3-"#��:9��34� :+&8$o,	���	.\,����	.\6	:+���4��,�.��7� ,	.\:9&4.\3-��,	�	)e�*)+� ,	.
�	�}3DC7� 6	)e�*"#&v6	"'N43-N4�	&-,H�4$�)i]q& ]�:�������.'�D�834:+&P34��,	.')+�	N-"#Nv&4.��(34��,=g�&`_�& $I&-�(N43-:?� )9"#Na67�8"c�	,	&v��,	�	&v)9,	34)9�	&4,=�*&8$
uinc $�6�:?� ,	&|��&<:+�f����"#2<&

uinc(x) = eikξ·x $ ξ Nb�D� ,=�R:?�y�	)9"#&-3-�*)9��,t�	&|:�����,��	&|)+,	3-)+�	&-,=�*& ] �X,	&v� 6	6�"#�E_�)eK
2f�8�#)+��,f�	&R:?�|6	C7� .'&R�	&R�	&4M�"'N ^ &-.'�X�	��,	,�N4&R67� "

kφ0(x)
���

φ0(x) = ξ · x ]

^ jec



^I�h2<N-�#C	����&���&���)+.#3-"#Nb�*)+.#�8�*)9��,c2<)+34"'��:+�d3E�8:+&����8)9��)9,H�#&4"�g�&4,�)+"��	,(�	���	�	:9&\2f�8)+:+:+� M�&��o�	,(2f� )9:+:+� M�&IM�"#��.'.#)9&4"
Γg

� .'.#�d34)+NR/a:���)9,	34� ,	,H�	&c�	�z6	"#� �	:+;-21&8$�&-�5��,Y21� )9:+:?�8M�&h�7,
Γf

� .#.'��3-)+Nc/|:+�aM�N4��2<N-�#"#)9&O�	�z6	"'���	:+;-21&8]
^�&|��)?� 2<;-�#"#& $

hg

$ �	&4.
Ng

N4:9N42<&4,=�*.c��&
Γg

&4.��T&-, O(k−α/2)
$��Eg�&-3

0 < α < 2
$�&b�R:+&|�	)+� 2<;-�*"'& $

hf

$
�	&4.

Nf

N4:9N42<&4,=�*.5�	&
Γf

&-.'�X&4, O(k−1)
]

~ ��)9�
π
:?�|6	"'��%'&43b�*)+� ,J��"��*C	� M���,7� :9&c�	&

Γg

.#�	"
Γ
]Gu����	"X:i�q�����#&4,=�*)9��,Y�	&

Γf

$
Γg

&-.'�0"*� �<,	N-& $!6	�	)+.56	"'�8K
%'&-�*N-&R.#�	"

Γ
� �z2<�ox�&4,Y�	&

πh

��3-���7M��	"'& _ ] ^ �b]
VX���	.X�Eg���,	.0� )9,	.#)��

T iun élément Γgde 

T i
s

un élément Γg
s

de 

T ii0

Γ
f

−π
T ii0

−π
    

π

Γ
f

de éléments 

éléments           de    

h

+ ,/.10 _ ] ^ � nO&-.#34"')+6��#)+��,z�	&-.03-��"#"'&4.'6���,��7� ,	3-&4.X&4,=�*"'&T:9&4.h21� )+:9:?� M�&-.m��&
Γg

&-�X�	&
Γf

]

Γg =

Ng⋃

i=1

Ti

&b�
Γf =

Ng⋃

i=1

T s
i =

Ng⋃

i=1

Ni⋃

i0=1

Tii0 .
� _ ] ^ �

^�&-.1N-:+N-21&-,H�#.1��&
Γg

.'��,=�w�86	6�&-:+N-.<�#"#)?�8,	M�:+&-.|M�"#� .#.#)9&4"'.4$\&-�1:+&-.vN4:+N-21&-,=�*.<�	&
Γf

�#"#)+� ,	M�:9&4.a�7,	.-]�[�,
,	� �D�8,H� {φ̃i}Ni=1

:+&-.0����,	3b�*)9��,	.��	&P�7� .#&P21)934"#� :+�d3E� :9&4.5�	N-�	,	)+&-.c� ��3DC7�86	)9�#"#&a6	"'N43-N4�	&-,H�4$�,	���	.��og ��,	.R/
"#N4.'���	�	"'&T:9&�.'xd.��*;42<&(.#�	)eg �8,H�(�

AX = b,
� _ ]da��

���z,	���	.534� ,	.#)9�	N4"'��,	.4$G6!���	"h.')+2<6	:+)e�7&4"-$
A

&-�
b
�	N-�7,�)+.567� "c� ∀i, j ∈ {1, · · · , N} $

Aij =
∑

β∈supp(j)

∑

α∈supp(i)

Nβ∑

β0=1

Nα∑

α0=1

∫

Tαα0

∫

Tββ0

G(x, y)φ̃j(y) · φ̃i(x) dγ(y) dγ(x),
� _ ]gc=�

bi =
∑

α∈supp(i)

Nα∑

α0=1

∫

Tαα0

uinc(y) · φ̃i(y) dγ(y),
� _ ]gf=�

X = (X1, · · · , XN)t.
� _ ]di��
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supp(i)
��"#&4.'6�&-3-�#)9g�&-21&-,=�

supp(j)
��&4.��5:i�q&4,	.'&42a�	:9&O����"'21NO/P67� "��*)+"m�	&4.h)9,	�	)934&4.
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T s
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j

�B�86	67� "��*&4,	� ,=�X� �z.#�	6	6!��"��5�	&
φ̃i

��"#&4.'6�&-3-�#)9g�&-21&-,=�
φ̃j

�b]GZk&
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φi

&-�
φj

]G^�&R,	�ox=�8�J�	&T�c"#&-&4,
G

&4.��0��N-�7,	)�6	� "R�

G(x, y) =
eik|x−y|

4π|x− y| .
� _ ]gj=�

� TOpq@�P =�?sT 
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��� � �
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 ��� � �"��	��
� �
� 	 ���
Ng

'�� � � �
N ∼ Ng

�

^�&-.5��� ,	3-�#)+��,	.5�	&R�7�8.#&
φ̃i

.'��,=�0����,	,	N-&4.X67� "T�Jl�]gc _ �X� ∀i ∈ {1, · · · , N}

φ̃i(x) = φ̃i,αα0(x) = Jαα0(x)e
ikφ0(x)φδ

i,αα0
◦ π−1

h (x)
−→
eh

δ , ∀x ∈ Tαα0 ,
� _ ]dm��

��� Jαα0 = 2mes(T−π
αα0

)/
√
gh

$
φ̃i,αα0

��"'&4.#6!&43b�*)eg�&42<&4,=�
φi,αα0

�0&-.'�R:?�1"#&4.��*"')+3-�#)+��,J�	&
φ̃i

��"#&-.#6!&43b�*)9g &bK
21&-,H�

φi

�h/
Tαα0
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� ��� � � � ! ( ( � � #���!
^\��� .#.'&42a��:?� M�&<�	&

A
� _ ] ^M_ ��N-�D�8,H�a� 343-N4:9N4"#N<67� "(:?�Y�\S�S �	, ,	)eg�&4� ��$�:?�z21Nb�*C	�d�	&<34� �	6	:+N-&1.'&4"#�

� 6	6!&4:+N-&R�\SAn �	,Y,	)9g &E� ��]G^��v�\S�S �	,Y,	)9g &E� �Y,	&c��� )9.*� ,=�h)9,H�#&4"�g�&4,�)+"5FH�	&R:+&4.53-�	��&-.0���Y,�)9g�&4� �z�7,�$
:?�a�	)9.#34"'N-�#)+.*���*)+� ,y�	&R:?�|.#6	C�;4"#&(�	,	)e�*Nc�	� ,	,	&v� ∀i, j ∈ {1, · · · , Ng}
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p ·r
f
jj0 .

u����	"534� :+3-�	:+&-"
Ãfar $7:i��� :+M ��"#)e�*C	2<&0.'�	)9g8� ,=�5&-.'�X���*)9:+)9.#Na�

� Etape 1 :
ZB� :934�	:���&4.5����,	3-�#)+��,�.h�	&R"*� �	)+�8�*)9��,�]

∀i ∈ {1, · · · , Ng}
$
m/T s

i

⋂
Cf

m 6= ∅
$ ∀p ∈ {1, · · · , Sf}

�

F f
im(ŝf
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n
mm′ )),

� ^ n�]di��

��

T Sin,n

mm′

�
	
TCos,n

mm′

����� 	 	���� � ��#
	���)��
� �
� 	 ��������#
��� �����"����� ��	�	���# ��� Al �
	 Kl � 	
��)��
� �"� 	1��� 
������ � �"	 � �
	������ �
�8� �"	 	%� � 	
� �

 
 � �
	��
��� �"	
	%� � ��� ��!"��� �"��	�� �"�:� ��	 �"� ��� �5	�� �
� �
� � � �
� � �"� 	 '-� ��� � #���� 	%����� ����� � � 	�	����
	������ �
� #������
�%���
	 �"� 	 
 ��� ����� #
	%�������

T n
mm

′

������� � ����� �"	�.�� �����&6�'
# �"	0� ��� � ������)"����� �
� � 
 �%$&� �
	 (

T Sin,n

mm′

�
	 (
TCos,n

mm′

� � ��#
	 �
� �
� 	 
 � � �
� � 	%	 �"� 	 �
� �
� 	 $&��� (
T n

mm′

�

Zk&-"'�*� )+,	.�� ���*&-�	"#.-$�,	� �*� 2<21&-,H���X� WdC�:+)+, �gckj � &b��ZkC	&-� � ^ a ^ � $ ��,=�\"'&421� "#FH�	NkFd��&h:+��"'.��	&B:+�O�	)+.'34"'NbK
�*)+.#�8�*)9��,v�	&

S2 �	&-.k�	)9"#&43b�*)9��,	.�6�� ��g8� )+&-,H��pb�*"#&X6	"')9gd)+:9N4M�)9N4&4.-]HZk&X34��,	.��D�8�m&4.��k�	� .#NX.#�	"m:i�q)+,=�*&-"#6	"'N-�*�8�*)9��,
6	C=x�.')+FH�	&T�	&4.0��6�N-"*�8�#)+��,�.X��&(�#"*� ,	.���&4"��P�G.#&-:+��,A�X� WdC�:+)+,z&b�cZkC	&b�R$ �	,�&(����,�3-�*)9��,Y�	&(�#"*� ,�.'��&4"��O"'&46	"'NbK
.#&4,=�#&X:���& � &b�\FH���q�	,	&X.#���	"'34&h�!��"#,�N4& $ &b_�6	"#)921N-&h&4,|�*&-"#2<&h�	&B����,	3b�*)9��,	.��	&h"#� �	)+�8�*)9��,�$8��.#�	"\�	,�&X"'N4M�)9��,
���	.#&-"'g8�8�#"#)+3-&v�	)+.��D� ,=�*&J��:i�q& ��&-�R���q�	,	&<�����+�*&

Cn
m′

.'�	"R�	,	&<�����+�*&
Cn

m

�`]IZk&-�#�#&v)+,=�*&-"#6	"'N-�D���*)+� , .'�	M�M�;-"#&
Fd� ��)9: ��� ���h6�"#)+,�34)+6	� :+&-21&-,H�k6	"#&-,	�	"'&(&-,J3-��2<6��*&c:9&4.k�#"*� ,	.���&4"��*.5& ��&43b�*�	N-.0&-,H�#"#&

Cn
m

&b�
Cn

m
′

.#�	)eg8� ,=�5:?�
�	)+"'&43-�#)+��,

rn
mm′

��3-��3DC	� 6	)9�#"#& j � fwj � �`]	^�&�,	��2P�	"#&���&�6�� )+,=�*.k/a34��,	.')+�	N-"#&-"B.#�	"
S2 6!&4���hp-�#"#&c"#N-�	�	)e�B&4,

.#&4��)+:+:+� ,=�h:+&-.B����,	3b�*)+� ,	.h�	&c�*"#� ,	.'��&-"'�
T n

mm′

��3b��3DC7�86	)9�#"#& a � ^e^ j � �c�

.#��)e�
ε > 0

&b�5.#��)e�
T n,max

mm′ = max
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10−4 &b�(:+&v"#N-.#)+��� �	�
M�"*� ��)+&4,=�k34��,�%'��M��	N�&`_��#&4"',	&

(GC2)
/

10−3 ]�^�&�,�)9g�&4� �f�7, $
nivf

$�&4.'�BN4M=� :�/
5
$�&-�k:+&0,	)9g &E� �yM�"'��.#.')+&-"4$
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Séries de MIE
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+ ,/.10 ^ n�]di � ~ 6	C�;4"#&8$
f = 1GHz

$
Zr = 1

$���SAn���"#��"#& n�$
Ng = 2420(λ/2.75)

&-�
Nf = 38720(λ/11)

]

nivg

$�&4.'�aN4M=� :m/
2
]r^��z�7M��	"'& ^ n�]diY2<��,=�*"'&fFH�	&1:+&4.T:+)9.#.*�8M�&4.(�	&yZkC�&-� &-�T�	& ~ xd:9g8� ,����	��,�,	&4,=�|�	&

����,�.X"'N4.'�	:9�*�8�*.-] �0,	&(:+N-M�;4"'&c�	N4M "*� �7���*)+� ,y�	&4.X"#N-.#�	:e�D�8�#.h&4.'�0���	.'&4"�g�N4&T�Eg�&-3T:9&c:+)+.'.*� M &c�	&(�X��WHC	:9)+,�]
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8 � � � � � �B�*�O
�"�"(! ��� �O��� � ��
0�!��
���
0�1�0� �d��!�
O� �D�����
VX���	.c6	"'��3-N4�	� ,	.(� �}.#&4��)+:+:+� M�&T�	&4.�����,�3-�*)9��,	.c�	&a�#"*� ,�.'��&4"��R:+)9.#.#N-&4.-]�u�����"(Nb�*�	��)+&4"O:i�q& �<3E� 3-)9�#N|�	&4.

�*"#� )+.I21Nb�*C	�d�	&4.I�	&m:+)+.'.*� M &m.'�	"r:+�0�\SJnP$
ε
6	"#&-,	�a:+&-.Ig8� :9&4�	"'.

10−3 $ 3·10−3 &-� 5·10−3 $821� )9.
ε
,	&k6	"'&4,	�

67� .��	&0g8� :9&4�	"�.#�	6!N4"')+&-�	"#&0/
5 · 10−3 $H34� "k3-&4:?�R&4,=�#"*���+,	&0��,	&O,	&b�#�#&O�	N-M�"*� �	�8�*)9��,1��&4.k"'N4.'�	:9�*�8�*.-]�^�&X3E� .

�*&4.��(���*)9:+)+.'NP3-��"#"'&4.#6!��,	� /y�	,	&v.#6�C	;4"'&<6	� "'��� )e�*&-21&-,H�c� �	.#� "#�7� ,=�#& $�N43-:?� )9"#N-&a67� "c�	,�&<� ,	�	&v)+,	3-)+�	&-,=�*&
�	&X��"'N4FH�	&-,	34&

3, 2GHz
]=^�&4.�2f� )9:+:+� M�&4.�M�"#� .#.#)9&4"�&-���7,1.#��,=��"#&-.#6!&43b�*)9g &42<&4,=�B3-��2<6���.'N4.��	&

Ng = 1280&-�
Nf = 327680

N4:9N42<&4,=�*.-$734&RFH�	)�34��"'"#&-.#6!��,	�J/v��&4.52f�8)+:+:+� M�&-.m�	&c�7,�&4.#.'&T"'&4.'6�&-3-�*)eg�&
1.6λ

&b�
λ/10

]
u����	"R3-&134� .(�#&4.��E$�,	���	.R���#)+:9)+.#� ,	.c�	&4.(N4:9N42<&4,=�*.c�7,�)+.R���q��"#�	"'& ^ ]�^I�y3-��,	.'�*� ,=�*&

c
)+,=�*&-"'g�&-,7� ,=�T�7� ,	.

:+&R3E� :934�	:���&
Ln

� ^ n�]dc��h&-.'�0N4M=�8:+&R/
3
]!u�����"X:9&R�	���	�	:9&RM�"*� ��)+&4,=�X34� ,�%'�	M��	N8$G,	���	.5��_���,	.X:+&R"#N-.#)9�	�J���

M�"*� ��)+&4,=�c3-��,�%'�	M �	Nv)+,=�*&-"#,	&v/
10−4 &b�R:+&a"'N4.')+�	�}�	� M�"*�8�	)+&-,H��34��,�%'��M��	N|&b_d�#&4"#,�&f/

10−3 ]�^�&|,	)9g &E� �
�7,

nivf

&4.'�XN-M=� :�/
7
]	^�&c,	)9g &E� �zM�"'��.#.')+&-"

nivg

g8� "')+&���&
3
/

4
]7^�&4.h"'N4.'�	:9�*�8�*.h�����*&4,H�	.5.'��,=�5"#&46!��"��*N4.

�7� ,	.5:+&-.B�D� ��:+&E�8��_ ^ n�]da�K ^ n�]di�]
n�� ,	.w3-&4.f�*� �	:9&E� ��_�$�6!���	"f:9&4.1.#&4��)+:+:+� M�&-.<��&}ZkC	&-� &b�w�	& ~ x�:eg8� ,	� � ��,	)9g &E� �

nivg

$m,�)9g�&4� � ���

SA�8�#"#)934&4.0Zk��.')+,H�	. SA���*"#)934&-. ~ )+,H�	.
ε � �

T g

mm′ 6= 0
�

N
g

S2

��6�.
(s) � �

T g

mm′ 6= 0
�

N
g

S2

�I6	.
(s)

��6�.X�#� �D� :
(s)

0 3402 15802 3402 15116 38946
100% 100% 100% 100% 100% 100% 100%

10−3 2099 7206 2156 7841 24147
61.7% 61.7% 45.6% 63.4% 63.4% 51.7% 62%

3 · 10−3 1556 6005 1645 5535 19629
45.7% 45.7% 38% 48.3% 48.3% 36.5% 50.4%

5 · 10−3 1337 4045 1439 4732 16491
39.3% 39.3% 25.6% 42.3% 42.3% 31.2% 46.1%

� � �*0 ^ n�]ba � ^�)+.'.*� M�&t��& ZkC	&b�R$ ~ 6	C	;-"#& $
f = 3.2GHz

$
Zr = 1

$5�\SAn ��"'�	"#& ^ $
Ng = 1280

$
Nf = 327680

$
nivf = 7

&b�
nivg = 3

]

:?�A3-��,	.#� 2121�8�*)9��,���&w�*&42<6	.a&-.'�v:+�A6	:+��.|)+2<6���"��D� ,=�#& $�,	���	.|����,	,	��,�.4$�&-,���� ,	3-�#)+��, ��&
ε
$�6!���	"a:9&4.

2f�8�#"#)934&4.h3-��.#)9,H�	.O&b�06!���	"X:+&-.52f�8�#"#)934&4.h.')+,H�	.-$�:9&c,	��2a�	"'&w��&4,J6�����"#34&-,=�D� M�&E�5��&(�#"*� ,	.���&4"��*.X& ��&43-�#�	N4.
�
#(Tmm′ 6= 0)
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ε
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cos(θ) = 0.5
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SA�8�#"#)934&4.0Zk��.')+,H�	. SA���*"#)934&-. ~ )+,H�	.
ε � �

T g

mm′ 6= 0
�

N
g

S2

��6�.
(s) � �

T g

mm′ 6= 0
�

N
g

S2

�I6	.
(s)

��6�.X�#� �D� :
(s)

0 1128 7790 1128 7099 21271
100% 100% 100% 100% 100% 100% 100%

10−3 799 5359 799 5523 17910
70.8% 70.8% 68.8% 70.8% 70.8% 77.8% 84.2%

3 · 10−3 558 4207 559 4160 16860
49.5% 49.5% 54% 49.6% 49.6% 58.6% 70.8%

5 · 10−3 490 3911 496 3827 16148
43.4% 43.4% 50.2% 44% 44% 53.9% 67.8%

� � �*0 ^ n�]dc � ^�)+.'.*� M�&t��& ZkC	&b�R$ ~ 6	C	;-"#& $
f = 3.2GHz

$
Zr = 1

$5�\SAn ��"'�	"#& ^ $
Ng = 1280

$
Nf = 327680

$
nivf = 7

&b�
nivg = 4

]

SA�8�#"#)934&4.0Zk��.')+,H�	. SA���*"#)934&-. ~ )+,H�	.
ε � �

T g

mm′ 6= 0
�

N
g

S2

��6�.
(s) � �

T g

mm′ 6= 0
�

N
g

S2

�I6	.
(s)

��6�.X�#� �D� :
(s)

0 6668 30988 6668 29641 77468
100% 100% 100% 100% 100% 100% 100%

10−3 6645 30368 6657 29345 75145
99.7% 99.7% 98% 99.8% 99.8% 99% 97%

3 · 10−3 6492 30244 6561 29296 74369
97.4% 97.4% 97.6% 98.4% 98.4% 98.5% 96%

5 · 10−3 6259 29098 6382 29078 73904
93.9% 93.9% 97.3% 95.7% 95.7% 98.1% 95.4%

� � �*0 ^ n�]gf � ^�)9.#.#� M�&z�	& ~ xd:9g8� ,	��$ ~ 6	C	;4"'& $
f = 3.2GHz

$
Zr = 1

$���SAn ��"'�	"#& ^ $
Ng = 1280

$
Nf = 327680

$
nivf = 7

&b�
nivg = 3
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nivg = 4
�
56, 6%

6�����"
:+&4.T2f���*"#)934&-.T&-, 34��.')+,H�	.a&b�

56%
6�� �	"P:9&4.P21�8�#"#)+3-&4.(&4, .')+,H�	.*�b$I34&43-)k2<&-�'�D� ,=�aFH�7�8.#)+2<&4,=�a/JN4M�� :+)e�*N
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nivg = 4
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nivg = 3
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SA�8�#"#)934&4.0Zk��.')+,H�	. SA���*"#)934&-. ~ )+,H�	.
ε � �

T g

mm′ 6= 0
�

N
g

S2

��6�.
(s) � �

T g

mm′ 6= 0
�

N
g

S2

�I6	.
(s)

��6�.X�#� �D� :
(s)

0 2211 15269 2211 13916 42312
100% 100% 100% 100% 100% 100% 100%

10−3 2206 15055 2206 13805 42058
99.8% 99.8% 98.6% 99.8% 99.8% 99.2% 99.4%

3 · 10−3 2160 14719 2160 13512 40196
97.7% 97.7% 96.4% 97.7% 97.7% 97.1% 95%

5 · 10−3 2088 14505 2088 13318 39054
94.4% 94.4% 95% 94.4% 94.4% 95.7% 92.3%

� � �*0 ^ n�]bi � ^�)9.#.#� M�&z�	& ~ xd:9g8� ,	��$ ~ 6	C	;4"'& $
f = 3.2GHz

$
Zr = 1

$���SAn ��"'�	"#& ^ $
Ng = 1280

$
Nf = 327680

$
nivf = 7

&b�
nivg = 4

]

nivg = 4
.#� ,H�T"#&-.#6!&43b�*)9g &42<&4,=�T�	&
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&-�(�	&
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]�^�&-.T3-�����*.R�	&-.P�8���*"'&4.RN-�*� 6�&-.T��&<:+�y"#N4.'��:+���*)+� ,

��N-�*� 6!&4.5�	)���N4"'&4,=�*&-.5�	&4.5N-�*� 6!&4.5�	&c�*"#� ,	.'��&-"'�D�k,	&cg �8"#)+&-,=�567� .5�Eg�&-3
ε
$7&b�5"#&-6	"#N-.#&4,=�#&4,=���	,�&(6	� "'�56	:9�	.

)+2<6���"��D� ,=�#&\�	�P�*&-216�.I�#� �D� :=6!���	"
ε = 5·10−3 FH�	&m6�� �	" ε = 0

$�34&-�'�*&m67� "'��N-�*� ,=�rFH�7�8.#)+2<&4,=�r)+�	&-,H�#)+FH�	&
6�����"

nicg = 3
&b�R6�� �	"

nivg = 4
]�>O��.#.#)��	)9&4,}6!���	"

nivg = 3
Fd��&<6!���	"

nivg = 4
$ �	,	&v"#N-�	�	3-�#)+��,

)+2<6���"��D� ,=�#&a�	� 34�����R��&4.R�*"*�8,	.'��&-"'�*.R& � &-3-�*��N4.T� � ,�)9g�&4� � M�"#��.'.#)9&4"4$ Fd��)\.#&<"#N46!&4"'34���#&4,=�T�	&v2f� ,�)+;4"'&
"#&421� "'Fd�	� �	:+&R.'�	"0:9&c�*&42<6	.5�*� �*� :��	&(3E� :934�	:�]G^�� "#.#FH�	&

ε = 5 · 10−3 $7:?�v"#N-�	�	3b�*)+� ,A�	�Y�*&42<6	.5�*� �*� :��	&
3E� :934�	:I&4.��c�	&

53.9%
6!���	"

nivg = 3
$�&b�c&4:9:+&(&4.��c�	&

32, 2%
6!���	"

nivg = 4
] �����*"'&a:?�<"#N4���	3-�#)+��,����

�*&42<6	.T�	&w3E�8:+34��:i$�:+&1.#&4��)+:+:+� M�&1�A�	��,�3w�	, � ���*"#&f& ��&-�|�!N4,	Nb�7FH�	& $r6	�	)+.'FH�	&w6!���	"P3-&w3E�8.a)+:m� .#.'���	6	:9)
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&-�m�	& ~ xd:9g8� ,	��]dVX���	.�34��,	.��D�8�#��,	.�FH��� �86	"#;-.k.#&-�	)+:9:?� M & $ :9&5:+)+.'.*� M &h�	&�ZkC�&-� &4.��k:9&521&-)+:+:9&4�	"r34��2<6	"#� 21)9.
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6���)9,=�*.h.#��"X:+�a.#6	C�;4"#&(�	,	)e�*N

S2 � 6	"#;-.0.'&4�	)9:+:+� M�&O����,	,	N-&T67�8"(� ^ n�] ^ fH�`]
~ ��)9�

Sn

:���&-,	.#&-2a�	:+&T�	&4.c6!��)9,H�#.��	&|FH�7� ��"*�8�#�	"#&a.'�	"
S2 � �t,	)eg�&E�8�

n
]�^�&-.c,	� �D���*)+� ,	.O.'�	)9g8� ,=�*&-.c.#��,=�

���*)9:+)+.'N4&-.��

� nivc1

3-��"#"'&4.'6���,��z� �f,	)eg�&4� �w34"')9�#)+FH�	& ^ $�)�]�&8]d� �w,	)eg�&E�8�w6�� �	"m:9&4FH�	&-:�:9&0,	� 2a�	"#&0�	&O�!���9�*&4.�2a�	:LK
�*)96���:+� )+"'&4.m&4.'�X�	&R:�����"'�	"#&c���J,	� 2a�	"#&c��&R�#"#)+� ,	M�:9&4.BM�"'��.#.')+&-"#.T�

Ng

�b$

� nivc2

3-��"#"'&4.'6���,��z� �f,	)eg�&4� �w34"')9�#)+FH�	&'a�$�)�]�&8]d� �w,	)eg�&E�8�w6�� �	"m:9&4FH�	&-:�:9&0,	� 2a�	"#&0�	&O�!���9�*&4.�2a�	:LK
�*)96���:+� )+"'&4.m&4.'�X�	&R:�����"'�	"#&c��&(:+�a"*� 3-)+,	&c34� "#"'N4&R�	�Y,	��2a��"#&R�	&c�*"')?� ,	M :+&4.m�7,	.T�

Nf

�`$

� Mc1

��"#&-.#6!&43b�*)9g &42<&4,=�
Mc2

�B34��"'"#&4.'6�� ,	�A�8�J,	� 2a�	"#&R�	&R�!���+�#&4.h2a��:9�*)96�� :?� )9"#&4.m� �Y,	)9g &E� �
nivc1��"'&4.#6!&43b�*)eg�&42<&4,=�

nivc2

�`$

� Sc1

��"'&4.#6!&43b�*)eg�&42<&4,=�
Sc2

�m3-��"#"'&4.'6���,��J�8�y,	��2a�	"'&��	&c6!��)+,=�#.k.#��"
S2 �8�y,	)9g &E� �

nivc1

��"#&4.'6�&-3bK
�*)eg�&42<&4,=�

nivc2

�b]
[\�*� ,=�X�	��,	,	NRFH�	&R:+&-.X� :+M�� "#)9�#C	2<&4.k��&(:+�|�\SAn 34:+� .#.')+FH�	&R&-�5�	&R:+�<��SAn � 6��*)921)9.#N4&O.#��,=�5����,	�7�821&-,�K
�D� :9&42<&4,=��)+�	&-,=�*)+FH�	&-.4$H)+:�g�)9&4,=�m&4,f"'&46	"'&4,7�8,H�m:+&B�*� �	:9&E� � _ ]gc(FH�	&X:?�c34� 216	:9&b_�)9�#Nh�	&5:?�R�\SAn ��6��#)+2<)+.#N-&
&4.'�X"'N4.#��21N-&T�7�8,	.5:+&��D�8�	:+&4� � ^ n�]gj�]
>O�	3-�	,	&�3-��,=�*"*�8)+,=�*&Y,��q)+,=�*&-"#�	)e�f�	&J3DC	��)9.#)+"

Mf

� ��.#.#)0M�"*�8,	� FH�	&�6!��.'.#)+��:+&
�
:i�qN-�*� 6!&

1.1
� )+,	.')0FH�	&

[��D� 6!& ZB� :+3-�	:+. SJN-21� )+"#&
1.1 NfSf MfSf

1.2

nivf−1∑

n=nivg

max(Mn, Ng)SnlnSn

nivf−1∑

n=nivg

max(Mn, Ng)Sn

2.1

nivc1∑

n=nivg+1

nbTra
N2

g

Mn
Sn +

nivf∑

n=nivc1+1

nbTraMnSn N2
g

2.2 max(M2
g , N

2
g )Sg N2

g

� � �*0 ^ n�]gj � Zk��2<6	:+&`_�)9�*NO�	&R:?�|�\SAn 2a�	:e�*)LK�,	)eg�&E�8��_�]
:+&f3-�����|��&4.|)+,=�#&4"*�83-�*)9��,	.T6	"#�d3DC	&4.P&4, O(N2

f /Mf)
x )+,	3-)9�D�8,H�T����"'�#&42<&4,=�E]rV0����.a��6��#��,	.a�	� ,	3w6!���	"

Mf ∼ Nf
]

[�,T.#&-�	)+:9:?� ,=��:9&4.�����,	3b�*)+� ,	.��	&��#"*� ,�.'��&4"��E$o,	� �	.r�Eg ��,	.4$8� �(:+)9&4�R�	&
Sn ∼

Nf

Mn

$���,	&m,�����g�&-:+:9&�&-.'�#)+21�8�*)9��,|�

S̃n ∼
Nf

M2
n

.
� ^ n�] ^k^ �

^ lej
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mm′

$!.#����.O:+&-FH�	&4:�:?�v�����9�*&
Cn

m′

&-.'��gd�	&T�	�t34&-,H�#"#&
Xn

m

�	&a:+�<�!���9�*&
Cn

m

&-.'�c����,	,	N
67� "c�

Ωn
mm′ ∼ π(dn)

2

4|rn
mm′ |2

.
� ^ n�] ^ a��

Zk&434)�&-,H�#"*���+,	&RFH�	&T:�� �8,	M�:+&c.'��:+)9�	&c2<��x &4,
Ωn .#���	.X:+&-FH�	&4:��	,	&(�!���+�#&c�	�J,�)9g�&4� �

n
&-.'�Xg���&T�	�Y34&-,=�*"#&

������,	&(� ���*"'&R�����9�*&c&-.'�5�*&-:�Fd��&<�

Ωn ∼ 1/Mn.
� ^ n�] ^ c=�

V0���	.X�Eg�� ,	.O�8:+��"'.��

S̃n ∼ ΩnSn ∼ Ωn Nf

Mn

∼ Nf

M2
n

.
� ^ n�] ^ fH�

nP� �86	"#;-.a34&b�#�*&f�	&4"',	)+;-"#&w"'&4:?���*)+� ,�$�)+:m� 6	67�8"*���9�PFH�	&
S̃n

�*&-,	� g�&-"#.InA:9��"#.'FH�	&f:9&f,	��2P�	"#&1�	&w,	)eg�&E�8��_
� �	M�2<&4,=�*&8]=Zk&-6�&-,	�7� ,=�E$=6��	)+.'Fd� ��)9:���� ����34��,	,	���+�#"#&B:9&4.�����,	3b�*)9��,	.r��&h"*� �	)+�8�*)9��,P��&h3DC7� FH�	&5M�"#� �	6�&k�7� ,	.
� � 2<��)9,	.c�	,	&<�	)+"'&43b�*)+� , 6!���	"R3DC7�8Fd��&w� ���#"#&vM�"'���	6!& $�:+&v,	� 2a�	"#&v�	&<�	)9"#&43b�*)9��,	.R&4.��P�	,�&<3-��,	.��D� ,=�*&
6�����"h:+&4.5M�"'���	6!&4.Bgd"*�8)+2<&4,=�56�&b�*)e�*.4]���:���� ���X� :9��"#.B�#����%'���	"'.hM=� "'�	&4"X/|:i�q&4.'6	"#)e�5Fd��&<�

S̃n ∼ max(1,
Nf

M2
n

),
� ^ n�] ^ i��

34&43-)7,��qN-�D�8,H��67�8.\)+,	.')+M�,	)e�G� ,=�\:9��"#.'Fd��&
Mn

�	&bg�)9&4,=��6	:+��.\M�"*� ,��<FH�	&
N

1/2
f

$ )i]q& ]�:9��"#.'Fd��&
n
&4.'��.'�	6�N-"#)9&4�	"

/
nivc2

] [\�*� ,=�R�	��,	,�NaFH�	&
Mg

.#&-"*�y3DC	��)9.#)r6	� "O"#� 6	6!��"'��/
Ng

��3b�mNb�D� 6!&4.
1.2

&-�
2.2

�`$�:���Nb�*�	��&a�	&|:?�
34��2<6	:+&`_�)9�*NO,	N43-&4.#.')9�#&T�	� ,	3R�	&R�	)+.��*)+,�M��	&4"h��&4��_Y34� .R�

Ng ≤ N
1/2
f

&b�
N

1/2
f ≤ Ng

]

� TOpq@�P =�?sT 
 � �<	��

���	������

Ln ∼
√
Nf

Mn
,

� ^ n�] ^ j=�
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	 �
� #���	 � ) ��
 �%����' � �
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 �
� �
� 	�' #������ ��
 � � ��� �&	�� ��� ������� 	 � ��� �"� ��#
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	%� � ��	������ �
��	�
��3� � � �
	�� ����� 	 � �
# � �"��!���'1� ��� � � � �")"�����5� 
 � �

Ln =
√
Sn

' � �"� � � ��� � �")"����� ( 
�� � 
���# �

Ln ∼
√
MnS̃n.
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Ng ≤ N

1/2

f

VX���	.|3-��,	.#)9�	N4"'��,	.|:9&f3E�8.|���
Ng ≤ N

1/2
f

]�nT� � 6�"#;4.|:���Nb�D� 6!&
2.2

$�)+:�,�� x ��67� .P)+,=�*N-"#p-�</J3DC	��)+.')+"
nivg > nivc2

$�3E� "R� � �	&-:?/w�	&v34&<.#&-�	)+:�$ :+�zM "*� ,	��&v�*� )+:9:+&(�	&
Mg

, ��&-.'�T6	:+�	.c3-��2<6�&-,	.#N-&167�8"
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�	N4.#�og8� ,=�*� M�&4�d_Y�	&R6	"#&-,	�	"#&

Mg < Ng

�
nivg < nivc1)

]GV0� �	.534��,	.')+�	N-"#��,�.X����,	3v�

Ng ∼ Mnivc1
≤Mg ≤Mnivc2

∼ N
1/2
f .

� ^ n�] ^ l=�
^I�|3-��216�:+&b_�)e�*N������*&4,H�	&(&4.��X"#&46!��"��*N4&R�7�8,	.0:9&O�D�8�	:+&4� � ^ n�]dm�]
^�&J6	"'�����	)9�

MnSn

�	N43-"#���9�f:9��"#.'Fd��&
n

34"'���+�4$�� :+��"'.vFd� � �Eg8� ,=�w��6��*)+2<)+.#�8�*)9��,�$I)+:hNb�D� )e�13-��,	.��D� ,=�E$��	&

[\�*� 6!& ZB�8:+34��:+. SYN42<��)+"'&
1.1 Nf Nf

1.2 (Nf +
Nf

Mg

)ln2Nf (Nf +
Nf

Mg

)lnNf

2.1 nbTra(Nf +
Nf

Mg

)lnNf N2
g

2.2 Nf N2
g

� � �*0 ^ n�]dm � Zk��2<6	:9&b_�)9�#N��	&R:?�v�\SAn 2a�	:e�*)LK�,	)eg�&E�8��_1�7� ,	.5:+&c34� .5���
Ng ≤ N

1/2
f

]

:i�q��"#�	"'&A�	&
Nf

]
Sn

�	N43-"#���9�w6	:9�	.1gd)e�*&�:9��"#.'Fd��&
n

34"'���+�4]mZk��,=�*"*�8)+"#&-21&-,=�z� ��34� .w.*�8,	.y.#&-�	)+:9:?� M�&8$�:?�
34��2<6	:+&`_�)9�*Nf�	)+2<)+,H�	&1Fd�	� ,	�

Mg
3-"#���9�|.#� �	.|:?��3-��,=�*"*�8)+,=�*&

Mnivc1
≤ Mg ≤ Mnivc2

]\n��8,	.|34&z3E�8.4$
:i�q��6��*)92a�	2 &4.��R�����#&4,H� 6!���	"

Mg = Mnivc2
∼ N

1/2
f

$�&b�R:?�f3-��2<6	:+&`_�)e�*Na&-.'�R�	� ,	,	N4&v�7�8,	.c:+&P�*� �	:9&E� �
^ n�]gl�]
^���"'.#FH�	&

Ng ≤ N
1/2
f

$	:?�v�\SAn ��6��#)+2<)+.'N4&�,	N-34&-.#.#)e�*&<�

O(max(nbTra, lnNf )Nf lnNf +NiterN
2
g )

� 6�N-"*�8�#)+��,	.h&b�5�	,	&(6	:?�834&c2<N42<��)+"'&O&4, O(Nf lnNf ).
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f

VX���	.534� ,	.#)9�	N4"'��,	.5:+&c34� .0���
Ng ≥ N

1/2
f

]	^�&-.h�*"#� )+.h6!��.#.')+�	)9:+)9�#N4.m.#�	)eg �8,H�#&4.X.#��,=�X&4,=gd)+.#� M�N-&4.(�

� Mg < N
1/2
f

$

� N
1/2
f ≤Mg ≤ Ng

$

� Ng < Mg

]

^ lel



[��D� 6!& ZB� :+3-�	:+. SYN42<��)+"'&
1.1 Nf Nf

1.2 Nf ln
2Nf Nf lnNf

2.1 nbTraNf lnNf N2
g

2.2 Nf N2
g

� � �*0 ^ n�]gl � Zk� 216	:9&b_�)9�#Ny�	&y:?�t��SAn 2P�	:9�#)eK�,�)9g�&4� ��_ �7� ,�.<:9&y3E� .|���
Ng ≤ N

1/2
f

6!���	"|:9&w3DC	��)L_
��6��*)92f�8:

Mg ∼ N
1/2
f

]

^I�|3-��216�:+&b_�)e�*N��	&R:+�<��SAn � 6��*)921)9.#N4&O&4.'�X"'&46!��"'�#N4&R�7� ,	.5:9&��D� �	:9&E� � ^ n�] _ ]
n�� ,	.m34&X�D� �	:9&E� � $=:?�R.#��2<21& j∑

n=i

&4.'�k,H�	:+:9&X:9��"#.'FH�	&
i
&4.��B.#��6�N-"#)+&-�	"m/

j
]H>O)+,�.#)i$=:9&0,���2a�	"'&0�	&5�*&-"#2<&4.

[��*� 6�& ZB� :934�	:9. SJN42<��)+"'&
1.1 Nf Nf

1.2

nivc2−1∑

n=nivg

Ng
Nf

M2
n

lnSn

nivc2−1∑

n=nivg

Ng
Nf

M2
n

+

nivc1−1∑

n=nivc2

Ng +

nivf−1∑

n=nivc1

Mn +

nivc1−1∑

n=nivc2

Ng +

nivf−1∑

n=nivc1

Mn

2.1

nivc2∑

n=nivg+1

nbTra
N2

g

Mn

Nf

M2
n

N2
g

nivc1∑

n=nivc2

nbTra
N2

g

Mn
+

nivf∑

n=nivc1+1

nbTraMn

2.2 N2
g

Nf

M2
g

.#)
Mg ≤ N

1/2
f ≤ Ng N2

g

N2
g

.#)
N

1/2
f ≤Mg ≤ Ng

M2
g

.')
N

1/2
f ≤ Ng ≤ Mg

� � �*0 ^ n�] _ � Zk��2<6	:9&b_�)9�#N��	&R:?�v�\SAn 2a�	:e�*)LK�,	)eg�&E�8��_1�7� ,	.5:+&c34� .5���
Ng ≥ N

1/2
f

]

& ��&43-�#)9��.0�	&4.�Nb�D� 6!&4.
1.2

&-�
2.1

�	N46!&4,��t�	&a:?�<6�� .#)9�#)+��,Y�	&
nivg

6	� "O"#� 6	6!��"'��/
nivc1

&b�c/
nivc2

]�Zk&
�D� �	:9&E� �z,	� �	.5)+,	.'6	)+"'&c:+&4.h"'&421� "#FH�	&-.5.#�	)eg �8,H�#&4.R�

� 6�� �	"B:+&O6	"#&-21)9&4"m�#&4"'21&���&4.5N-�*� 6�&-.
1.2

&-�
2.1

$�)+:!��� ���h3DC���)+.')+"
Mg

:+&�6�:+�	.BM "*� ,	�y6!��.'.#)+��:+&�.')�34&

^ l _



�	&4"',	)+&-"h&4.��O)9,���N4"')+&4��"h/
N

1/2
f

$

� 6�� �	"0:���Nb�D� 6!&
2.2

$�3DC���)+.')+"
Mg < N

1/2
f

�8)+,	.')�FH�	&
Ng < Mg

&-.'�0����"'�#&42<&4,=���	N-.*�Eg8� ,=�D� M &4��_�]�^�&
34�����5�	&T3-&-�'�*&RN-�*� 6�&R&-.'�X)+,	��N46!&4,	�7�8,H�X�	&

Mg

$	.-��)9:�&4.��O3DC���)+.')�&4,=�*"'&
N

1/2
f

&b�
Ng

]

� 6�� �	"m:9&0��&4��_�)+;-21&X�*&-"#2<&O�	&0:i�qN-�D�86�&
2.1

$d.#���	.m:?�(34��,	��)9�*)9��,
N

1/2
f < Mg < Ng

$d)9:7��� ���B6�"#&4,��	"#&
Mg

�8�	.#.')�M�"*� ,��JFH�	&R6!��.#.')+�	:9& $
^�&R3DC	� )e_z/v"#&b�*&-,	)+"h&-.'�X�	��,	3v�

Mg ∼ Ng.
� ^ n�] ^M_ �

^I�|3-��216�:+&b_�)e�*N��	&R:+�<��SAn � 6��*)921)9.#N4&O&4.'�0� :9��"#.h����,	,	N-&(�	� ,	.5:+&��*� �	:+&4� � ^ n�] ^ n�]
^���"'.#FH�	&

Ng ≥ N
1/2
f

$	:?�v�\SAn ��6��#)+2<)+.'N4&�,	N-34&-.#.#)e�*&<�

[��D� 6!& ZB� :+3-�	:+. SYN42<��)+"'&

1.1 Nf Nf

1.2 Nf ln
2Nf Nf lnNf

2.1 nbTraNf lnNf N2
g

2.2 N2
g N2

g

� � �*0 ^ n�] ^ n � Zk��2<6	:9&b_�)9�#N1�	&1:?�Y�\SAn 2P�	:9�#)eK�,�)9g�&4� ��_}�	� ,	.P:9&134� .P���
Ng ≥ N

1/2
f

6!���	"T:+&v3DC	��)L_
��6��*)92f�8:

Mg ∼ Ng

]

O(max(nbTra, lnNf )Nf lnNf + (Niter + 1)N2
g )

� 6�N-"*�8�#)+��,	.k&-�X�	,	&R6	:+� 34&R2<N42<��)+"'&O&4, O(Nf lnNf ).

� EGFAuwRJ?AHMCUEGF�HM?sPZueEGpq[ R4T��sC B`L�VAT~R4@ |�� X EQ[sBDCJpqCJH\L.T �
< F�H\T0PDL � L.PD@SFKB�@S? u �s@�[ CUBMP T�;Q;�� CJR @�[ [A@�PD@��UB~= ?AT FsEG? H�EQ}AB`TOFsEGF H�VATOHvPDL)H\? R B`@5BDHvF�?ApqL��
P�C4=�?sTOH [ PDLOuwC4H @��KTOu

Ng . N
1/2
f


 < F [AP @)BDCJ= ?AT�� R4@ ueEGpq[ RUT �*CUB`L~VAT RU@ |�� X EQ[sBDCJpqCJH\L.TYTOHxB
VAEGFAu�T)F O(Nf lnNf + NiterN

2
g )

 � T.B\B`T ueEKp [:RUT��sCUBML�TOHxB =�?s@SHMC�� RJC4FAL.@SCUPDT��>TwB0TOHxB ueTOR4R4T VA?

[ PDLOue@SR4uw? R ?sBDC4R4CJH\@�FKBIRU@ |���� 


^`_ n



��� � � � �$��� � ��������� �'( � � ( � ���*� � ��� �"! #��

8 � ��� � 8 �1�*���5� !�
0
U�)!���
���
 �O��� ��
h�=� ������� �O
U���!�	� ���
^�&-.X.�xd.'�*;-21&-.O�	&-.X[��Un .#&-"'g8� ,=�0/<"'N4.#� �	�	"#&R:9&4.5N4FH�7�8�#)+��,�.h�	&TSA��_d�k&-:+:�.4�qN43-"#)eg�&4,=�T�

� �7� ,	.5:9&c3E� .5���q�	,	&R34� ,	�	)9�#)+��,z�8�J�!��"#�z���q)+2<6!N4�7� ,�34&c�	&c��xd6�&T^�N4��,=�#��gd)e�*3DC �



(1+β)
2
Id+ 1

4k2 δ
∗
l δl kKl

−kK∗
l 2βk2Id+ δ∗l δl







xl

λl


 =




FEID
l + AR,lx

lc − iβkλl

iβkxl


 ,

� ^ n�]ba�n=�

���
l ∈ {1, 2} &-� lc ∈ {1, 2} \ {l} ]G^�&4.5�	&4�d_Y.'xd.'�#;42<&4.X.#��,=�X34����6	:+N-.X6	� "h:+&��#&4"#2<&

AR,lx
lc
]

� �7� ,	.5:9&c3E� .5���q�	,	&R34� ,	�	)9�#)+��,z�8�J�!��"#�
Zr = 1

�
R = 0

�O�



(1−β)
2
Id+ 1

4k2 δ
∗
l δl kKl − iβkId

−kK∗
l − iβkId 2βk2Id+ δ∗l δl







xl

λl


 =




FEID
l

0


 .

� ^ n�]ba ^ �

^�&-.v.'xd.'�#;42<&4.A� ^ n�]dakn=�(&-�J� ^ n�]ba ^ �T���#)+:+)9.#&-,H�a�	,	)+FH�	&-21&-,=�v:+&4.|� 6�N-"*�8�#&4�	"'.
Id

$
(δ∗1δ1)

$
(δ∗2δ2)

$
K1

&-�
K2

6!��.#.'N4�7�8,H�O�	)+"'&43b�*&42<&4,=�O���A)9,	�	)+"'&43b�*&42<&4,=�0FH�	&4:9Fd��&4.�6	"'��6	"')+N-�#N4.X"#&-2f� "'FH�7� �	:9&4.4]�^\��� 6�N-"*�8�#&4�	"
Id&4.'�TN-gd)9�	&42<21&-,=�RC	&4"'21)e�*)+&-,�$�� )9,	.#)rFd��&1:9&4.R��6!N4"*���*&4��"#.

(δ∗1δ1)
&-�

(δ∗2δ2)
]�^�&4.(��6!N4"#�8�*&-�	"#.

K1

&-�
K2,	&c.#��,=�h6	� .hC	&4"'21)e�*)9&4,	.-]�u�� "B34� ,H�#"#&8$	)+:9.k6!&4��g &4,=�Xp-�*"'&c�	N43-��2<6���.'N4.h3-��212<&O:+�P.#� 212<&O���q��6!N4"#�8�*&-�	"#.

C	&4"'21)e�*)+&-,	.
Tr

&b�
Kr

$�&b�c���q�	,}��6!N4"*���*&4��"�� ,=�*)LK�C	&-"#2<)9�#)+&4,
(n ∧ ·) ] [\,t& � &b�E$

K1
&-�
K2

.#��,=�R�	��,�,	N4.
67� "c�

K1 = −(Tr −Kr −
1

2
n ∧ ·) &b�

K2 = −(Tr +Kr +
1

2
n ∧ ·), � ^ n�]daea��

:+&4.h� 6�N-"*�8�#&4�	"'.
Tr

&-�
Kr

Nb�D� ,=�X:+&-.567� "'�#)+&-.h"#N4&-:+:9&4.h�	&-.X� 6�N-"*�8�#&4�	"'.
T

&-�
K

��N-�7,	)9.567� "c�

(TJ, J ′) = k

∫

Γ

∫

Γ

G(x, y)
(
J(y) · J ′(x)− 1

k2

�	)eg
ΓJ(y) · �	)9g ΓJ ′(x)

)
dγ(y) dγ(x),

� ^ n�]bakc��

(KM, J ′) =

∫

Γ

∫

Γ

(
∇xG(x, y) ∧M(y)) · J ′(x) dγ(y) dγ(x),

� ^ n�]ba�f=�

&-�X:i�q��6!N4"*���*&4��"
(n ∧ ·) N-�*� ,=�X�	N-�7,�)I6	� "c�

(
1

2
n ∧ J, J ′) =

∫

Γ

(
1

2
n(x) ∧ J(x)) · J ′(x) dγ(x).

� ^ n�]daei��

��:0&-.'�w��� 3-)+:9&Y��&Ag�N-"#)9�	&4"w:9&J34� "*� 3b�*;-"#&�C	&-"#2<)9�#)+&4, �	&-.w��6!N4"*���*&4��"#.
Tr

&b�
Kr

$m&b�y:+&Y3E�8"*� 3b�*;4"'&t� ,=�*)LK
C	&4"'21)e�*)+&-,y�	&R:i�q��6!N4"*���*&4��"

(n ∧ ·) ]

^`_5^



V0���	.(,	����.T)9,H�#N4"'&4.#.'��,	.P� ��_ .'xd.��*;42<&4.T�	)+.'34"'&-�*.P� .#.'��3-)+N-.P/ � ^ n�]bakn��c&b�T/ � ^ n�]ba ^ �b]�uI���	"f� ^ n�]bakn��b$�&4,
6���.#� ,=�

Y 1
h = (X1

h,Λ
1
h)
$
Y 2

h = (X2
h,Λ

2
h)
$
X l

h = (αl
1, · · · , αl

Ng
)t &b� Λl

h = (γl
1, · · · , γl

Ng
)t $7,����	.X�Eg���,	.

/v"'N4.'���	�	"'&T:9&c.'xd.'�#;42<&T�	)9.#3-"#&-�5.'�	)9g8� ,=�(�



M1

β 0

0 M2
β







Y 1
h

Y 2
h


 =



R1

β C1
R

C2
R R2

β







Y 1
h

Y 2
h


 +




S1

S2


 ,

� ^ n�]ba�j=�

���
Sl = (F l, 0)t $7&-�5:9&4.52f���*"#)934&-. Ml

β

$ Rl
β

&-� Cl
R

.'��,=�O����,	,	N-&4.X67� "c�

Ml
β =



Dβ + 1

4k2Al Kl

−Kl∗ 2kBβ +Al


 ,Rl

β =




0 −iBβ

iBβ 0


 &b� Cl

R =



N l

R 0

0 0


 .
� ^ n�]bakm��

^�&-.021�8�#"#)+3-&4. Bβ

$ Dβ

$ Al $Kl $ Kl∗ $ N l
R

�	&(�	)+2<&4,	.')+��,
Ng ×Ng

$7&b�O:9&Rg &43b�*&4��"
F l �	&(�	)+2<&4,	.')+��,

Ng.#��,=�X�	N-�	,	)+.567� "c�

(F l)i = < FEID
l , φi >Vh

,

(Bβ)ij = < βkφj, φi >Vh
,

(Dβ)ij = <
1 + β

2
φj, φi >Vh

,

(Al)ij = < δ∗l δlφj, φi >Vh
,

� ^ n�]ba�l=�
(Kl)ij = < kKlφj, φi >Vh

,

(Kl∗)ij = < kKlφj, φi >Vh
,

(N l
R)ij = < AR,lφj, φi >Vh

.

��� {φi}Ng

i=1

34��"'"#&-.#6!��,	� /w:i�q&4,	.'&42a��:+&P��&4.�����,	3b�*)9��,	.��	&|�	� .#&v� .'.#�d34)9N4&4.�/w:?�f�	)9.#3-"#N-�#)+.#�8�*)9��,�N4:9N42<&4,=�
�7,	)i]	^�&-.53E� :934�	:9.h�	&

(F l)i

&-�X�	&
(A1)ij

.'��,=�X&b_�6�� .#N4.0/v:?�a.#&-3-�#)+��,�l�]di�]

� TOpq@�P =�?sT 
0� � �
	��
	 �
� � �"� ��#
	��
	5� 	
��)��
� �"� 	 ��� .�� �������
6 � � ���
	 � ��� 	�	 �"� 	 � # �"	 � 
 ���
	�#���� ������� �����
�
� 	�� 	 ����� ��	�	���#
� �

 
 ���<.�� ����� � 6�	��
� #���� 	�	
� ��� �"� �
	��
	 �
� �<.�� ����� ��6�� � ��� #�' 	 ��� 	 # �3$&����� �
	 � �
	 � � 
 � ������	

 �;�
	 �
	��
� � �"� ��#
	��
	 ��������#
��� ( .�� ����� ��6�' � � �
� � 
 �%$&� �
	 � �"� �
	��
	��
� ���"� ��#
	��
	 ��������#
��� ( .�� �������
6��

^�&-.(� 6�N-"*�8�#&4�	"'.c�	)+.'34"#&b�*.c�	&J� ^ n�]dakj=�X� ,H�R:9&4.c2<p42<&4.�6�"#��6	"')+Nb�*N4.cFH�	&v:9&4.���6!N4"#�8�*&-�	"#.c��&A� ^ n�]da ^ �`]
Zk&4.56	"#� 6	"#)9N-�*N-.5.#��,=�X���*)9:+)9.#N4&-.B6!���	"h"#N-�	�	)9"#&c:+&c3-�����X�	&c:+�<��SAnP] ~ ��)9&4,=� N &b� I :+&-.h2f�8�#"#)934&4.k)+,=�*&-"�K
g�&4,	� ,=�O�7�8,	.5:+&4.hNbg8� :+�7���*)+� ,	.h�	& N 1

R

$ N 2
R

$ Bβ
&b� Dβ

�	� ,	,	N4&-.06	� "c�

Nij =< n ∧ φj, φi >Vh
,

� ^ n�]ba _ �
Iij =< φj, φi >Vh

.

^`_ a



u����	"5"'N4.#� �	�	"#&1� ^ n�]dakj=�B�Eg�&-3T:+�|�\SAnP$7:9&4.h�	) � N-"#&4,=�#&4.X&4,=�*)e�*N4.521�8�*"')+3-)+&4:9:+&-. A1 $ A2 $ K1 $ K2 $ N &-� I.#��,=�X3E� :934�	:9N4&-.X&b�5.'�#��3DW8N4&4.-]
nP� �86	"#;-.Y:9&4.w6�"#��6	"')+Nb�*N4.y��&t34&4.z21�8�*"')+3-&4.4$m:+&-.f�*&-216	.y��&t3E� :934�	:�&b�y:?� 6�:?� 3-&�21N-21� )+"#&J,	N43-&4.'.*� )9"#&4.
6�&-��g�&-,H�1p-�#"#&z"#N-�	�	)e�*.|67� "|��&4��_�6��	)+.'Fd� ��)9:B.#� �v�<�	&z3E�8:+34��:+&4"P&-�v�	&z.'�#��3DW8&4"v:?��6	� "'�#)+&w�*"')?� ,�M��	:?�8)+"#&
)+,���N-"#)+&-�	"#&<�����z.#�	6!N4"')+&-�	"#&E�5�	&R3DC7�8Fd��&T21�8�*"')+3-& ]	^��v6	:?�834&c2<N42<��)+"'&�6�&-���Xp-�#"#&R&4,	3-��"#&R"'N4�	�	)e�*&R&4,Y,	&
.'�*�d3DW�� ,=�B6	:9�	. N &b� I ]�Zk&-�#�#&��	&-"#,	)9;4"#&X"#N-�	�	3b�*)+� ,y�h%'�	.��*&0:+&X:+N4M &4"��	N4.#�og8� ,=�*� M�&O� � � 3-34"'���+�#"#&O:9&h�*&42<6	.
,	N43-&4.#.#� )+"'&|/w:i�q)+,=g &4"'�#)+��,J�	&y� ^ n�]dakj=�`]�Zk&-6�&-,	�7� ,=�E$ 34&P�#&42<6	.O&-.'�c,	N-M�:+)9M�&E�8�	:+&R67� "O"*� 6	6!��"���� �J�*&42<6	.
��� �8.#.#&-2a�	:+� M�&c�	&-.021�8�*"')+3-&4.h6	:9&4)+,�&4. Al &b� Kl ]

� TOpq@�P =�?sT 
 � �"��� 
 �3# ��� ��� ��� ��� � �
	 � �"	�� �"� 	 �
� �
� 	 � �
����	 � �"� 	
(Zr = 1

6�'�� ��� � �")"����� ( �"� � �����
� 	������
���
��� �
	%	 ��	 ��!"� ���5��� 	
����� 
 � 	%������' # �"	 
 ���1�
	 �
	��
� ��� .�� �������
60�
	 �"� 	 	 � 	 ��
 �
� �
� 	 ����#���� � 
 ����' � ��� � ������)"����� 7

�

����� 	 # ��
 #
��
 �
	��
��� �
� � 	 �
� ��� # � � $&� �1�
	��
	 �
� ��' �
	 ����)��
	
� �
	 
 � � 	 �
��� �
	 � ��� � 
 ��� ��#���� � �
	��
	 �
� ��'

�

����� 	 	
���������"	�� ��� � �"	
�
� �
� 	 # � � $&� � �
	��
	��
� � 7 
 �3� 	��
��� �
	8�
	��
	 �
� �����
	 ����� �
� � 
 � �
	�����)��
	
����'
� ��� �3# � � 	
��#�� ��� ���
	 	
�
� 	 �
	
� ������	 
 �0� ��#���� ���
	��
	 �
� � �

� ��� ��#���� ��� �
	%	 ��	 ��!"� � �"��)�� � � � �"	 ���
��� 
�� #������������ ��	%����� �
� �<�
�<����	 ��' � �"� � �"�"!"� �
� 	 � 
 � 	 �
� �������
# ��
 #
� 
 ' # �"	 # �
	
	 �"��� ��� �����
	 ��	%��������'1� � 	 �"��� �
� 	 
�� 
 ��#
	%��	������ 	 � � 
 � �"��� ��� !"	 �"� ����� 	 �"� 
 
 ����' ����� 	 ��
 ��	��
������#
	���� ���8���
��� ����� � � � ��	
�&$&� ��� ��� � #������
�%���
	
�����8# �
	 	 ���
	�	 ��	 ��!"� � �
	 
�� ��� 	%����� � ��	������ ����� # ��
 #
� 
 �8�����
� ��	�	���# ��� Al �
	 Kl ' � ��� � �")"�����5� �"	 	 �
� ����	
	 ( ��� � 	
����� 
 � 	%����� � ��	�� ��
 ������.�� �������
687

�

��� ��#������������ ��	%����� �
� �<�
�<����	����"��)�� ��� � � �"	����
��� '

�

��� 	 �
� ��������# ��
 #
��
 �%���
� 	��%$&� � �
� ��� �<�"��	
������$&� � 
���� 	��
��� �
	��3�
	�	 ��	 ��!"� �;� 	���)�� 
 ��!"� � 
 � 	 �
� �������<# ��
 #
� 
 '��
	 $&� � 
�� � ��#���� ��� �
	%	 ��	 ��!"� �
� 	
��)�� 
 ��!"� ��
��:#������������ ��	������ �
� �<�
�<����	�� �

8 � ��� � � ��� ->"�������
m�)!���
���
 
U
 � ���	� !���
�% �0���O� "(! � � ,
VX���	.�34��2<2<&4,=�*��,�.\&-�m��6��*)921)9.#��,�.�:i�q)+2<6	:+N-21&-,=�D�8�#)+��,T)+,�����"'2f���*)+FH�	&m�	&X:?�c�\SAnT]�^\�qN-�*� 6�&53-��,	34&-"�K

,	N4&B&-.'�r:i�qN-�D�86�&m���a.4�q& ��&43b�*�	&-,=��/O:?�h����)+.�:+&-.I�#"*� ,	.���&4"��*.�&-,H�#"#&B:9&4.������9�*&-.�2a��:9�*)96�� :?� )9"#&4. &-�\:�� � .'.#&-2a�	:?�8M�&
�	&4.521�8�*"')+34&-.(��Nb�D� 6!& a|���Y�*� �	:+&4� � _ ] fH�b$	34� "h34&b�#�#&TNb�D� 6!&R�	N-�#&4"#2<)+,�&c:?�a34� 216	:9&b_�)9�#N��	&R:?�v�\SJnP]
>0�7,���� �8:+:+N-M�&4"P,	� �*"'&J6�"#N4.'&4,=�D���*)+� ,�$�,	���	.|�*"#� )9�#��,	.O%'�	.��*&Y:+&y3E�8.1�	&-.121�8�#"#)+3-&4. A1 &-� A2 ]�^���"#.v�	&
:i��� .#.'&42a�	:+� M�&T�	&|34&-.(21�8�#"#)+3-&4.-$ :+&-.O�*"#� ,	.���&4"'�#.R2a�	:9�#)+6���:?�8)+"#&-.h.#��,=�R�	,�)+FH�	&42<&4,=�R& � &-3-�*��N4.T� �t,	)9g &E� �
M�"#��.'.#)9&4"

nivg

$8&b�\:+&-.r��6!N4"#�8�*&-�	"#.r� .#.'��3-)+N4.�/ A1 &-� A2 N-�*� ,=�\"#N-M��	:+)9&4"'.4$�)+:d,�� xa�O6	� .r:9)+&4�T�	&B�	) � N-"#&-,	34)9&4"
:+&4.h�!���9�*&4.Bg ��)+.')+,	&-.5�	&4.5�!���+�#&4.h,	��,zg�� )+.#)9,	&4.-]
[�,z�*&-,7� ,=�034��2<6��*&c��&T:+�a.#&43b�*)9��,J6�"#N43-N4�	&-,=�*& $�:i�q)+2<6	:+N-21&-,=�D�8�#)+��,<�	&(34&-�'�*&RN-�*� 6!&(.'&T��N4"#� �	:+&R34� 212<&
.#�	)e�R�

9 ��	�� ���
�

�

� ��� �
� �
� Cg

1

'
Cg

Mg

Xg
ib,jb = Xg

ibox −Xg
jbox

^`_ c



� ���
�

��' � � 
2���
� �
� �
� � �

�

��' � � 
2��� � �
� �
Maux = 0� �0�

�

��'
Sg

Maux = Maux + ωg
pF

g
iibox(ŝ
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��� 	 FgV_UWI ?BM UK]_IW?8QGc e c|I e cnEGIKy e EGI e Mdc.V_I c e IKIW?BUK]_V QGLNUWI��H?8V Γg

VaIKc e ? `bLgEJMBI V_M
λ/2.25

Vmc|?8MBV IKLNQJ?8cWEJLNM
cnU^�aI f UW]al_EJIKV{V_IKc~LNA@cnV_M}?BV e FNVal λ/2.5 r lay � E h ?8UWVZ3N3g7 XNv 7 � Lg?BUoCBV_I2yzUW] �}?BV_MBlaV_I f QJ?BI2]aQJVmFN]_VaI � l_VaIoCBV_?��V7�@V_` f QJVaI Q e EJIWIKV_Mdc O f V_M8IWV_U �H? S e FNVal QJV_I ]_QJ]a`bVaMdcnI �iM8EJI `pEJlaUWLNQGL@l e ?��PC S:LNUKCBUWVZ5 � ?BM ADLNM M8EGFNV e ? CBV
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λ/1.5 1166 0.3 2.5 · 10−1

λ/2.5 2628 0.6 2.2 · 10−3

λ/2.75 3853 0.8 1.7 · 10−3
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λ/1.5 25955 3.5 1.2 · 10−1

λ/2 42698 6.3 9.7 · 10−2

λ/2.25 66530 10.7 4.8 · 10−3

λ/2.5 99015 17.2 3.5 · 10−3
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λ/2.25 33849 21.7 4.8 · 10−3
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40%

Vac~?BM hde EGM>V_M f Q e l_V{`b]a`bLgEJUWV�CBV
70%

7

� e I �4V_` f I � ��� r Ia7 v � ]_`pLNEGUWV r � L}v Erra

��� 	 5 � Γg

V_M
λ/2.25 66530 10.7 4.8 · 10−3Vac~`p]_`pLNEJUKV f UKEGFHEJQG] h EG]_V

��� 	 5 � Γg

V_M
λ/2.25 33849 21.7 4.8 · 10−3VacocnVa` f I f UWEGFHEGQJ] h EJ]

���
	 3 � Γg

V_M
1.6λ 40784 3.2 4.1 · 10−3Vac~`p]_`pLNEJUKV f UKEGFHEJQG] h EG]_V

���
	 3 � Γg
V_M

1.6λ 21271 6.5 4.1 · 10−3VacocnVa` f I f UWEGFHEGQJ] h EJ]
����� 1 3N3N7\� ; � QJ]a`bVaMdcnI �iMBEGI `bEGl_UWLgQJLHl e ?��^C[S\LNUKCBUWVp5>Vac{C[S\LNUKCBUWVP3 � I f �(�aUWV � f = 3.2GHz � Zr = 1 �
nivg = 4

Vac
nivf = 7

7
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Séries de MIE
FMD 0, Ng=15680 (λ/2.25), Nf=250880 (λ/9)
FMD 1, Ng=1280 (1.6λ), Nf=327680 (λ/10)

, -0/21 3N3N7:tR;
� QG]_`pV_MdcnI �BMBEJI~`bEGl_UKLNQJLHl e ?��PC[S\LNUWCBUKVR5 Vmc C[S\LNUWC8UWV 3 � f = 3.2GHz � Zr = 1 � nivg = 4Vac
nivf = 7

7
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	 e MBIRQJVbl�� egf E cnUKV 365 � EJQ e ]acW] FH? �}?BV>QGV laL��8cRCBVaIZcnU e MBIKyzVaUKcWI � VaM fie UKcWEJla?BQJEGV_U{l_VaQJ?BE CB? MBEGFgV e ?
h UWLNIKIWEGV_U � UKV f UK]_IKV_Mdc e E c Q e ` e jKVa?BUWV fie U cnEGVpC8? cnVa` f I<?8cWEJQGEJIW] fie UYQ e ��� 	 7��|Vpl_L��@c e ]acW]bL f cnEJ`pEJIK]V_M UW]_C8?BEJI e MdcoQJV MBLN` ABUWV{CBV CBEGUWValacnEGLNMBI2CBV{CBEGIWlaUW]acWEJI e cnEGLNM>CBV{Q e I f �(�_UKV<?8MBEGcW] S2 q <oL�
 �BQJEGM>Vac �S�BV35
LNMdc l_LgMBIKc e cn] �}?BV CBV_I C8EJUWValacWEJLNMBI f LN?8F e EJVaMdc��acWUWV f UWE F@EGQJ] h EJ]aV_I~QJLNUKI�CBV Q e CBEJIKl_UW]mcnEGI e cWEJLNM^CBV

S2 f LN?BUQ e ��� � ?BM MBEGFgV e ? � VmcYMBLN?BI e FNLNM8I egf8f QJE��H?8]Rl_VacKcnVpEJCB]aV e ? l_LNMdcnV �HcnV C8VpQ e ��� 	 7 �4LN?BU{]_QGEJ`pEJMBVaUCBV_I~CBEJUKV_lmcnEJLgMBI2IW?BU
S2 � QJVaIoyzLgMBlacWEJLNMBI2C8VYcWU e MBI yzV_U c T n

mm′

IKLNMdc QGEJIWIK]_VaI f ?BEJIoIWVa?BEJQGQJ]aV_I � laVP�}?BExVaM}cWU e�� MBVQ S egfBfie UKEGcWEJLNM CB? fie U e ` �acnUKV ε l_LgUWUWVaI f LNMBC e M}c O Q e F e QGV_?BU�CBVZIWVa?BEJQGQ egh Vg7.] Q y e ?8c CB]acWV_UK`bEGMBV_U ?8MBV F e �QJV_?8U CBV
ε
L f cnEG` e QJV f VaUW`pVacWc e Mdc{C[S\]_QJEG`bEGMBV_U�QJV f QJ?BI h U e MBC MBLN` ABUWVRCBVZcWU e M8IKyzV_U cnI{I e MBI CB] h U e CBVaU{Q e

f UW]al_EJIKEJLNMpCB?bUW]_IK?BQGc e cs7 �~LN?BI e FNLNMBI.FH? ] hNe QJVa`bVaM}c.C e MBI QGV_I.l�� egf E cnUKV_I �YVmc 365D�}?[S\V_M c^�B]_LNUKEJV � Vac C e MBI?BMBV `pLNEGMBCBUWVo`pV_IK?BUWV~V_M f U e cWE��}?BV � Q e laLN` f QJV7�@E cn]oCBV Q eP� � 	 r M8LNM L f cnEJ`pEJIK]_V r ε = 0
v Lg? L f cWEJ`pEJIK]_Vr ε > 0

vKv C8] f V_MBC yzLNU cnVa`bVaM}c CB? l��8LNEK�bCB?bMBEGFgV e ? h UWLNIKIWEJVaU nivg

7 � e U laLNMBIW] �}?BV_Mdc � fBe U e QGQ��aQJV_`pV_Mdc.OYQ eI f ]_l_E �il e cnEJLgM C8V
ε � ?BMBV{]acW?BCBVYIW?BUoQJV l��8LNEK� CB?^M8EGFNV e ? h UWLNIKIWEGV_U2L f cWEJ` e Q F e �acWUWV{l_LgMBCB?BE cnVg7� LN?BU CBV_I yzUK]A�}?BVaMBl_VaI.C8V

3.2GHz
Vmc CBV

4.7GHz � M8LN?BI ]mF e QJ?BLNM8I V_MZyzLgMBlacWEJLNM<CBV Q S\LNUKCBUWV.CBV_I ]_QJ]a`bVaMdcnI
�iMBEJI `pEJlaUWLNQGL@l e ?�� l_LNMBIKEJCB]aUW]aI Q e laLN`ZABEGM e EGIWLNM (nivg, ε)

CBLgMBM e Mdc ?BMpcWV_` f I.CBVol e QGl_?BQi`pEJMBEG` e Q � e EJM8IWE�H? S:?BM8VYVaUWUKV_?BUoIW?8U2Q S e ` f QJEGcW?BCBV�CBV CBE�a ?BIKEJLNM r Erra

lmy r Q@7utNvWv FNLgEJIWEGMBV CBV{QTS:VaUWUWVa?BU2l_Lg`b`pEJIKV QJLgUWI^�}?BV
εV_IKc~M}?BQT7

��LN?BI laLNMBIWEGCB]_UKLNMBI.C[S e A LgUWCp?BMBV2yzUW] �H?8V_MBlaV CBV 3.2GHz
7 �4LN?BU Q eD��� 	 C[S\LNUWCBUKV~5YVmc Q eD��� 	 C[S:LgUWCBUKV

3 � QGV_I ` e EJQGQ egh VaI h UWLNIKIWEGV_UWI Γg

IWLNMdc{UKV_I f V_lmcnE FNV_`pV_MdcYV_M λ/2.25 r 3 �: N9g5 ]_QJ]a`bVaMdcnI v~Vac{V_M
1.6λ r 3 Xg9g5]_QJ]a`bVaMdcnI v � VacpQJVaIb` e EJQGQ egh V_I<�BM Γf

IWLgM}cbUWVaI f V_lmcnEGFgV_`pV_Mdc VaM
λ/9 r XN��5N9N9N5 ]_QG]_`pV_MdcnInv VmcpV_M

λ/10
r tdX�Q� N9N5 ]aQJ]_`pV_MdcWI vm7BwxVaIoUW]_IK?BQGc e cnI2laLNMBlaV_UWM e Mdc�laV l e I2IKLNMdc~UWV f LNU cn]_I2C e MBI2Q e � h ?BUWVR3g3N7  ZVmcoC e MBIoQGV_Ic e ABQGV e ?�� 3N3N7u�ZVacY3N3N7  87
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7 laVacKcnV{yzUW]A�}?BVaMBl_V � Q e F e QGV_?BUoL f cnEJ` e QGV CBV ε VaIKc 5 · 10−3 f LN?BUoQ e ���
	 C[S\LNUWC8UWV 3 r lay l�� egf EGcWUWV 365dv 7] Q egfBfie U e�� c e ?BIKIWE��}?BV � f LN?BU Q e ��� 	 C[S:LgUWCBUKV 5 � 5 · 10−3 V_IKcYQ e F e QJV_?8U L f cWEJ` e QJV<CBV ε 7 	 S egf U^�aI{QJVc e ABQGV e ? 3g3N7 � � ORQ S\LNUWCBUKV{5RVac~ORQ S\LNUWC8UWVR3 � QGV_I2`pV_EGQJQJVa?BUWI.cnVa` f IoCBV{l e QJla?BQ � e ?BIWIKE ABEJVaM f LN?8U ε = 0
�}?BV

f LN?8U ε = 5 · 10−3 � IKLNMdcRLNA8cWV_M}?BI��}? e MBC QGV MBE FNV e ? h UWLgIWIWEGV_U nivg

V_I cR] hde Q O �B7�� M LNABIKV_UKF e Mdc QGV_Ic e ABQGV e ?�� 3N3g7 �bVmcR3N3N7  � MBLN?BI UKV_` e U^�}?BLgMBI��}?BVRQJVaI cnVa` f I CBVZl e QJla?BQ F e UKEJV_Mdc�yzLNUKcWV_`pV_Mdc V_M yzLNM8lacnEGLNM
CBV

nivg

laLNMdcnU e EJUWVa`bVaMdc O
Erra

7B��Lg?BI f LN?8FgLNMBI~UWVa` e U��}?BV_U �}?BV � h U��gl_V<ORQ e `pLNMdcn]_VYV_M LNUKCBUWV{Vac e ?IWV_?8EJQJQ egh V � MBLN?8I e FgLNMBIoCBEGFHEGIW]{QJV cWV_` f I2CBV{l e QGl_?BQ fBe U2CBV_?�� IW?BUol_V{l e I r 33849s
�

16148s
vm7

nivg = 3 nivg = 4 nivg = 5
ε = 0

3 Xg9gtN5Nt tNtN9g�d� �d98369NX
��� 	 5

ε = 5 · 10−3 �N�g9gtN� 3s9WQNX@3 t� N58369
ε = 0

tN9g�g�W X@3 X�Q@3  g�d�N5N�
��� 	 3

ε = 5 · 10−3 35 g�N�83 3  83s�d9 �d�� NtN�
����� 143g3N7 �{; �4V_` f IoCBV{l e QGl_?BQ � I f �(�_UKV � f = 3.2GHz � Zr = 1

7

nivg = 3 nivg = 4 nivg = 5
ε = 0 4.8 · 10−3 4.8 · 10−3 4.8 · 10−3

��� 	 5
ε = 5 · 10−3 5.1 · 10−3 5.1 · 10−3 5.2 · 10−3

ε = 0 4.1 · 10−3 4.1 · 10−3 4.1 · 10−3

��� 	 3
ε = 5 · 10−3 4.2 · 10−3 4.2 · 10−3 4.3 · 10−3

����� 1x3N3N7  ;#� UWUKV_?BUoIK?BUoQ S e ` f QJEGcW?BCBV�CBV{CBE�a ?BIWEGLNM r Erra

v � I f �=�_UWV � f = 3.2GHz � Zr = 1
7

��LN?BI l_LNM8IWEJC8]_UWLgMBI O f UW]aIWV_Mdc ?BM8V yzUW] �}?BV_MBlaV CBV 4.7GHz
7 � LN?BU Q e ��� 	 C S:LNUKCBUWV|5�Vmc Q e ��� 	 C[S:LgUWCBUKV

3 � QGV_I ` e EJQGQ egh VaI h UWLNIKIWEGV_UWI Γg

IWLNMdc{UKV_I f V_lmcnE FNV_`pV_MdcYV_M λ/1.75 r Xg5g�d9g5 ]_QJ]a`bVaMdcnI v~Vac{V_M
1.6λ r Xg9N9g5]_QJ]a`bVaMdcnI v � Vac{QGV_I ` e EGQJQ e�h V_I2�iM Γf

IKLNMdc{UWVaI f V_lacWEGFgV_`pV_MdcYV_M λ/13 r 36t8365WQgXg5 ]_QG]_`pV_MdcnInv Vac VaM
λ/10

r QgtWQgXg9N5 ]aQJ]_`pV_MdcWI vm7BwxVaIoUW]_IK?BQGc e cnI2laLNMBlaV_UWM e Mdc�laV l e I2IKLNMdc~UWV f LNU cn]_I2C e MBI2Q e � h ?BUWVR3g3N7:�RVmcoC e MBIoQGV_Ic e ABQGV e ?�� 3N3N7 QZVacY3N3N7:987
7 l_VmcWcWV|yzUW] �H?8V_MBlaV � f LN?BU Q e � � 	 C[S\LNUWCBUKV25�Vmc Q e ��� 	 C[S\LNUKCBUWV�3 � Q e F e QGV_?BU L f cnEG` e QJV CBV ε M S:VaIKc f QG?BI
5 · 10−3 � ` e EGI 10−2 7 	 S egf U^�aI QJVoc e ABQJV e ? 3N3g7 Q � e ?BIWIKE ABEGV_M OYQ S\LNUWC8UWV�5<VacX�}?[S:O Q S\LNUWC8UWVY3 � QJV_I.cnVa` f I.CBVl e QGl_?BQiCB]al_UKL � IKIWV_Mdc.yzLNUKcWV_`pV_Mdc.V_M fie IWI e Mdc CBV ε = 0

O
ε = 5 ·10−3 � Vac.laLNMdcnEJM}?BVaMdc2O{CBEJ`pEJM}?BVaU QJLNUKI^�}?BV

ε = 10−2 � Q e f UK]_laEJIWEGLNM CBVaI UW]aIW?BQ c e cWI UWVaIKc e Mdc cnLN?@cnVayzLgEJI f UW]_IKV_U FN]_V r lay c e A8QJV e ? 3N3N7:9dvm7 w V_I `pV_EGQJQGV_?BUKI
cnV_` f I<CBV l e QJl_?8Q � �}?BV_QX�H?8V>IWLNE c Q e F e QJVa?BU C8V ε � IWLNMdcRLNA@cnV_M}?BI��}? e MBC QJVpMBEGFgV e ? h UWLNIKIWEJVaU nivg

VaIKc
] hde QxOR�B7B� M LNABIKV_UKF e Mdc~QJVaI2c e ABQGV e ?�� 3N3N7 QZVacY3N3N7:9 � MBLg?BIoUWV_` e U��H?8LNMBI � laLN`p`bV f UK]_la]_CBVa`b`pV_Mdc � �}?BVl_LNMdcnU e EJUKV_`pV_Mdc|O Erra � QGV_I cnV_` f I C8V l e QJl_?8QDF e UKEJV_Mdc.yzLNUKcWV_`pV_Mdc VaM yzLNMBlmcnEJLgM CBV

nivg

7=�~LN?BI f LN?8FgLNMBI
Xg5d�



UWV_` e U��H?8V_UI�}?BV � h U��gl_V OZQ e `pLNMdcn]aV V_M>LNUKCBUWV Vac e ? IWV_?8EJQJQ egh V � M8LN?BI e FNLNM8I CBEGFHEGIW] QGV�cnVa` f I CBV l e QJla?BQ
fie U 5.7

IW?BU~l_V{l e I_7
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Séries de MIE
FMD 0, ε=0.01, Ng=20480 (λ/1.75), Nf=1310720 (λ/13)
FMD 1, ε=0.01, Ng=2880 (1.6λ), Nf=737280 (λ/10)

, -0/21 3N3N7\� ;
� QG]_`pV_MdcnI �BMBEJI~`bEGl_UKLNQJLHl e ?��PC[S\LNUWCBUKVR5 Vmc C[S\LNUWC8UWV 3 � f = 4.7GHz � Zr = 1 � nivg = 4Vac
nivf = 8

7

nivg = 3 nivg = 4 nivg = 5
ε = 0

3 ��QH369NtNt X� Ntd�N�NX t835 Nt��d5
��� 	 5

ε = 5 · 10−3 ��� Qg5NXgt 3N36�gtNtN� 3 Q@36td�g�
ε = 10−2 � QNXg9gtg� 365@3 Qgtd� 3 ��Q@3 Q�t
ε = 0

X�QN�� WQgt 3g35 � dX@3 3 Qg�N���B3
��� 	 3

ε = 5 · 10−3 365N9g�N5g� �N9N�N9g� �g�d�� WQ
ε = 10−2 �Ntd�:Q�� �d�g983s� 9WQg�Nt83

����� 143g3N7 Q{; �4V_` f IoCBV{l e QGl_?BQ � I f �(�_UKV � f = 4.7GHz � Zr = 1
7

nivg = 3 nivg = 4 nivg = 5
ε = 0 2.8 · 10−2 2.8 · 10−2 2.8 · 10−2

��� 	 5
ε = 5 · 10−3 2.9 · 10−2 2.9 · 10−2 2.9 · 10−2

ε = 10−2 2.9 · 10−2 2.9 · 10−2 2.9 · 10−2

ε = 0 8.5 · 10−3 8.5 · 10−3 8.5 · 10−3

��� 	 3
ε = 5 · 10−3 8.6 · 10−3 8.6 · 10−3 8.6 · 10−3

ε = 10−2 8.6 · 10−3 8.6 · 10−3 8.7 · 10−3

����� 1x3N3N7:9 ;#� UWUKV_?BUoIK?BUoQ S e ` f QJEGcW?BCBV�CBV{CBE�a ?BIWEGLNM r Erra

v � I f �=�_UWV � f = 4.7GHz � Zr = 1
7
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3.2GHz

�~LN?BI l_LN` fie UKLNMBI.C e MBI.l_VmcWcnV fie U cnEJVoQGV_I.UW]_IK?BQGc e cnI LNA8cWV_M}?BI f LN?BU.?BMBV~yzUW] �H?8V_MBlaV CBV 3.2GHz e FNValQ e���� � Vac~Q e���� 	 QJLNUKI^�}?BV{CBV_I~]_QG]_`pV_MdcnI �BMBEJIo`pEJl_UKLNQJLHl e ?��bC[S:LgUWCBUKV<5RVmc�C S:LNUKCBUWV 3{IWLgM}c~?8cWEJQGEJIW]aI_7
��LN?BI�l_LNM@yzUWLNMdcnLgMBI�cWLN?8c�C[S e A LNUKC QGV_I UK]_IK?BQGc e cnI~LNA8cWV_M}?BI e FNValZQ e ��� 	 Vac Q e_� � � f LN?BU~?BMBV ` �_`pV�iMBV_IKIWV C8V ` e EJQGQ egh V�7,�~LN?BI laLNMBIKEJCB]aUWLNMBI f Lg?BU<Q e ���
	 C[S\LNUWCBUKV 5 ?BM ` e EJQGQ egh V h UWLgIWIWEGV_U<V_M λ/2.25
r Ng = 15680

v2Vac ?BM ` e EJQJQ egh V �iM VaM
λ/9 r Nf = 150880

v � Vmc f Lg?BU Q e#��� � C[S\LNUKCBUWV 5 Vmc C[S\LNUWC8UWV
3<?BM ` e EJQGQ egh V~V_M λ/2.25 (Nf = 15680)

7 7 ? UWV hNe UWC CBV{Q e � h ?8UWVp3N3N7u� � MBLN?8I�laLNMBIKc e cnLgMBI �}?BV � f LN?8U?BMBV{`_�a`bV �BMBV_IKIWVYCBV{` e EGQJQ egh V � QTS:VaUWUWVa?BUoV_I c�`pLNEGMBCBUWV e FgV_lYQ e����
	 �}?[S e FNV_l<Q e ��� � 7
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Séries de MIE
FMD 0, Ng=15680 (λ/2.25), Nf=250880 (λ/9)
FMM 0, Nf=15680 (λ/2.25)
FMM 1, Nf=15680 (λ/2.25)

, -0/21x3N3N7u�Y; � � 	 Vmc ��� � � f = 3.2GHz � Zr = 1
7

� LN?BU|Q e3� � � � M8LN?BI UKV f UKV_MBLNM8I2QJV_I UW]aIW?BQ c e cWI CBV Q e IWValacWEJLNM�Q@7:t87uX � Vac M8LN?BI ?8cWEJQGEJIWLgMBI UKV_I f ValacnE FNVa`bVaM}c
O{QTS:LgUWCBUKV�5 Vmc|O{Q S\LNUKCBUWV 3oCBVaI ` e EJQGQ egh V_I VaM λ/10 r Nf = 327680

v Vac.V_M
λ/6 r Nf = 128000

v 7 � Lg?BU Q e
��� 	 � MBLN?BI2laLNMBIWEGCB]_UKLNMBIoOZQTS:LNUKCBUWV 5Z?BM>` e EJQGQ egh V h UWLNIKIWEJVaU V_M λ/2.25 r Ng = 15680

v Vac2?8M>` e EGQJQ egh V�iM V_M
λ/9 r Nf = 250880

v � Vac.O QTS:LNUKCBUWV 32?BM ` e EGQJQ egh V h UWLgIWIWEGV_U VaM 1.6λ r Ng = 1280
v4Vmc ?BM ` e EGQJQ egh V�iMPV_M

λ/10 r Nf = 327680
vm7���LN?BI2C8LNMBMBLNM8I f LN?8U Q e � � 	 ?BMBE��}?BVa`bVaMdcoQJV_I|UW]_IK?BQGc e cnI2LgA8cnVaMH?8I e FgV_lL f cnEG`bEGI e cWEJLNM VaM l��BLgEJIWEGIWI e MdcZQJVpMBE FNV e ? h UKLNIWIKEJV_U nivg

yzLg?BUWMBEGIWI e Mdc QGV_IY`bVaEJQJQGV_?BUKI cnVa` f I<CBV l e QJla?BQ q
nivg = 4

7 � e U Q e IK?BEGcWV � QJLgUWI^�}?BVoMBLg?BI ]mFNL��}?BV_UKLNMBI|Q eP� � 	 C e MBI l_VacKcnV�IWV_lmcnEGLNM � MBLN?8I fie UWQJVaUWLNM8I � I e ?8y`bVaM}cWEJLNM laLNMdcnU e EJUWV � CBVpQ e ��� 	 L f cnEG`bEGIW]aVg7 w V_IYUW]aIW?BQ c e cWI<IKLNMdc UKV f LNUKcW]_IYC e MBIYQ e � h ?BUWV 3N3N7  VmcYQJV
c e ABQGV e ? 3N3g7u�87
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	 S egf U^�_I~QJV c e ABQGV e ? 3N3N7:� � Q e���� 	 e ?BIWIKE ABEJVaM O Q S\LNUWC8UWV{5��}?[SuOpQ S\LNUWC8UWVR3{V_I c ?BM f V_? `bLNEGMBI f UK]7�l_EJIKVD�H?8V<Q e���� � r QJVaIoIWLNQG?8cnEGLNMBI2CBLNM8MB]_VaI fie U~Q e���� 	 UWV_I c e MdcocnLg?8cnVmyzLNEJI e IKIWV�� f UK]_laEJIWVaI v � ` e EGI2V_QJQGV
f VaUW`pVac fie U2U egfBf LNUKc~O Q e�� � � C S:EG` f LNUKc e MdcnI hNe EJMBI2VaM cWV_` f IoCBV{l e QGl_?BQT7� Mpl_V �}?BE l_LNM8l_V_UKMBV~Q e `b]a`bLgEJUWV � EGQiV_IKc O{MBLgcWV_U �}?BV�Q eD��� 	 VaMblaLNMBIKLN`b`pVoA V e ?BlaLN? f f QJ?BI.O Q S\LNUWC8UWV5D�}?[S:O Q S\LNUWC8UWV 3 � `_�a`bV IKEBQJVaI cnVa` f I C8V2l e QGl_?BQBVmc QJVaI V_UWUKV_?BUKI l_LN`p`bEGIWVaI IW?BU QTS e ` f QGEGcW?BCBV.CBVoCBE�a ?BIWEGLNMIWLNMdc f UWLHl��BV_Ia7Bw e ��� 	 C[S\LNUKCBUWV�5<laLNMBIWLg`b`pVo] hde QGV_`pV_Mdc A V e ?Bl_Lg? f f QG?BI.CBV�`p]_`pLNEGUWV��}?BV Q eP� � � 7
��LN?BI.FNL �NLgMBI ABEGV_M e FgV_l laV l e IS�}?BV�Q e `b]a`bLNEGUWV2laLNMBIKcWEGcW?BV ?BM8V QJEG`bE c e cWEJLNM<CBV Q eP� � 	 C[S\LNUKCBUWV 587�� M
V a Vac � IWE M8LN?BI2l_LgM}cWEJM}?BLNM8I2CBV `bLgM}cWV_U VaM yzUW] �H?8V_MBlaV � e QJLgUWI|Q e ��� 	 C S:LNUKCBUWV{5ZM8V IWV_U eZf QJ?8I l_LN` f ]acnE �cnEGFgV fie U2U e�fBf LgUKc~ORQ e���� � l e U q; V_M f UWE FHEJQJ] h E e M}c QJV cWV_` f I CBVPl e QGl_?BQ � Q e`���
	 C[S\LNUKCBUWV 5 IWV_U e f V_? f UK]_l_EGIWV f ?BEGI^�}?[S\EJQ y e ?8CBU e?8cnEGQJEGIWV_UY?BM ` e EJQGQ egh V h UKLNIWIKEJVaU Γg

VaM
λ/a e FNV_l a < 2 e �iM CBV>M8V fie IRCB] fie IWIKV_U Q e l egfie laEGcW]`b]a`bLgEJUWV�CB? l e QGl_?BQ e cnVa?BU_7; V_M f UWE F@EGQJ] h E e Mdc2Q e `p]_`pLNEGUWV � QJV cnVa` f I~CBVYl e QGl_?BQxIKV_U e `Z?BQ cnE f QJEJ] fie U~CBV_?�� Vmc e FgLNEJIKEJMBVaU epe EJMBIKEQJVRcnVa` f I CBVpl e QGl_?BQ CBVbQ e���� � 7 	 V f QJ?8I � Q e `b]a`bLgEJUWVRlaLNMBIKLN`b`p]_V fie UYQ e���� 	 C[S\LNUWCBUKV 5

UWVaIKcnVaU e f UWLgA e ABQGV_`pV_MdcoV_MBlaLNUWV{IK? f ]aUWEGV_?BUKV ORl_VaQJQGV CBV_` e MBCB]aV fie U2Q e�� � � 7
� LN?BU~l_VmcWcWVYyzUK]A�}?BV_M8l_V Vmc f LN?BUoCBVaI~yzUK]A�}?BVaMBl_VaI f QJ?8I~]aQJVmFN]_VaI � MBLN?BIoFNL �gLNMBI QGV_I e F e M}c egh VaI �}?[S\L:a UWVYQ e
��� 	 C[S\LNUKCBUWV^3 fie UYU e�fBf LgUKc O^Q e���� 	 C[S:LgUWCBUKV 5 q Q e l_LgMBIWLN`p` e cnEGLNM V_M `p]_`pLNEJUKV V_IKc l_LNM8IWEJC8]7�
U e ABQGV_`pV_Mdc{UW]aCB?BE cnV � QJV_I cWV_` f I{CBV l e QGl_?BQ UWV_I cnVaM}c f QG?BI e cWcWU e lmcnE yzI��}?BVblaV_?�� CBV Q e ��� � VacYQTS:VaUWUWVa?BU
l_LN`p`bEGIWV<IW?BU QTS e ` f QGEGcn?8CBV<C8VRCBE�a ?BIWEGLNM CBEG`bEGMH?8Vg7 w e � � 	 L f cnEG`bEGIW]aV C[S\LNUWC8UWV>3 f VaUW`pVac C S:LNA@cnV_M8EJU?BM y e lmcnV_?8URX VaM cnVa` f I CBVbl e QGl_?BQ fie UYU egf8f LNU cZO^Q e���� � C[S\LNUKCBUWV 5 r `pLNEJM8IYlaL��8cWV_?BIKV EJlaE?�}?BV Q e
��� � C[S:LgUWCBUKVp36v � f LN?BU2?BM8VYlaLNMBIKLN`b` e cWEJLNM>`p]_`pLNEJUKV Vmc�?8M^MBE FNV e ?^C S:VaUWUWVa?BUol_LN` fie U e ABQGV_I_7

� ]ac^�BLHCBV 	 V h UK]_I~CBV �4V_` f I � ��� r I_7uv � ]a`bLNEGUWV r �{Ldv ErraQJEGA VaUKcW]
��� � 5 �d�836�NXg5 tNt836Xg5

6.3 2.7 · 10−3

��� � 3  g�d5g5N5N5 tN9� g9N9
7 2.2 · 10−3

��� 	 5 � ε = 5 · 10−3 XgtN�NXg5 369WQgX@3 X@3N7 Q
5.1 · 10−3

��� 	 3 � ε = 5 · 10−3  g�N5N5 35 83_�d9  87u�
4.3 · 10−3

����� 1 3N3N7:� ;P= f �=�_UWV � f = 3.2GHz � Zr = 1
7
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4.7GHz

�~LN?BI l_LN` fie UKLNMBI.C e MBI.l_VmcWcnV fie U cnEJVoQGV_I.UW]_IK?BQGc e cnI LNA8cWV_M}?BI f LN?BU.?BMBV~yzUW] �H?8V_MBlaV CBV 4.7GHz e FNValQ e���� � Vac~Q e���� 	 QJLNUKI^�}?BV{CBV_I~]_QG]_`pV_MdcnI �BMBEJIoC[S\LNUWC8UWVY5RVac~C[S\LNUWCBUKV 3YIKLNMdc~?8cnEGQJEJIK]_Ia7
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FMD 1, ε=0.005, Ng=1280 (1.6λ), Nf=327680 (λ/10)

, -0/21 3N3N7 QY;�� L@LN` � = f �(�_UKV � f = 3.2GHz � Zr = 1
7

��LN?BI�l_LNM@yzUWLNMdcnLgMBI�cWLN?8c�C[S e A LNUKC QGV_I UK]_IK?BQGc e cnI~LNA8cWV_M}?BI e FNValZQ e ��� 	 Vac Q e_� � � f LN?BU~?BMBV ` �_`pV�iMBV_IKIWV C8V ` e EJQGQ egh V�7,�~LN?BI laLNMBIKEJCB]aUWLNMBI f Lg?BU<Q e ���
	 C[S\LNUWCBUKV 5 ?BM ` e EJQGQ egh V h UWLgIWIWEGV_U<V_M λ/1.75
r Ng = 20480

v.Vmc2?BM>` e EJQGQ egh V �BM>V_M
λ/13 r Nf = 1310720

v � Vmc f Lg?BU|Q e ��� � C[S\LNUKCBUWV{5 Vmc2C[S\LNUWC8UWV
3<?BM ` e EJQGQ egh V~V_M λ/1.75 (Nf = 20480)

7 7 ? UWV hNe UWC CBV{Q e � h ?8UWVp3N3N7:9 � MBLN?8I�laLNMBIKc e cnLgMBI �}?BV � f LN?8U?BMBV{`_�a`bV �BMBV_IKIWVYCBV{` e EGQJQ egh V � QTS:VaUWUWVa?BUoV_I c�`pLNEGMBCBUWV e FgV_lYQ e����
	 �}?[S e FNV_l<Q e ��� � 7
� LN?BU|Q e3� � � � M8LN?BI UKV f UKV_MBLNM8I2QJV_I UW]aIW?BQ c e cWI CBV Q e IWValacWEJLNM�Q@7:t87uX � Vac M8LN?BI ?8cWEJQGEJIWLgMBI UKV_I f ValacnE FNVa`bVaM}c
O^Q S\LNUKCBUWVp5^VmcZOPQ S\LNUKCBUWV 3bC8V_I ` e EGQJQ e�h V_I VaM λ/11.5 r Nf = 1003520

v Vac V_M
λ/6 r Nf = 250880
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, -0/21x3N3N7:9<; � � 	 Vmc ��� � � f = 4.7GHz � Zr = 1
7

� LN?BU~Q e ���
	 � MBLN?BI~l_LNM8IWEJC8]_UWLgMBI O Q S\LNUWC8UWVY5p?8M ` e EJQGQ egh V h UWLgIWIWEGV_UoV_M λ/1.75 r Ng = 20480
v Vac~?BM

` e EGQJQ egh V �BM V_M
λ/13 r Nf = 1310720

v � Vmc2O<QTS:LgUWCBUKVY3�?BM ` e EJQGQ egh V h UKLNIWIKEJV_U.V_M 1.6λ r Ng = 2880
v Vmc

?BM ` e EJQGQ egh V��iM VaM
λ/10 r Nf = 737280

v 7B��LN?BI�CBLNMBM8LNMBI f LN?BU�Q e ��� 	 ?8MBE��}?BVa`bVaM}c QJVaI UW]aIW?BQ c e cWILNA8cnVaM}?BI e FNV_l L f cnEG`bEGI e cWEJLNM V_MPl��BLgEJIWEGIWI e Mdc2QJV�MBEGFgV e ? h UKLNIWIKEJVaU nivg

yzLN?BUKMBEJIKI e Mdc|QJV_I|`bVaEJQJQGV_?BUKI cnV_` f ICBV{l e QGl_?BQ q nivg = 4
7iw V_IoUW]aIW?BQ c e cWIoIWLNMdc~UWV f LNU cn]aI~C e MBIoQ e � h ?8UWV 3N3N7:�RVacoQJV c e ABQGV e ? 3N3N7 36587

��LN?BI `pLNMdcnLNM8I.VaMpyzUK]A�}?BVaMBl_V � laV �}?BEiMBLg?BI LgABQJE h V � f LN?8U.Q eY��� 	 C[S:LgUWCBUKV�5 � O f UWEGFHEGQJ] h EJV_U Q e l_LgMBIWLN`��` e cWEJLNMpV_M `b]a`bLNEGUWV�7 	 S e�f U^�aI QJV~c e ABQGV e ?^3N3N7 365 � Q e l_LNM8IWLN`p` e cnEJLgMpVaM>`b]a`bLgEJUWVoCBV�Q eP��� 	 C[S\LNUKCBUWV
5pCBVa`bVa?BUWVYV_M8l_LNUKV EJ` f LNUKc e MdcnV � Vac�l_LN`p`bV{EGQ[M[S\V_IKc fie I f LgIWIWEGABQJV{CBVYl_LgMBIWEGCB]_UKV_U~CBV_I�` e EGQJQ egh V_I h UWLgI �IWEJVaUWI VaM

λ/a e FNVal a ≥ 2 � EJQ�� e C8] h U e C e cWEJLNM C8V Q e f UW]_laEJIKEJLNM C8? UK]_IK?BQGc e cs7 	 V f QG?BI � `_�a`bV IKE CBV cWV_QGI
` e EGQJQ egh V_I h UWLNIKIWEGV_UWI f LN?@F e EJV_Mdc �acWUWV laLNMBIKEJCB]aUW]_I � laVZMBV IKV_U e EGc fie I EGMdcn]_UKV_IKI e Mdc � l e U�Q e_��� 	 C[S\LNUKCBUWV
5 laLNMBIKLN`b`pV CB] jWO f QG?BI2CBV cnVa` f I �}?BV{QGV_I e ?8cWUWV_Io`p]ac^�BL@C8V_I_7��LN?BI4l_Lg` fie UWLNMBIxCBLgMBl QGV_I4UW]aIW?BQ c e cWI LNA@cnV_M}?BI e FNV_l Q e ��� � C[S\LNUWCBUKV�3 Vac Q e ��� 	 C[S\LNUWCBUKV�3 � f ?BEJI��H?8V �C[S e�f U^�aI|QJVoc e ABQJV e ? 3N3g7G365 � QJV_I `b]mc �BLHCBVaI C[S\LNUKCBUWV<3 IWLgM}c e ? MBE FNV e ? CB?bcnV_` f I CBV l e QJla?BQ Vac CBV Q e<f UK]7�l_EJIKEJLNM CBV_I UW]_IK?BQGc e cnI f QJ?BI f VaUKyzLNUK` e M}cWV_IP�H?8V l_VaQJQJVaI C[S\LNUKCBUWV>5@7 w e ���
	 C[S\LNUWCBUKV 3 MB]al_VaIWIWE cnV f QG?BICBV<`p]_`pLNEGUWV Vmc�yzLN?8UWMBE co?BM UK]_IW?8QGc e c�`pLNEGMBI f UW]al_EJI r ` e EGI��}?BE C8V_`pV_?BUKV<IK? ?pI e `p`bVaMdc f UK]_laEJI vI�}?BV<Q e
��� � C[S\LNUWC8UWV 3N7V�|V f V_M8C e Mdc � VaQJQGV V_I c ADV e ?BlaLN? f `pLNEJM8I�laL��8cnVa?BIWVRVaM cnVa` f I �H?8VRQ eU� � � � QGV hde EJM]ac e M}c~CBV{QTS:LNUKCBUWV C8V 1.5

7

���������<�  "!�#%$'&)(+*-,.#0/21+3546,./2!74689!�:<;=,?>@,�*A;��LD�*-$+(��J;E4 :���, F
Zr = 0 H

� EJILK " 'NMB" I�O " " I $ % CQPRP % MB"�S E + ' T�"EU EJI T�"EU CQI�OwC T " ILW "EU T " Y 'N[�),+�" IVO "
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" W
4.7GHz

�~LN?BI ]acW?BCBEGLNMBI Q e laLNMdFNVaU h VaMBl_V�V_Mp` e EGQJQ egh V CBV_I.]_QG]_`pV_MdcnI �BMBEJI `pEJlaUWLNQGL@l e ?��<C[S\LNUWCBUKV~587 � Lg?BU CBV_IyzUW]A�}?BVaMBl_V C8V
3.2GHz

Vmc CBV
4.7GHz � QJVaI UK]_IW?8QGc e cnI|LgA8cnVaMH?8I IWLNMdc2UKV f LNUKcW]_I C e MBI QJV_I.c e A8QJV e ?�� 3N3N7 3N3

VacY3N3N7 3 X � Vmc~C e MBIoQJVaI � h ?BUKV_IY3N3N7 3N3{VacY3N3N7 3 X3�}?BExCB]al_UWE FNVaM}c�Q S\]aFgLNQJ?@cnEJLgM>CBV{Q e���� 	 � M8Lgc e `p`pV_Mdc2CBV
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, -0/21x3N3N7 365Y; � L@LN` � = f �(�aUWV � f = 4.7GHz � Zr = 1
7

� ]ac^�BLHCBV 	 V h UK]_I~CBV �4V_` f I � ��� r I_7uv � ]a`bLgEJUWV r �{Ldv ErraQGEJADV_UKcW]
��� � 5 3 �g5N�NXg9N5 �N5g�N�g� 3 X@7uX

3.8 · 10−3

��� � 3 3 XN�k�N�d5N5 Qg5WQgX: 3N3N7:9
2.9 · 10−3

��� 	 5 � ε = 10−2 tN5�QNXg5 365835Qgtd� X�5
3.9 · 10−2

��� 	 3 � ε = 10−2 3s�g�d5N5 �}�g9@3s� X@3N7  
8.6 · 10−3

��� � 1x3g3N7G3s5 ;>= f �(�_UKV � f = 4.7GHz � Zr = 1
7
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I e f UK]_laEJIWEGLNM � V_M^yzLNMBlacWEJLNM CBV<Q e �iMBV_IKIWVRCB? ` e EGQJQ egh V h UWLNIKIWEJVaU Γg

7Dw S:VaUWUWVa?BU C8V Q e_��� � M S:EGM��i?BVaMBl_V
fie I QJVaI l e QGl_?BQGI � l e U Q e laLNMBIKc e MdcnVo`Z?BQ cnE f LNQ e EJUKV c EJMdcnVaUKFgV_M e Mdc C e MBI QGV l e QGl_?BQ r 3N3N7 3 v CB? fie U e ` �acWUWV2CBVcnUWLgMBl e cW?BUWV Ln

VaIKc ] hde QGVYO t87 7��BM CBVY`bEGMBEJ`pEJIKV_U QTS:VaUWUWVa?BU~CB?BVZOpQ S egfBf UKL �8EG` e cnEJLgM>CBV Q eph ]aLN`p]acnUKEJV �Q e �iMBVaIWIWV CBV_I ` e EGQJQ egh V_I4�iMBI ?8cnEGQJEJIK]_I VaIKc � c e M}cX�}?BVoy e EJUKV~IKV f V_?@c � f UWLHl��BV~CBV λ/10
7}w V_I UW]_IK?BQGc e cnI.CBVaIc e ABQGV e ?�� 3N3g7G3N3 Vmc 3N3N7 3 X LNMdc2]mcn] LNA@cnV_M}?BIoVaM ?@cnEJQGEJI e Mdc Q e FNV_UKIWEGLNMPCBV Q e � � 	 f UWE F@EGQJ] h E e Mdc QJV~cnV_` f ICBV{l e QGl_?BQT7w e laLNMdFNVaU h VaMBl_V CBVPQ e � � 	 FNV_UKI ?BM A LNM UK]_IW?8QGc e cRV_I c e IWIK?BUW]aV f LN?BUR?8MBV yzUW] �H?8V_MBlaV^CBV

3.2GHzQJLNUKI^�}?BV QJV ` e EGQJQ e�h V h UWLNIKIWEGV_U Γg
VaIKc V_M

λ/1.25 � Vac f LN?BU>?BM8V yzUW]A�}?BVaMBl_V CBV
4.7GHz

QJLgUWI^�}?BV QGV
` e EGQJQ egh V h UKLNIWIKEJVaU Γg

V_I c V_M
λ
7 � LN?BU ?BM ` e EJQGQ egh V h UWLNIKIWEGV_U VaM λ/α e FgV_l α ≤ 2

CBLNMBMB] � M8LN?BI LNA@cnV7�MBLNMBI fie U~U egf8f LNU c e ?^l e I C[S\?BM LgAHjKVac fie U y e EGcWV_`pV_Mdc e ABIWLgUWA e Mdc r Zr = 1
v CBVaI UK]_IW?8QGc e cnI f QJ?BI f UK]_l_EGI_7w S\?8cWEJQJEGI e cWEJLNM C8V ` e EJQGQ egh VaI Γg

cnU��_I<Q �gl��BVaI UK]_CB?BE c<yzLgUKcnVa`bVaMdc Q e laLNMBIWLg`b` e cnEGLNM V_M `p]_`pLNEGUWVRCBVbQ e
��� 	 C[S:LgUWCBUKV<5 q; O

3.2GHz � f LN?BU e FNLNEGU~C8V_I~UW]_IK?BQGc e cnI f UK]_laEJIoMBLN?BI~?8cWEJQJEGIWLNM8I EJlaE[?BM ` e EGQJQ e�h V�VaM λ/1.25 r Ng =
5120

v|Vac�MBLN?8I~laLNMBIKLN`b`pLNMBI
4.6Go r c e ABQGV e ? 3N3g7G3N36v � e QGLNUWI��}?BV f Lg?BU Zr = 1 � MBLN?BI~?8cnEGQJEGIWEJLgMBI?BM ` e EGQJQ egh VoV_M λ/2.25 r Ng = 15680
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Séries de MIE
Ng=500 (2.5λ), Nf=128000 (λ/6.5)
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	 C[S\LNUWC8UWV<5pVmc Q e � � 	C[S:LgUWCBUKVR3 � QGV_I2` e EJQGQ egh VaI h UWLNIKIWEGV_UWI Γg

IWLNMdcoUKV_I f V_lmcnE FNV_`pV_Mdc~V_M λ/1.25 r 3N3 �NX�5 ]_QG]_`pV_MdcnInv|VacoV_M 2.8λ
r QNXg5>]aQJ]_`pV_MdcWI v � VmcYQJV_I{` e EJQGQ egh V_I��BM Γf

IKLNMdc VaM
λ/10 r QgtWQgXg9N5 ]_QG]_`pV_MdcnInvm74w V_I{UW]aIW?BQ c e cWI{LNA8cnVaM}?BI
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7 l_VacKcnVRyzUW] �}?BV_MBlaV � Q e F e QGV_?BU L f cnEG` e QGV CBV ε V_I c 10−2 7 	 S egf U^�_IYQJV<c e ABQGV e ? 3N3g7G3 � � O>Q S\LNUWC8UWVR5>Vac<O
Q S\LNUWCBUKV 3 � QGV_I `pV_EGQJQGV_?BUKI cnVa` f I CBV2l e QGl_?BQ=�H?8V_Q��}?BVoIKLNEGc Q e F e QJVa?BU CBV ε l_LgMBIWEGCB]_UK]_VoIWLNMdc.LNA8cWV_M}?BI �}? e MBCQJV M8EGFNV e ? h UKLNIWIKEJV_U nivg

V_I co] hde Q OZ�B7=��LN?BI f LN?@FNLNMBI2UKV_` e U^�}?BVaUI�}?BV h U��gl_V OZQ e `pLNMdcn]aV V_M>LgUWCBUKV Vac
e ?PIWV_?8EJQJQ egh V � MBLN?8I e FgLNMBI~CBEGFHEJIK] QJV cWV_` f IoCBV{l e QGl_?BQ fBe U 2.4 r 125030s.

�
52922s.

vm7

nivg = 3 nivg = 4 nivg = 5
ε = 0

3 ���N�� N9 36XN�g5NtN5 36t� 835QNX
��� 	 5

ε = 5 · 10−3 9dX: @3N3  g�WQ@3 � 365dXg�NtN�
ε = 10−2 Qg9835Qgt  �Q@3s�d� �WQg9N5N9
ε = 0

365N��� Qgt 3s5dX: N�dX Xg�d�NXH35 
��� 	 3

ε = 5 · 10−3  N5dXH36� �k�d9� 83 Qg�d���d�
ε = 10−2 ��QN�� Nt �gXg�dXNX Qg5N983 �

��� � 1x3g3N7G36�<;��4V_` f IoCBV{l e QGl_?BQ � I f �(�_UKV � f = 4.7GHz � Zr = 0
7

nivg = 3 nivg = 4 nivg = 5
ε = 0 3.6 · 10−2 3.6 · 10−2 3.6 · 10−2

��� 	 5
ε = 5 · 10−3 3.7 · 10−2 3.7 · 10−2 3.7 · 10−2

ε = 10−2 3.7 · 10−2 3.7 · 10−2 3.7 · 10−2

ε = 0 2.7 · 10−2 2.7 · 10−2 2.7 · 10−2

��� 	 3
ε = 5 · 10−3 2.9 · 10−2 2.9 · 10−2 2.9 · 10−2

ε = 10−2 2.9 · 10−2 2.9 · 10−2 2.9 · 10−2

����� 1 3N3N7 35 <; � UKUWV_?8U~IK?BU~Q S e ` f QJEGcW?BCBV~CBV{CBE�a ?BIKEJLNM r Erra

v � I f �(�_UKV � f = 4.7GHz � Zr = 0
7

� E $�S %(' % C U EJI U�" ILW ' " P %������ " W P %������
� I " EJI T " CRI�OwC T�" ILW " T " Y 'N[�)V+ " I�O "

3.2GHz
�~LN?BI l_LN` fie UKLNMBI.C e MBI.l_VmcWcnV fie U cnEJVoQGV_I.UW]_IK?BQGc e cnI LNA8cWV_M}?BI f LN?BU.?BMBV~yzUW] �H?8V_MBlaV CBV 3.2GHz e FNValQ eD��� � Vac.Q eD���
	 QGLNUWI��H?8V�CBVaI ]_QJ]a`bVaMdcnI �iMBEJI C S:LNUKCBUWV�5 Vac C[S\LNUWCBUKV{3�IKLNMdc ?@cnEJQGEJIK]_I_7 � LN?BU Q e � � � �MBLN?BI�UWV f UWV_M8LNMBI QGV_I UK]_IK?BQGc e cnI�CBV Q e IWValacWEJLNM Q@7ut@7G3 � Vac MBLN?BI�?8cnEGQJEGIWLNMBIoUKV_I f V_lmcnE FNV_`pV_Mdc{ObQ S\LNUWCBUKV 5pVac

ObQ S\LNUKCBUWVp3 CBVaI ` e EJQGQ egh V_I VaM λ/10 r Nf = 327680
v|Vac VaM

λ/4 r Nf = 62720
v 7�� LN?8U Q e ��� 	 � MBLg?BIl_LNMBIKEJCB]aUWLNM8I ObQTS:LgUWCBUKV 5p?BM ` e EJQGQ egh V h UWLNIKIWEGV_U~V_M λ/1.25 r Ng = 5120

v Vac ?BM ` e EJQGQ egh V��iM VaM
λ/10

r Nf = 327680
v � Vac O^QTS:LgUWCBUKV 3b?BM ` e EGQJQ e�h V h UKLNIWIKEJV_U{VaM 2.5λ r Ng = 500

v Vac<?BM ` e EJQGQ egh V �iM VaM
λ/10 r Nf = 327680

vm7
��LN?BI e FNLgMBI^LgA8cnVaMH? e ? fie U e�h U egf �BV f UW]al_]_C8V_Mdc � f Lg?BU>Q e ��� 	 O Q S\LNUWCBUKV 5 Vmc^O QTS:LNUKCBUWV 3 � CBV_IUW]_IK?BQGc e cnI f UW]al_EJI e FgV_l CBV_I>` e EGQJQ e�h V_I h UKLNIWIKEJV_UKI f QJ?8I Q �gl��8V_I �}?BV l_Va?�� ?8cWEJQGEJIW]aI C e MBI>QJV l e I>C[S\?BMBV
I f �(�aUWV fie UKy e EGcnVa`bVaMdc e ABIWLNUKA e MdcnV�7 ��LN?BIYMBLN?8I e cKcnV_M8CBLNMBIYCBLNMBlbO^laV_�}?BV fie U{U e�fBf LgUKc<O^Q e�� � � �
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Q e ��� 	 yzLg?BUWMBEGIWIKV CBVaI�cnVa` f I�CBV<l e QGl_?BQ[cWU^�aI l_Lg` f ]acWEGcnE yzI cnLN?@c VaM CBLNMBM e Mdc CBVaI UK]_IW?8QGc e cnI e � e Mdc ?BMA LNM>M8EGFNV e ?>CBV f UW]_laEJIKEJLNM[7 � Lg?BU2Q eP��� 	 � M8LN?BI CBLgMBMBLNMBI2?8MBE��}?BVa`bVaM}c QJV_I|UW]_IK?BQGc e cnI|LNA8cnVaM}?BI2C e MBI|QJVl e I QGV f QG?BI y e FNLgU e ABQGV q nivg = 3
Vac
ε = 10−2 7Bw V_I2UK]_IW?8QGc e cnI LNA@cnV_M}?BI2IKLNMdc2UWV f LgUKcn]aI2C e MBI|QJV�c e ABQGV e ?3N3N7 3 QZVacoQ e � h ?BUWV 3N3N7 36t87

	 S e�f U^�aI�QGV c e ABQGV e ? 3N3g7G3 Q � MBLN?BI e FNLgMBI e FgV_l Q e���� 	 ?BM hNe EJM>VaM `p]_`pLNEJUKVg7@w e ��� 	 C[S\LNUWC8UWV 3<VaIKc
`bLNEGMBI4l_L��8cWV_?BIKV V_MZcWV_` f I C8V|l e QJl_?8Q@Vmc V_M f Q e laV|`p]_`pLNEJUKV �H?8V Q e ��� 	 C[S\LNUKCBUWV|5 � cWLN?8c V_MZ]mc e Mdc f QG?BI
f UW]al_EJIKVg7��4LN?BUoQ e ��� � � Q e `p]ac �8L@CBV{C[S\LNUKCBUWV 3 yzLN?BUKMBEGco?BM8VYIKLNQJ?@cnEJLgM>?BM f V_? f QG?BI f UW]al_EJIKVD�H?8VYlaV_QGQJVC[S:LgUWCBUKV�5{Vac e ?BM cnV_` f I.CBVol e QGl_?BQiEGM8yz]_UKEJVa?BU OYlaVacKcnVoCBV_UKMBE��aUWV�7@w e ��� 	 C[S\LNUWCBUKV{3 f V_UK`bVmc C S:LNA@cnV_M8EJU
?BM y e lmcnVa?BU X V_M cnVa` f IpCBV l e QGl_?BQ fie UpU egfBf LNUKcbO Q e ��� � C[S:LgUWCBUKV 3 � f LN?BUp?BMBV l_LgMBIWLN`p` e cnEGLNM`b]a`bLNEGUWV�Vac~?BM MBEGFgV e ? C[S\V_UWUKV_?BUolaLN` fBe U e A8QJV_Ia7

� ]mc �BLHCBV 	 V h UW]_IoCBV � Va` f I � ��� r Ia7 v � ]_`pLNEJUKV r � L}v ErraQJEJADV_U cn]
��� � 5 �d�83 �NX�5 �N9d�g5dX

6.7 3.9 · 10−3

��� � 3 t836t� N5g5 �WQg5N5dX
5.4 2.7 · 10−3

��� 	 5 � ε = 10−2 Q: N9N5 X:Qg5WQgt
4.6 7.3 · 10−3

��� 	 3 � ε = 10−2 XN�g5N5 XgXg9NtNt
3.7 5.9 · 10−3

��� � 1x3g3N7G35Q<;>= f �(�_UKV � f = 3.2GHz � Zr = 0
7

� I " EJI T " CRI�OwC T�" ILW " T " Y 'N[�)V+ " I�O "
4.7GHz

�~LN?BI l_LN` fie UKLNMBI.C e MBI.l_VmcWcnV fie U cnEJVoQGV_I.UW]_IK?BQGc e cnI LNA8cWV_M}?BI f LN?BU.?BMBV~yzUW] �H?8V_MBlaV CBV 4.7GHz e FNValQ eD��� � Vac.Q eD���
	 QGLNUWI��H?8V�CBVaI ]_QJ]a`bVaMdcnI �iMBEJI C S:LNUKCBUWV�5 Vac C[S\LNUWCBUKV{3�IKLNMdc ?@cnEJQGEJIK]_I_7 � LN?BU Q e � � � �MBLN?BI�UWV f UWV_M8LNMBI QGV_I UK]_IK?BQGc e cnI�CBV Q e IWValacWEJLNM Q@7ut@7G3 � Vac MBLN?BI�?8cnEGQJEGIWLNMBIoUKV_I f V_lmcnE FNV_`pV_Mdc{ObQ S\LNUWCBUKV 5pVac
OZQ S\LNUWCBUKVR3 CBV_Io` e EJQGQ egh V_I V_M λ/10 r Nf = 737280

v.VacoV_M
λ/4 r Nf = 128000

vm7��4LN?BU2Q e���� 	 � M8LN?BIl_LNMBIKEJCB]aUWLNM8IoO QTS:LgUWCBUKV 5Z?BMP` e EJQJQ egh V h UKLNIWIKEJV_U|V_M λ/1.25 r Ng = 11520
v.Vaco?8M ` e EGQJQ e�h V2�iMPV_M

λ/10
r Nf = 737280

v � Vac O^QTS:LgUWCBUKV 3b?BM ` e EGQJQ e�h V h UKLNIWIKEJV_U{VaM 2.8λ r Ng = 720
v Vac<?BM ` e EJQGQ egh V �iM VaM

λ/10 r Nf = 737280
vm7

� LN?BUYQ e���� 	 � M8LN?BIYCBLNMBMBLgMBI<?8MBE��}?BVa`bVaM}c QJVaIYUK]_IK?BQGc e cnIYLNA8cWV_M}?BI C e MBIYQJV l e I<QJV f QG?BI y e FgLNU e ABQJV q
nivg = 4

Vac
ε = 10−2 7 wxVaIRUW]aIW?BQ c e cWIZLNA8cWV_M}?BI IWLNMdcRUKV f LNUKcW]_IRC e MBIZQJVbc e ABQGV e ? 3N3N7 369 VacZQ e � h ?BUWV3N3N7 35 87

w e ��� 	 C[S\LNUWC8UWV 3 VaIKcR`pLNEGMBI laL��8cnVa?BIWV>VaM cnVa` f I<CBV l e QJla?BQ|VmcRV_M f Q e l_Vb`b]a`bLgEJUWV �}?BV>Q e ��� 	C[S:LgUWCBUKV<5 � cnLN?8c~VaM ]ac e Mdc f QJ?BI f UK]_l_EGIWV�7 �4LN?BUoQ e ��� � � Q e `b]mc �BLHCBV{C[S\LNUWC8UWV 3YyzLg?BUWMBE co?BMBVYIWLNQG?8cnEGLNM
?BM f V_? f QJ?8I f UW]_laEJIKVP�}?BVYl_VaQJQJV C S:LNUKCBUWV<587�� e Uol_LNMdcnUKV � V_QGQJV e ?BM^cWV_` f IoCBV{l e QGl_?BQ IK? f ]_UWEGV_?BU�O l_VacKcnVCBV_UKMBE��aUWVg7.w e ��� 	 C[S:LgUWCBUKV 3 V_I c ?BM f Va? `pLNEGMBI f UW]al_EGIWV��H?8V^Q e ��� � C[S\LNUKCBUWV^5 � ` e EJIRVaQJQJV>VaIKc
A V e ?Bl_Lg? f `bLgEJMBIYl_L��@cnV_?8IWV VaM cnV_` f I<CBV l e QJl_?8Q � QJV hde EGM ]ac e MdcRCBV 2.7

7 	 S egf U^�_IRQGVpc e ABQGV e ? 3N3N7 369 �Q e `p]_`pLNEGUWV{l_LNM8IWLN`p`b]aV fie U Q e_��� 	 C S:LNUKCBUWV 3ZVac l_V_QGQJVYl_LNM8IWLN`p`b]aV fie U Q e_��� � C[S\LNUKCBUWV 5 IWLNMdc
�H? e IWEG`bVaM}coEGCBV_MdcWE��}?BV_Ia7
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7
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, -0/21x3N3N7 3s�<; � L@LN` � = f �(�aUWV � f = 3.2GHz � Zr = 0
7

� ]ac^�BLHCBV 	 V h UK]_I~CBV �4V_` f I � ��� r I_7uv � ]a`bLgEJUWV r �{Ldv ErraQGEJADV_UKcW]
��� � 5 3N365N�g�dXg5 3s�}XgX@365 3N3N7uX

1.8 · 10−2

��� � 3  g�d5g5N5N5 3 Q@3  d�g9 3N3N7  
1.1 · 10−2

��� 	 5 � ε = 10−2 3 QgXg9N5  WQ@3_�d� 3  
3.7 · 10−2

��� 	 3 � ε = 10−2 t: N5N5 �NXg�NXNX 36X
2.9 · 10−2

��� � 1x3g3N7G3s9 ;>= f �(�_UKV � f = 4.7GHz � Zr = 0
7
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���! �� ��� � � �!$�+�� / )�� � ��)������ &�+.1�� (
��/0&��!$'&
�~LN?BI U egfBf V_QGLNMBIX�H?8V f Lg?BU QTS e ` e M8CBV � EJQiM S:V �8EGIKcWV fie I CBV IKLNQJ?8cWEJLNMbV7� e lmcnVg7�� LN?8U|l_Lg` fie UWV_U.QJVaI|UK]7�IW?BQ c e cWI LNA8cnVaM}?BI � MBLN?8I e FgLNMBI UWVal_LN?BUKI|O QTS:Va` f QGLNEHC[S:?8MBV�IKLNQJ?@cnEJLgMZCBVoUW]myz]_UWVaMBl_V~l e QJl_?8QJ]_V e FgV_l~Q eY��� �C[S:LgUWCBUKV{5ZVaco?BM ` e EJQJQ egh V cWU^�_I2�iM r e ?>`bLgEJMBI VaM

λ/15
v 7Bw S:LgUWEJVaMdc e cWEJLNM C8V Q S e ` e MBCBV VaIKcoEJC8V_MdcnE��H?8V{Ol_V_QGQJVZC8VpQ e � h ?BUKV Q@7 36587 �~LN?BI{UWVaM}FgL �NLNMBI<O>Q e IKV_lacWEJLNM Q@7\�B7 3 f LN?8U ?BMBV CBV_IKl_UKE f cWEJLNM f QG?BI f UK]_l_EGIWV CBVl_Vac~LNA}jKVacs7

74F e Mdc C S e QGQJVaU f QJ?BI.QJLNEGM � MBLg?BI f UKLg�BcWLNMBI|C8V Q e l_Lg` f QGV7�@EGcW]oCBV Q e<h ]aLN`b]mcnUKEJVoCBV QTS e ` e M8CBV f LN?8U.cWV_IKcWV_UQJV CBLg` e EGMBV C8V F e QJEJC8EGcn]pCBV>QTS egf8f UWL �@EJ` e cnEGLNM CBV>Q e f � e IWV>l��8LNEJIKEJV r egfBf UKL5�@EG` e cWEJLNM CBV�� EJUKl��(�BL:a.v 7
� LN?BUolaV_Q e � MBLN?BIolaLNMBIWEGCB]_UKLNMBIo?BMBV yzUK]A�}?BV_M8l_VYCBV 1.2GHz

7iw e IWLNQG?8cnEGLNM>CBV UK]ayz]_UKV_MBlaV<VaIKc~l e QJl_?8QJ]_V VaM?8cnEGQJEJI e Mdc Q e ��� � C[S:LgUWCBUKVb5>Vmc{?BM ` e EGQJQ e�h V<VaM λ/15 r Nf = 31228
v 7,��Lg?BI{l_LN` fie UKLNMBI QJVaI UW]aIW?BQ �c e cWI�LNA@cnV_M}?BI e FNV_l<Q e ��� � C[S:LgUWCBVaU 5 Vac�Q e ��� 	 C[S:LgUWCBUKV 587.�~LN?BI~V_` f QJL �NLgMBI � f LN?BU~Q e ��� � � ?BM` e EGQJQ egh V V_M λ/10 r Nf = 13632

v � Vac f LN?8U Q eU��� 	 � ?BM ` e EJQJQ egh V h UWLNIKIWEJVaU VaM λ/5 r Ng = 4236
voVmc

?BM^` e EGQJQ e�h V2�iM^VaM
λ/11 r Nf = 16944

v 7
��LN?BIo]mcn?BCBEGLNMBIoCBVa?�� l e I q ?8M f UKV_`pEJVaU2l e IoL�� Q e CBEGUWValacnEGLNMPCBV{Q S\LNMBCBV EGMBl_EGCBV_MdcWVYVaIKc

ξ = (0, 0,−1)t �Vac~?BM IWV_laLNMBC l e IoL�� Q e C8EJUWValacWEJLNMPCBV{Q S\LNMBC8V EJMBlaEJCBVaM}cWV V_I c
ξ = (0,−

√
2/2,−

√
2/2)t 7� LN?BU QGV f UWVa`bEGV_U l e I r � h ?BUWV 3g3N7G35QNv � Q e IWLgQJ?8cWEJLNMZLgA8cnVaMH?8V e FNValoQ eY��� 	 VaIKc.MBVacKcnVa`bVaM}c `pLNEGMBI f UK]_l_EGIWV�H?8V<laV_QJQGV{LNA8cnVaM}?BV e FNVal Q e � � � 7 � LN?8U�laV<l e I � Q e CB] h U e C e cnEGLNMPCBV<Q eRf UW]al_EJIKEJLNM e FNVal Q e ���
	 f V_?8cI_S\V7� f QJE��}?BV_U fie U.QJVoy e EGc?�}?BV QTS egf8f UWL �@EJ` e cnEGLNMRCBV�Q e{f � e IKV M[S\V_IKc f QJ?8I F e QJEGCBVoQJLNUKI^�}?BV�Q S\LNMBCBV~EJMBlaEJCBVaMdcnVV_IKc~CBEGUWE h ]_V IKV_QGLNMPQ eRf LgEJMdcnV CBV QTS e ` e M8CBV � VmcoCBLNMBl{QTS egf8f UWL �@EJ` e cnEGLNM C8VYQ eRf � e IKVYVaIKc~EJM8V@?pl e laV{C e MBIl_VRl e I_7 � M V a Vac � Q S egfBf UWL �@EJ` e cnEGLNM^C8V��{EGUWl��(�8L:a A e IW]_VRIK?BU ?BM UWVa` f Q e laV_`pV_Mdc QGL@l e Q C8VRQ S\LNAHjKVac fie UIWLNM f Q e M c e M h VaMdc VaIKc f UKEJIWV~O{CB]ay e ?8c EJlaE � l e U QJV f Q e MZc e M h V_Mdc|O{QTS e ` e M8CBV|F e UWEGV yzLNUKcWV_`pV_Mdc e ? MBEGFgV e ?CBV{Q eZf LNEJMdcnV�7� LN?BU QGV IWVal_LNMBCbl e I r � h ?BUKV 3N3N7 369dv � Q S\LNMBCBV2EGMBl_EGCBV_MdcnV2M S:VaIKc f QJ?8I CBEJUKE h ]aV IWVaQJLNM Q e f LNEGM}cWV2CBVoQ S e ` e MBCBV�7wxVaI UK]_IW?8QGc e cnI~LNA8cnVaM}?BI f LN?BU~l_VmcWcnV<EJMBlaEJCBVaMBl_V<O fBe UKcWEJUoCBVYQ e ��� � Vmc CBVYQ e ��� 	 UWV_laLNQJQGV_Mdc e FNV_l Q eIWLNQG?8cnEGLNM CBVRUK]ayz]_UKV_MBlaVg7 �|Val_E l_LgM8�iUW`pV �}?BV Q e CB] h U e C e cWEJLNM C8VRQ e f UK]_laEJIWEGLNM LNABIKV_U FN]_V e FNValpQ e#��� 	C e MBIoQJV f UWV_`pEJVaU2l e IoMBV f UKV_MBC fie IoABEGV_MPV_M l_Lg` f cWV{QJV_I2IKEJM h ?BQ e UKEGcW]_I CBV{QTS:LNA8IKc e l_QJV�7� "=U T C	� O + P)W [=U P4C [ "EU�
 P % OeE $ S P " �sC)W [ T�" P %BMJ[ E $�[ W ' C " T " P
� %J$&% I T " [ W % ILW " � S E U [ "EU��IAE +�U OeEJI U C T?[ ' ELI U S E +�' P "=U S ' E�O � % CRI U O % U W "EU W U + I " EJI T " CRI�OwC T�" ILW "'T�"'Y 'N[�),+�" IVO "

5GHz" W T�" T C ' " O WDCUELI
ξ = (0,−

√
2/2,−

√
2/2)t -

������� ���  "!�#%$'&)(+*-,.!�>@!�*+$+, /2!74 89!�:<;=,?>@,�*A;B!7C2#ED746C2!�*A;=, F
Zr = 1 H

�~LN?BI laLN` fie UWLgMBI�C e MBI laVacWcWV fie UKcnEGV QGV_I~UW]_IK?BQGc e cnI�LNA8cWV_M}?BI f LN?BU~?BMBV yzUK]A�}?BV_M8l_VRCBV 5GHz e FNValQ eD��� � Vac.Q eD���
	 QGLNUWI��H?8V�CBVaI ]_QJ]a`bVaMdcnI �iMBEJI C S:LNUKCBUWV�5 Vac C[S\LNUWCBUKV{3�IKLNMdc ?@cnEJQGEJIK]_I_7 � LN?BU Q e � � � �MBLN?BI~?8cnEGQJEGIWLNMBI2UKV_I f ValacnE FNVa`bVaM}c OpQTS:LNUKCBUWVY5pVac OpQTS:LNUKCBUWV 3<CBV_I�` e EGQJQ egh V_I V_M λ/10.5 r Nf = 271648
v

Vac{V_M
λ/7 r Nf = 124912

vm7 � LN?8U Q e#���
	 � MBLN?8I l_LNMBIKEJCB]aUWLNM8I{O Q S\LNUWCBUKVR5 ?BM ` e EJQGQ egh V h UKLNIWIKEJVaU V_M
λ/2.25 r Ng = 13632

v VacR?8M ` e EGQJQ egh VZ�iM VaM
λ/9.5 r Nf = 218112

v � VacRO Q S\LNUWC8UWV 3 ?BM ` e EJQJQ egh V
h UWLNIKIWEGV_UZVaM λ/1.25 r Ng = 4236

vYVmcR?BM ` e EJQGQ egh VZ�BM VaM
λ/10.5 r Nf = 271104

vm7���Lg?BI �=�@LNMBIRQGV
fie U e `_�mcnUWV nivg

O � VacoQJV fie U e `_�mcnUKV ε CB?PIWV_?8EJQJQ egh V~CBV_I yzLgMBlacWEJLNMBI|CBV cnU e MBIKyzVaUKcoCBV Q e ��� 	 O
10−2 7

XNXg5



0 50 100 150
θ (deg.)

-80

-60

-40

-20

0

20

S
E

R
 b

is
ta

tiq
ue

 (
dB

.m
²)

Solution de référence (λ/15)
FMM 0, Nf=13632 (λ/10) 
FMD 0, Ng=4236 (λ/5), Nf=16944 (λ/11)

,.-0/21x3N3g7G3 QY; 7 ` e MBC8V � f = 1.2GHz � Zr = 1 � EJMBlaEJCBVaMBl_V�3 q ξ = (0, 0,−1)t 7
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Solution de référence (λ/15)
FMM 0, Nf=13632 (λ/10)
FMD 0, Ng=4236 (λ/5), Nf=16944 (λ/11)

,.-0/2143N3N7 369<; 7 ` e MBCBV � f = 1.2GHz � Zr = 1 � EGMBl_EGCBV_M8l_V6X q ξ = (0,−
√

2/2,−
√

2/2)t 7

� LN?BU�cnLN?BI QGV_I�l e I � nivf

V_I c ] hde Q O>987 wxVaI UW]aIW?BQ c e cWI LNA8cWV_M}?BI{IWLgM}c UWV f LNU cn]_I C e MBI QGV<c e ABQJV e ? 3N3N7 36�
Vac~Q e � h ?BUWV 3N3N7 36�87w e ��� � C[S\LNUKCBUWV 3byzLN?BUWM8EGc<?BMBV IKLNQJ?8cWEJLNM f QJ?8I f UK]_l_EGIWV#�}?BV Q e ��� � C[S\LNUWCBUKV>587 � e U l_LNMdcnUKV � V_QJQGV
e � V_M U e EJIKLNM C[S:?8M `bLgEJMBI ADLNM laLNMBCBE cnEGLNMBMBVa`bVaM}cYCBVaI I
�@I c �a`bVaIZVac<CBVpQ ePf QJ?BI h U e MBCBV c e EGQJQGVZCBVpl_V_II��HIKc^�_`pV_I � ?8MPcWV_` f I2CBV l e QJla?BQ Vmco?BMBV l_LgMBIWLN`p` e cnEGLNM VaM `p]_`pLNEGUWV~IW? f ]_UKEJV_?8UWI~OZl_VmcWcnV C8V_UWM8E��_UKVg7iw e
��� 	 C S:LNUKCBUWVp3YV_IKc f QJ?8I~laL��8cWV_?BIKV V_M cnVa` f I~CBVYl e QGl_?BQ Vmc VaM f Q e l_VY`p]_`pLNEJUKV��}?BV Q e � � 	 C[S\LNUKCBUWV
5 � l_Val_E ]mc e Mdc{C � O>Q e f QJ?BI h U e MBCBVZc e EJQGQJVYCBV_I{I
�@I c �a`bVaI<C[S\LNUKCBUWV>3N7 �|V f V_MBC e M}c � Q e#���
	 C[S\LNUKCBUWV>3
V_IKc f QG?BI f UK]_l_EGIWVD�}?BVYQ e���� 	 C[S\LNUKCBUWVY587 	 VYy e�� LNM h ]_M8]_U e QJV � Q e���� 	 V_I c~?BM f V_?P`pLNEJM8I f UW]al_EGIWV{Vac

XNX@3



l_LNMBIKLN`p`bVpO f Va? f U��_IYCBV_?�� yzLgEJI f QJ?8IYC8Vb`p]_`pLNEJUKV �}?BV Q e ��� � � ` e EJI VaQJQJVRVaIKc<A V e ?BlaLN? f `pLNEGMBI
l_L��8cWV_?BIKV2V_M cWV_` f I CBV|l e QGl_?BQT7 	 S egf U^�_I QJV c e ABQGV e ?b3N3N7 36� � QJLNUKI^�}?BV|M8LN?BI laLNMBIWEGCB]_UKLNMBI ?8MR`_�a`bV.MBEGFgV e ?CBV f UK]_l_EGIWEGLNM r ET7:V�7@MBLg?BI2l_LN` fie UKLNMBI Q e ��� 	 C S:LNUKCBUWVR3 VacoQ eP��� � C[S\LNUWC8UWV 5dv � QGV hde EGM V_M>cWV_` f I CBVl e QGl_?BQ[UK] e QGEJIK] e FgV_lYQ e����
	 VaIKc~V_MdFHEJUKLNM^C8V

1.2
7

� ?8V l_V IWLNE c f LN?BUbQ e ��� � LN? f LN?8U Q e ��� 	 � MBLN?8I f Lg?8FNLNM8I V7� f QGE��}?BV_UbQ e MBLNM L f cnEG` e QGEGcW]>CBV_I
l_L��8cWI CBV l e QJla?BQ~Vac C8V `b]a`bLgEJUWV^O QTS:LNUKCBUWV 3 fie U QJVPy e EGc_�}?BV MBLN?8I M[S e FNLNMBIPO CBEJI f LNIKEGcWEJLNM �H? S:?BM
MBLN`ZABUKV<QGEJ`pEGcW] CBV ` e EJQGQ egh V_I_78w V_I UK]_IK?BQGc e cnI�LNA8cnVaM}?BI O QTS:LgUWCBUKVp3 f Va?8FNVaM}c��acnUKV I �BUWVa`bVaM}c e `b]aQJEGLNUW]aI
V_M e jK?BI c e MdcR`pEJVa?�� Q e �BMBV_IKIWV>CBVaIR` e EGQJQ egh V_I ?@cnEJQGEJIK]_I_7 � M V a Vac � QJVaI UK]_IW?8QGc e cnIZLNA@cnV_M}?BI O^Q S\LNUWCBUKV 3
IWLNMdc f QJ?8I f UW]al_EJI �}?BVYl_Va?�� LNA8cWV_M}?BI�O QTS:LgUWCBUKV{587
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Solution de référence (λ/15)
FMM 0, Nf=271104 (λ/10.5)
FMM 1, Ng=124912 (λ/7)
FMD 0, Ng=13632 (λ/2.25), Nf=218112 (λ/9.5)
FMD 1, Ng=4236 (λ/1.25), Nf=271104 (λ/10.5)

, -0/21 3N3N7 36�<; 7�` e MBCBV � f = 5GHz � Zr = 1 � EJM8l_EJC8V_MBlaV q ξ = (0,−
√

2/2,−
√

2/2)t 7

� ]ac^�BLHCBV 	 V h UK]_I~CBV �4V_` f I � ��� r I_7uv � ]a`bLgEJUWV r �{Ldv ErraQGEJADV_UKcW]
��� � 5 �d5� : d�: �}Xg�g�g� �B7:9

1.9 · 10−3

��� � 3  dX��d�: N5 �@3 X��d� Q@7:�
1.5 · 10−3

��� 	 5 � ε = 10−2 Xg5��N�d9 369836�: 35 87uX
3.1 · 10−3

��� 	 3 � ε = 10−2 X@3g369N5 t� � gt83 3 Q@7u�
2.2 · 10−3

��� � 1x3N3g7G36�<; 7 ` e MBC8V � f = 5GHz � Zr = 1 � EJMBlaEJCBVaMBl_V q ξ = (0,−
√

2/2,−
√

2/2)t 7

������� �<�  "!�#%$'&)(+*-,.!�>@!�*+$+, /2!74 89!�:<;=,?>@,�*A;���D�*-$+( � ;E4 :���, F
Zr = 0 H

�~LN?BI laLN` fie UWLgMBI�C e MBI laVacWcWV fie UKcnEGV QGV_I~UW]_IK?BQGc e cnI�LNA8cWV_M}?BI f LN?BU~?BMBV yzUK]A�}?BV_M8l_VRCBV 5GHz e FNValQ eD��� � Vac.Q eD���
	 QGLNUWI��H?8V�CBVaI ]_QJ]a`bVaMdcnI �iMBEJI C S:LNUKCBUWV�5 Vac C[S\LNUWCBUKV{3�IKLNMdc ?@cnEJQGEJIK]_I_7 � LN?BU Q e � � � �
XNXNX



MBLN?BI~?8cnEGQJEGIWLNMBI2UKV_I f ValacnE FNVa`bVaM}c OpQTS:LNUKCBUWVY5pVac OpQTS:LNUKCBUWV 3<CBV_I�` e EGQJQ egh V_I V_M λ/10.5 r Nf = 271648
v

Vac<V_M
λ/5 r Nf = 67776

vm7 �4LN?BUYQ e���� 	 � MBLN?8I l_LgMBIWEGCB]_UKLNMBI<O^Q S\LNUKCBUWVb5^?BM ` e EJQJQ egh V h UWLNIKIWEGV_UYV_M
λ/2.25 r Ng = 13632

v VacR?8M ` e EGQJQ egh VZ�iM VaM
λ/9.5 r Nf = 218112

v � VacRO Q S\LNUWC8UWV 3 ?BM ` e EJQJQ egh V
h UWLNIKIWEGV_UZVaM λ/1.25 r Ng = 4236

vYVmcR?BM ` e EJQGQ egh VZ�BM VaM
λ/10.5 r Nf = 271104

vm7���Lg?BI �=�@LNMBIRQGV
fie U e `_�mcnUWV nivg

Ob� Vmc�QGV fie U e `_�mcnUKV ε O 10−2 7��4LN?BU2cnLN?8I�QGV_Iol e I � nivf

VaIKc�] hde QxOb987 w VaI�UK]_IW?8QGc e cnILNA8cnVaM}?BI�IKLNMdc~UWV f LNU cn]_IoC e MBIoQJV c e ABQJV e ? 3N3N7uXg5ZVac~Q e � h ?BUWV 3N3N7uXg587w e ��� � C[S\LNUWCBUKVb3{yzLN?BUKMBEGco?8MBV<IKLNQJ?@cnEJLgM f QJ?BI f UW]al_EGIWV �H?8V<Q e � � � C[S\LNUKCBUWV<587�� e U�laLNMdcnUWV � V_QJQGV e �V_M U e EJIKLNMPC[S\?BM `pLNEJMBI2ADLNM l_LNM8CBEGcWEJLNMBM8V_`pV_MdcoCBV_I�I��HIKc^�_`pV_I � ?BM cnVa` f I~CBVYl e QGl_?BQ IK? f ]_UWEGV_?BU�O l_VacKcnVCBV_UKMBE��aUWVg7Hw e l_LNMBIKLN`p` e cWEJLNM VaM `p]_`pLNEJUKV2CBV�laV_I CBV_?��b`p]ac^�BL@C8V_I V_I c ]A�}?BE F e QJVaM}cWVg7Hw eP� � 	 C[S\LNUKCBUWV
3RV_IKc f QJ?BI�l_L��8cWV_?BIKV V_M cnVa` f I CBVRl e QGl_?BQ4Vac{VaM f Q e l_VZ`p]_`pLNEJUKVP�}?BVRQ e#��� 	 C[S\LNUKCBUWVR5 � l_Val_E ]mc e MdcC �>O<Q eYf QJ?BI h U e MBCBVoc e EGQJQJV2C8V_I|I
�HIKc �a`bVaI C[S\LNUWC8UWV 3g7=�|V f VaMBC e Mdc � Q e ��� 	 C[S:LgUWCBUKV 3 VaIKc f QJ?BI f UK]_l_EGIWV�H?8V Q e ��� 	 C[S\LNUWCBUKV 5@7 	 V�y e�� LNM h ]aMB]_U e QJV � Q e ��� 	 V_IKc|?BM f V_? `bLNEGMBI f UK]_l_EGIWV�Vac l_LNMBIKLN`p`bV�O f V_?
f U^�aI CBVa?��PyzLNEJI f QG?BI~CBV<`p]_`pLNEGUWVY�}?BV Q e ��� � � ` e EJI2V_QGQJV VaIKc ADV e ?Bl_LN? f `pLNEJMBIolaL��8cnVa?BIWV<V_M cnV_` f ICBV l e QJl_?8Q 7 	 S e�f U^�aI~QGV�c e ABQJV e ? 3N3N7uXg5 � QJLgUWI^�}?BV MBLN?BI2laLNMBIWEGCB]_UKLNMBI2?BM>` �_`pV MBE FNV e ?>CBV f UK]_l_EGIWEGLNM r ET7:V�7MBLN?BI l_Lg` fie UWLNMBI Q e � � 	 C S:LNUKCBUWV{3~Vac.Q eD��� � C[S\LNUKCBUWV~5dv � QJV hde EGM V_M cnV_` f I CBV~l e QGl_?BQ8UW] e QJEJIK] e FNV_lQ e���� 	 V_I c VaMdF@EGUWLNMPCBV

1.5
7

�|LN`b`pV f UW]al_]aCBV_`p`bVaMdc � QJV_IpUW]aIW?BQ c e cWIbLgA8cnVaMH?8I>O QTS:LgUWCBUKV 3 f Va?8FNVaM}c#�acnUKV e `b]aQJEJLgUW]_IRVaM e jK?BI c e Mdc`bEGV_?�� Q e �iMBVaIWIKV CBVaI~` e EGQJQ e�h V_Ia7
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Solution de référence (λ/15)
FMM 0, Nf=271104 (λ/10.5)
FMM 1, Nf=67776 (λ/5)
FMD 0, Ng=13632 (λ/2.25), Nf=218112 (λ/9.5)
FMD 1, Ng=4236 (λ/1.25), Nf=271104 (λ/10.5)

, -0/21 3N3N7uXg5<; 7�` e MBCBV � f = 5GHz � Zr = 0 � EJM8l_EJC8V_MBlaV q ξ = (0,−
√

2/2,−
√

2/2)t 7

XNXgt



� ]ac^�BLHCBV 	 V h UK]_I~CBV �4V_` f I � ��� r I_7uv � ]a`bLgEJUWV r �{Ldv ErraQGEJADV_UKcW]
��� � 5 �d5� : d�: Q@36tg5WQ �@7  

3.1 · 10−2

��� � 3 tNtN9g9N9N5 9N5d��tNt �@7:9
2.2 · 10−2

��� 	 5 � ε = 10−2 Xg5��N�d9 t835 ��}� 35 87u�
5.9 · 10−2

��� 	 3 � ε = 10−2 X@3g369N5 � Qg�@35 3 Q@7u�
3.4 · 10−2

��� � 1x3N3g7 Xg5<; 7 ` e MBC8V � f = 5GHz � Zr = 0 � EJMBlaEJCBVaMBl_V q ξ = (0,−
√

2/2,−
√

2/2)t 7
���! �� � )�$./��"- ��13)4$

	 e MBIRl_VmcWcWV fie U cnEJV � M8LN?BI e FNLNM8IRV7� e `pEJMB]bQJV laLN` f LNU cnVa`bVaM}c CBV Q e `b]mc �BLHCBVbl_LN? f QJ]_V ��� 	 V_M
yzLNMBlacWEJLNMpCBV�Q S\LNUWCBUKVoCBV_I ]_QJ]a`bVaMdcnI �BMBEJI.Vac CBV_I|LNABIKc e l_QGV_I r I f �(�_UKV Vac e ` e MBCBV �87 =67 v V_M l_LNMBIKEJCB]aU e MdcOZl�� e �}?BV yzLNEJI QJV l e I C[S\?BMPLNAHjKVmc fie U y e EGcWV_`pV_Mdc laLNMBCB?BlmcnVa?BU r Zr = 0

v � VmcoQJV l e I2C[S\?BMPLNAHjKVmc fie U y e EGcWV7�`bVaM}c e ABIWLNUKA e Mdc r Zr = 1
v 7

� LN?@c<C S e ADLNUKC � V_M ]acW?BCBE e M}c{Q e l_LNMdFNVaU h VaMBl_VbV_M ` e EGQJQ egh VYCBV Q e ��� 	 f Lg?BU QJV l e I Zr = 1 � EGQ I_S\V_I cCB] hde�h ]#�}?BV QTS:LNA@cnV_MdcWEJLNM � e FNVal>CBV_IR]aQJ]a`bVaM}cWI �iMBEGI `pEJlaUWLNQGL@l e ?�� C[S\LNUKCBUWV>5 � C[S\?BMBV IKLNQJ?@cnEJLgM f UK]_l_EGIWVMB]_laV_IWIKEGcWVYQTS:Va` f QJLNE CBV ` e EJQGQ egh V_I h UWLgIWIWEGV_UKI Γg e FNVal Ng . N
1/2
f � l_VD�}?BE[laLNMBI cnEGcW?BV � QJLNUKI|CBV Q e `bLNMdcW]_V

V_M^yzUK]A�}?BVaMBl_V � ?BM8V<QGEJ`pEGc e cnEJLgMpc e Mdc e ? MBE FNV e ?^CB? cnVa` f IoCBVYl e QJl_?8Q �H? S e ?^MBEGFgV e ? CBVYQ e l_LgMBIWLN`p` e �cnEJLgM>V_M `b]a`bLNEGUWV�78w S\?8cnEGQJEJI e cnEGLNM C S:]aQJ]_`pV_MdcWIo�BMBEJI2`pEJlaUWLNQGL@l e ?��bC[S\LNUWCBUKV 3 f V_UK`bVmc e QJLgUWI CBV{UKV_`p]_CBEGV_UOplaV_I f UWLNABQ��_`pV_I � ` e EGI e ?BIKIWExCBV{yzLN?BUWM8EJU2CBVaI IWLgQJ?8cWEJLNMBI f QJ?BI f UK]_l_EGIWVaI_7 � LN?BU~QJV{l e I Zr = 0 � Q e ���
	l_LNMdFNVaU h V f QJ?BI~FHEGcnVYV_M ` e EGQJQ egh Vg7(�|V f V_MBC e Mdc � QTS:?@cnEJQGEJI e cnEGLNM>C[S\]_QJ]a`bVaMdcnI��BMBEJI�`bEGl_UWLgQJLHl e ?�� C[S\LNUWCBUKV 3
UWV_I cnV e F e M}c egh Va?BIWV � l e U l_VaI C8V_UWM8EJV_UKI CBLNMBMBVaMdc|laLN`b`pV f UK]_la]_CBVa`b`pV_Mdc CBV_I.UW]aIW?BQ c e cWI f QJ?BI f UK]_laEJI �}?[SuOQ S\LNUWCBUKV{5 � Vmc OR`pLNEJM8CBUWV laL��8c_7wxVaI hde EJM8IRLNA8cnVaM}?BI e FgV_l Q S\EJMdcnUKL@C8?BlacWEJLNM C S:]aQJ]_`pV_MdcWI �BMBEJIR`pEJlaUWLNQGL@l e ?�� C[S\LNUWCBUKV 3 C e MBI Q e FgV_UWIKEJLNM
EJMBE cnE e QJV~CBV{Q e���� 	 IWLgM}c�] hNe QJVa`bVaM}c LNABIWVaUKFg]_I e FgV_lYQ e ��� 	 L f cWEJ`pEJIW]aVg7��LN?BI e FgLNMBI VaMBIW?BE cnVZlaLN` fie UW]<QJVaI UW]aIW?BQ c e cWI LNA@cnV_M}?BI e FgV_lRQ e_��� 	 Vmc Q e_��� � 7 ] Q V_I c egfBfBe UW?`�}?BV
Q e ���
	 VaIKcoMBVmcWcWV_`pV_Mdco`bLgEJMBI l_L��8cWV_?BIKV{V_M>cnVa` f I|CBV l e QGl_?BQ �}?BV{Q e ��� � � ` e EJI V_I co?BM f Va? `pLNEGMBI
f UW]al_EJIKV Vmc f QG?BI.l_LNMBIKLN`p` e cWUWEGl_VoV_M f Q e laV�`p]_`pLNEGUWV��}?BV laVacKcnV C8V_UWM8E��_UKVg7�� M l_V �H?8EDlaLNMBlaV_UWM8V Q e{f Q e l_V`b]a`bLNEGUWV � QJLNUKI^�}?BV Ng ∼ N

1/2
f � MBLN?BI e FgLNMBI N2

g ∼ Nf

78w VaI|l_LgMBIWLN`p` e cnEGLNMBI V_Mb`b]a`bLgEJUWVoCBV~Q e ��� 	L f cnEG`bEGIW]aV�Vmc2CBV Q e3��� � IWLgM}c CBLNMBl c^�B]_LNUKE��}?BVa`bVaM}c EJCBVaM}cWE��}?BVaI_7B�|V f VaMBC e Mdc � V_M f U e cnE��}?BV � Q e ��� 	MB]_laV_IWIKEGcWV f Lg?BU laV_U c e EGMBI|l e I|CBVa?��byzLNEJI f QG?BI|CBV�`b]a`bLgEJUWV �}?BV�Q e3� � � � l_V_laE ]mc e Mdc f UWLNA e ABQJVa`bVaMdc|C �
OYQ e yzLgUW`Z?BQ e cnEGLNMZEGM}cW] h U e QJV2laLNMBIKEJCB]aUW]_V r ��] 	 v � �H?8E � fie U U egfBf LNUKc.O{?BMBV~`b]mc �BLHCBVoEJMdcW] h U e QJV laQ e IKIWE��H?8V �CBLN?BABQGV<QGV<M8LN`ZABUKV C[S\EJMBlaLNMBM}?BVaI_7 �|V f �B]aMBLN` �_MBVZIKV UK] f V_UWla?8cnV f QJ?BI�IW?BU�Q e_��� 	 �}?BV<IW?BU Q e_� � � �l e UYQJVpIKcWL@l�
 egh V f Lg?BU<Q e ��� � IWVby e EGcYV_M yzLNMBlacWEJLNM CBVaIZA L � cnVaI<` ?BQGcWE f �NQ e EGUWVaI CB? M8EGFNV e ? �iM

nivf

7
wxLgUWI^�}?BV^Q S\LNABI c e laQJV V_IKc Q e I f �=�_UWV � QGV hde EJM V_M cWV_` f I e FgV_l Q e ���
	 C[S\LNUWCBUKV 3^V_IKc f Lg?BU Zr = 1
r UWVaI f V_lmcnEGFgV_`pV_Mdc Zr = 0

v e ? `bLNEGMBI C8V
1.5 r UWVaI f V_lmcnEGFgV_`pV_MdcbXNv fBe UZU e�fBf LgUKc e ? `pV_EGQJQGV_?BU cnVa` f ICBVZQ e_��� � 7 w LNUWI��H?8VZQ S\LNAHjKVmc V_I c Q S e ` e MBCBVP�87 =67 � QJV hde EJM^V_M cWV_` f I e FNValRQ e_��� 	 C[S\LNUWC8UWV 3ZVaIKc

f LN?8U Zr = 1 r UWVaI f V_lacWEGFgV_`pV_Mdc Zr = 0
v e ? `bLNEGMBI C8V

1.2 r UWVaI f V_lacWEGFgV_`pV_Mdc 1.5
v fie URU egfBf LNUKc e ?`bVaEJQJQGV_?BU.cnVa` f I~CBVYQ e ��� � 7 wxVaI hNe EJMBIoLNA8IWV_U FN]aI e FNVal Q S e ` e MBCBV IKLNMdc `pLNEGMBCBUWVaI��}?BV laV_?�� LNA@cnV_M}?BI

e FgV_l�Q e I f �=�_UWV�7���] e MB`bLgEJMBI � EJQJI f V_?@FNV_MdcS�acnUKV e `b]aQJEGLNUW]aI V_M e jK?BIKc e Mdc|`pEJVa?�� Q e �BMBV_IKIWV C8V_I.` e EGQJQ egh V_I
XNX��



?8cnEGQJEJIK]_Ia7
��MBV e `p]_QJEGLNU e cnEJLgM f LNIWIKEJABQGVPCBVPQ e ��� 	 f LN?8UWU e EGcRlaLNMBIWEGIKcWV_UpO laLNMBIKEJCB]aUWV_Up?BMBV e ?@cnUWVPyzLNUK`Z?BQ e cnEJLgMEJMdcn] h U e QGVg7J� M V a Vac � QGV_I ��] 	 VaM h V_M8CBUWVaM}c e FNVal Q e�� � 	 CBVaI f UWLNABQ��_`pV_I2CBVY`p]_`pLNEJUKV V_M `Z?BQ cnE f QJE e M}c
fie U2CBVa?��PQ e c e EJQGQJV~CBV_IoI
�@I c �a`bVaI_7 	 V f QJ?8I � QGV l_UWE c �aUWV C[S e UWU��ac f UKL f UKV e ?�����] 	 M[S:VaIKc fie I2?@cnEJQGEJIK] QJLgUWICBV2Q e UK]_IWLgQJ?8cWEJLNMRE cn]_U e cnE FNV � CB?Ry e E c CB?Ry e EJA8QJV|laL��8c CBV2laVacKcnVo]ac egf V fBe U U egf8f LNU c e ? l e QJl_?8QBCB? I��HIKc^�_`pVg7�|V f V_MBC e M}c � IWE Q e yzLgUW`Z?BQ e cnEGLNM CBV 	 VaI f UK]_I~V_I c�laLNMBIKEJCB]aUW]_V � EJQ IKV_`ZA8QJVD�}?BV{Q e UW]aIWLNQG?8cnEGLNMPEGcW]_U e cnEGFgV CBVQ eU� � 	 f ?BEGIWIKV �acWUWV e `b]aQJEJLgUW]_V{VaM cnVaM e Mdc l_Lg` f cWV CB? l_UWE c �aUWV C S e UKU^�mc CBVaIY��] 	 7[w S\EJ` fie lac~CBV l_VacKcnV`bLHCBEG�Bl e cWEJLNMbIWV_U e C[S e ?8c e Mdc f QG?BI2EJMdcW]_UWVaIWI e Mdc �}?BV{QTS:EGM��i?BVaMBl_V CB?>cWV_` f I2MB]_laV_IKI e EGUWVYOZQ S\EJMdFNVaUWIKEJLNM>CB?
I��HIKc^�_`pV>IW?BURQGV cnVa` f I<cnLgc e Q|CBV Q e UK]_IWLgQJ?8cWEJLNM VaIKc f QG?BIZEG` f LNUKc e MdcnV f LN?8U Q e ��� 	 L f cWEJ`pEJIW]aVU�}?BV
f LN?8U2Q e ��� 	 l_Q e IWIKE��}?BVg7��MBV e ?@cnUWV IKLNQJ?@cnEJLgM>l_LNMBIKEJI cnV_U e EGc2OZEJMdFNVaUWIWVaUoQJV I��HI c �_`pV{V_MP?8cWEJQJEGI e Mdc|?BMBV{`b]mc �BLHCBV C8EJUWValacWVg7iw V l_LHCBV
?8cnEGQJEJIK]�]mc e Mdc2IK]A�}?BVaM}cWEJVaQ � laVacWcWV egfBf UWLHl��BV M[S e fie I2]mcn] e C8L f cn]aV EJlaE � l e U e ?8cWUWV_`pV_Mdc2Q e l_LgMBIWLN`p` e cnEGLNMV_M `b]a`bLNEGUWV�CBV{Q e `b]mc �BLHCBV e ?8U e E c2CB] fBe IWIK] QJVaI2UWVaIWIWLg?BUWlaV_I C8EJI f LNMBEGABQJVaI_7�|V f V_MBC e M}c � Q e~fie U e QGQJ]_QGEJI e cnEGLNM CB?ZlaL@C8V e ?8cWLNUWEGIWVaU e E c ?8MBV cWV_QJQGV egfBf UKL@l��BV.cnLN?@c VaMZUW]aCB?BEJI e Mdc QGV_IxcnV_` f ICBV l e QJla?BQ � Vmc f V_UW`pVacKcnU e EGc.V_M LN?8cnUKV�C8V l_LgMBIWEGCB]_UKV_U CBVaI yzUK]A�}?BV_M8l_V_I f QJ?BI.]_QGVaFN]aV_I � MBLgc e `b`pV_Mdc f LN?BU.QJVl e I Zr = 1

L�� Q e l_LgMBIWLN`p` e cnEGLNM V_M `p]_`pLNEJUKV CBV{Q e����
	 VaIKc�EJ` f LNU c e MdcWVg7
	 ? y e E c3�}?BV Q e f � e IWV IWLNE c egf8f UWLHl��B]_V fie U ?8MBV `p]ac �8L@CBV e I
�@` f cWLgcnE��H?8V � Q e laLNMBIKEJCB]aU e cWEJLNM CBVbyzUK]7�
�H?8V_MBlaV_I f QJ?8I ]_QGVaFN]aV_I2`pVacKcnU e EGc V_MBlaLNUWV f QG?BI|VaM>]aFHEJC8V_MBlaV QJV_I hde EJM8I|LNA8cWV_M}?BI e FNVal Q e � � 	 L f cWEJ`pEJIW]aV
fie U U egfBf LNUKc O Q e ��� � � cnLN?@c V_M UW]_C8?BEJI e Mdc>Q S\]_l e UKc CBV f UK]_laEJIWEGLNM laLNMBIKc e cn] V_MdcnUKV Q e � � 	 Vac Q e
��� � 7,�|V f V_MBC e M}c � f LN?BU CBVaI h ]aLN`b]mcnUKEJV_I�l_LN` f QGV7�@V_I cWV_QGQJV_I �}?BVRQ S e ` e MBCBVP�87 =67 � EJQ fie U e*� c�MB]_laV_I �I e EGUWV C S e `p]_QGEJLNUKV_U~Q S egfBf UKL �8EG` e cnEJLgM^CBVRQ ebf � e IWVRCBVRQTS:EGMBl_LgMBM}?BV VaM cWV_M e M}c{laLN` f cnV<CBV_I IKEJM h ?8Q e UKEGcn]aICBV{l_LN?BUKAB?BUKVYC8VYQTS:LgABIKc e l_QGVg7

XNXN�



XNX: 



� � ��� ����� ��� � � ��� � 
�� � �

	 e MBI laVacWcWV<c^�(�_IKV � M8LN?BI e FgLNMBI ]mcn?BC8EJ] Q e UK]_IKLNQJ?8cWEJLNM � C e MBI�QJVYl e CBUKV CBVaI � e ?8cnVaI yzUW] �H?8V_MBlaV_I � CBV_I]A�}? e cWEJLNMBI{CBV � e �>5 V_QGQ.VaM UK] h EG`bV�� e UW`pLNMBE��H?8VpVmcYV_M C8LN` e EJMBVZV �Hcn]_UKEJVa?BU<M8LNM ADLNUKMB] fie U{CBV_I<`b] �
c �BLHCBV_I C[S\]A�}? e cnEJLgMBI EJMdcn] h U e QGV_IRCBV>yzUKLNMdcnE��aUWV>C[S\LNUKCBUWVP]_QGVaFg]g7.w e yzLgUW`Z?BQ e cnEGLNM EGM}cW] h U e QJV ?8cnEGQJEJIK]_V VaIKc
l_V_QGQJV~CBV 	 VaI f UK]_I 9\tN9 ; � l e U.V_QJQGV~yzLg?BUWMBE c|C8V_I I
�@I c �a`bVaI��BV_UK`bE cnEJVaMBI � CB]m�iMBEGI f LNIWE cnEGyzI.Vac|ABEJVaM l_LgMBCBEGcWEJLNM��
MB]_Ia7 w e `b]mc �BLHCBV C8VRUW]_IKLNQJ?@cnEJLgM l_LgMBIWEGCB]_UK]_V e ]acW]ZEJM8EGcnEG]_V fie U 	 e UWUKE h U e MBC 9 �N� ; � Vmc V_I c{A e IW]aVRIW?BU QJVl_LN? f Q egh V C8VYQ e `b]mc �BLHCBV CBVYCBEGIWl_UK]acWEJI e cnEJLgM>`bEGl_UWLgQJLHl e QGV49 3 XN� ;xVacoCBV{Q e ��� � 9 �W ;T7
w e `b]mc �BLHCBV CBV C8EJIWlaUW]mcnEJI e cnEGLNM `pEJlaUWLNQGL@l e QJV � EJMdcWUWLHCB?BEGcWV 7�ABA Lg?BC � �~]_CB]aQJVal Vac �V�BLg? � e IKIWLHl_EGV QJVaI `b] �
c �BLHCBV_I e I��H` f cnLgcWE��}?BV_I>VmcPQJVaI>]_QJ]a`bVaMdcnI �iMBEGI q Q e f � e IKV CBV Q S\EJMBlaLNMBM}?BV VaIKc egfBf UWLHl��B]_V IWVaQJLNM QGV_I
c �B]aLNUWEGV_I h ]aLN`b]mcnUKE��}?BV_I Vmc f � �@IKE��}?BVaI<CBV Q e CBE�a U e lmcnEGLNM � l_V �}?BE f VaUW`pVac{C[S\LNA8cWV_MBEGU ?BMBV MBLN?@FNV_QGQJVREGM��l_LNMBM}?BV ADV e ?Bl_LN? f `bLNEGMBI.LNIWlaEJQJQ e MdcnV f Lg?8F e Mdc��acWUWV egf8f UWLHl��B]_V e FgV_l ?BM>MBLg`ZABUWV�CBV CBV h UW]aI2CBV QGEJADV_UKcW]V_M O(kα)

L��
α < 2

7 �|V f V_MBC e Mdc � l_VmcWcnVo`p]ac^�BL@C8V2MB]_laV_IWIKEGcWV~C S e IKIWVa`ZABQGV_U QJV I
�HIKc �a`bV e FNVal~?8MbMBLg`ZABUWV
C[S:L f ]aU e cWEJLNMBIRVaM O(k4) � l e U Q e CBEGIWl_UK]acWEJI e cnEJLgM CBV_IpEJMdcn] h U e QJV_IRC8LNEGc��mcnUKV V7a ValacW?B]_V^IW?BU ?BM MBLN`ZA8UWV
C[S:]aQJ]a`bVaM}cWI�VaM O(k2)

7DwxVYl e QJl_?8Q4C8? I��HI c �_`pV VaIKc e QJLNUKI e l_la]_QJ]aUW]YV_M e C egf c e Mdc�C8V ` e MBE��aUWV{LNUKE h EGM e QJVQ S e Q h LgUWEGc^�B`pV CBVYQ e ��� � 9\�N� ; 7Dw e `p]ac^�BLHCBV{l_LN? f QJ]_V r � � 	 v e ?BM^l_L��8c�V_M O(kα+2 +Niterk
2α)

V_M
cnV_` f I2CBV{l e QJla?BQ e ?PQJEGV_?>CBV O(Niterk

4) f Lg?BU2?BMBV{`p]ac �8L@CBV laQ e IKIWE��H?8VYVmcoCBV O(Niterk
2lnk) f Lg?BU2Q e

��� � `Z?BQGcWEK� MBEGFgV e ?�� 7
�|EJVaM �}?BV~QJVaI f UWVa`bEGV_UWI UK]_IK?BQGc e cnI IWLgEJV_Mdc cnU��_I V_M8l_LN?BU egh V e MdcnI � EGQ e ]mcn]ol_LgMBIKc e cn] f Lg?BU QJVaI.] �}? e cnEGLNMBI CBV
� e �>5|VaQJQ��}?[S\EJQJIoMBVYIWLgM}c fie I e IKIWV�� f UK]_l_EGI f LN?BUolaV_UKc e EJM8I~l e I � MBL�c e `p`bVaMdc f LN?BUoQGV_IoLNAHjKVmcnI fie UKy e EGcnV �`bVaM}c e ABIKLNUWA e MdcnI_7���L�cnUWVocnU e F e EJQ eYe QJLNUKI l_LNMBIKEJI cn] O{`pLNMdcnV_U.V_MbLNUWC8UWV e ? MBE FNV e ? CBV�Q S egfBf UKL �8EG` e cnEJLgM]_QJ]a`bVaMdcnI{�iMBEJI{CB? f UWLgABQ��a`bV�7 �|V_l_E e C[S e A LNUKC ]mcn]pV a V_lmcn?B] f LN?8UYQ e ��� � � f ?BEGI f LN?BU{Q e�� � 	 � VacC e MBIpl�� e �}?BV^l e IpMBLN?BI e FNLNM8I l_LgMBIWEGCB]_UK]^CBVaI egf8f UWL �@EJ` e cnEGLNMBIRC[S\LNUKCBUWV ]_QGVaFN] CBV Q S\EJMBlaLNMBM}?BVPVacbCBV
Q e h ]_LN`p]acWUWEJV�7.wxVaI ]_QG]_`pV_MdcnIp�iMBEGI ?8cnEGQJEGIW]_I IKLNMdc>CBV laQ e IKIWV H(div)

9:�gt ; � Vac QJVaIbyzLNMBlmcnEGLNMBI C8V A e IKVl_LNMBIKEJCB]aUW]aV_I IKLNMdc � f LN?BU~Q e ��� � � laV_QJQGV_I~CBV��{U egh QJE e 9  d� ; � Vmc f LN?BUoQ e_���
	 � ?BMBV e C egf c e cnEGLNMPCBVYl_V_I
CBV_UKMBE��aUWV_Ia7,�~LN?BI e FgLNMBI ]mcn?BCBEG] QGV_I~V a VacnI V_M h VaMBCBUK]_I IW?8U Q e ��� � fBe U�Q e `pLNMdcn]aV V_M LNUWCBUKV � Vac MBLN?BI
e FgLNMBI `bLNMdcWUW] � fBe U QJVoABE e EJI CBV_I.UW]aIW?BQ c e cWI M}?B`p]_UKE��}?BVaI LNA@cnV_M}?BI � �}?BV fie U U e�fBf LgUKc e ?��p]aQJ]_`pV_MdcWI.�iM8EJIC[S:LgUWCBUKVR5 � QGV_I ]aQJ]a`bVaM}cWI �iMBEGI C[S\LNUWC8UWV 3 f V_UK`bVmcWcnVaMdc C[S e l_la]_QJ]aUWVaU Q e laLNMdFNV_U h V_M8l_V V_M ` e EJQGQ egh V Vmc CBVUWV_M8CBUWV<`bLNEGMBI2l_L �8cnVa?�� QGV_I f UKL@CB?8EGcnI~` e cnUKEJl_V � FgV_lacWV_?BU f LN?BUoQ e �}? e IWE � cWLgc e QGEGcW] CBV_I~l e I~cnVaIKcnI�UW] e QJEGIW]_Ia7�|V f V_MBC e M}c � V_M>U e EJIKLNM C[S\?BMBV UK]_IKLNQJ?8cWEJLNMbEGcW]_U e cnEGFgV CB? f UWLNABQ��_`pV Vmc2CB?>`pLNEJMBI.ADLNM>l_LNM8CBEGcWEJLNMBM8V_`pV_Mdc
CBV_I I
�HIKc �a`bVaIoC[S:LgUWCBUKVZ3 � QJV_I cnV_` f I CBV l e QGl_?BQDCBV Q e3��� � C[S:LgUWCBUKVZ3 IWLNMdc fBe UKyzLNEGI|IK? f ]aUWEGV_?BUKI2O l_Va?��CBV Q e ��� � C[S\LNUWCBUKV>587#� Lg?BU Q e ��� 	 � Q e `pLNMdcn]aV V_M LNUWCBUKV IaS:VaIKcZcWU e CB?8EGcnV fie UY?BMBV e `b]aQJEGLNU e cWEJLNMUWV_` e U��H? e ABQJVoCBV~Q e l_LgM}FgV_U h V_MBlaV V_M ` e EGQJQ egh Vg7���Lg?BI e FgLNMBI|Va? OYUW]_IKLN?BCBUKV � C e MBI.QJVol e I|C[S\?BMbl_LNMBC8?Bl7�

XNX�Q



cnV_?8U fie UKy e E c � C8V_I f UWLNABQ��_`pV_I{QJEG]_I e ? ` e ?8F e EJI laLNMBCBE cnEGLNMBMBVa`bVaM}c{C8V_I I
�HIKc �a`bVaI C[S\LNUKCBUWVP3�� f Lg?BU{Q eUW]_IKLNQJ?@cnEJLgM>EGcn]aU e cWEGFgV � Q e `b]mc �BLHCBV{CBV � e l_LgABE e ]acn]{UKV_` f Q e la]_V fie U2?BM � � <oV_I f UK]_l_LgMBCBEGcWEJLNM8MB] 9:�g5 ; 7� LN?BU2Q e ��� 	 � MBLN?BI2MBLg?BI2IWLN`p`pV_I VaMBIW?BE cnV e cKc e l��8]_I~OZUW]aCB?BEJUKV QJV laL��8c2C8VYQTS:]mc egf V CBV cWU e M8IKyzV_U c � l e Ul_VacKcnV{]ac egf V CB]acWV_UW`pEJM8V ORV_QJQGV IWVa?BQJV Q e l_LN` f QGV7�@EGcW] CBV Q e `p]ac^�BLHCBVg78w S\L f cWEJ`pEJI e cnEGLNM f UKL f LNIW]aV � A e IK]_VIW?BUZQGV QGEJIWI egh VbVacRQGV IWVa?BEJQGQ egh VbCBVaIZyzLNMBlmcnEJLgMBI CBVbcnU e MBIKyzVaUKc � f VaUW`pVacRC8V l_LNM8IWEJC8]_UWVaUZ`pLNEJMBI<CBV CBEGUWVal7�
cnEJLgMBI CBVRC8EJIWlaUW]mcnEJI e cnEGLNM IK?BU Q e I f �=�_UWVR?8MBEGcW] � Vmc C[S\LNA8cWV_MBEGU ?BMBVZ`p]ac^�BLHCBV e � e Mdc{?BM8VZl_LN` f QGV7�@EGcW] V_M
O(k2lnk+Niterk

2α)
7Bw V_I cnV_I cnI2M}?B`p]_UKE��}?BV_I|LNMdc2`bLgM}cWUW] �H? S:VaM l��8LNEJIKEJIWI e Mdc2CBV ` e MBE��_UKV�laLNMdFNV_M e ABQJVQJV|M8EGFNV e ? h UWLgIWIWEGV_U Vmc QJV fie U e `_�mcnUWV CBV2IWVa?BEJQGQ egh V � MBLN?BI LgA8cnVaMBLNMBI � V_M `pLNMdc e Mdc VaMRLNUWCBUKV e FNV_l2Q e���� 	L f cnEG`bEGIW]aV � C8V_I hde EGMBI2EJ` f LgUKc e M}cWI fie UoU egfBf LNUKc~ORQ e FgV_UKIWEJLgM^EGMBEGcWE e QGV�CBV{Q e � � 	 7��LN?BI e FNLgMBI VaMBIW?8EGcnVolaLN` fBe UW]oQ eY� � 	 L f cnEG`bEGIW]_VoO Q e � � � 7 � e U.U egfBf LNUKc.O{Q eY� � � � EJQ8V_IKc egfBfBe UW?�H?8VpQ e ��� 	 V_IKcYMBVmcWcWV_`pV_Mdc `pLNEGMBI l_L �8cnVa?BIWVpV_M cnVa` f I{CBV l e QJla?BQ ` e EJI ?BM f V_? `bLNEGMBI f UK]_laEJIWV � Vac

f LN?8U2l_V_U c e EGMBIol e I � f QJ?8I2l_LNMBIKLN`p` e cWUWEGl_V VaM^`p]_`pLNEJUKVg7
7 Q S\EJIKIW?BVbCBV l_V cWU e F e EJQ � l_V_U c e EGMBV_I f VaUWI f V_lmcnE FNV_I f V_?@FNV_Mdc �acWUWV VaMdF@EGI egh ]_V_Ia7�� M l_V#�}?BE laLNMBlaV_UWM8V>Q e
��� � � MBLN?8I f LN?8FNLgMBI IKLNM h VaU � e ? UKV hde UKC C8V_IZUK]_IW?8QGc e cnIYMH?8`b]aUWE��}?BVaI<LgA8cnVaMH?8I � O e `p]_QJEGLNUWVaU QJV f UK]7�l_LNMBC8EGcnEGLNMBMBVa`bVaMdc C8?bI
�@I c �a`bV O<Q S\LNUKCBUWV 3 e �iMpCBV CBEG`bEGM}?BV_U QGV~M8LN`ZABUKV~C S:E cn]_U e cnEGLNMBI CBV~Q e UW]aIWLNQG?8cnEGLNMEGcn]aU e cWEGFgVg7� LN?BUoQ e � � 	 � ?BMBV f UWVa`bE��_UKV e `b]aQJEGLNU e cWEJLNM f Lg?BUWU e EGcolaLNMBIWEGIKcWV_U~OplaLNMBIKEJCB]aUWV_Uo?BM8VYyzLNUK`Z?BQ e cnEGLNM EJMdcW]7�
h U e QGV e ?@cnUWVX�}?BV2QJVaI���] 	 � l_VS�H?8E f V_UW`pVacKcnU e EGc MBLgc e `b`pV_Mdc CBV UW]aCB?BEGUWV Q e l_LNM8IWLN`p` e cnEJLgM<VaMp`p]_`pLNEGUWVg7��MBV e ?8cWUWV f VaUWI f V_lmcnE FNV IKV_U e EGc.CBV fie U e QJQG]_QJEGIWVaU QJVol_LHCBV~V_MbI_S egfBf ?�� e Mdc2IW?8U ?BM8V�FNVaUWIKEJLNM fie U e QJQ��aQJV C S:?BMl_LHCBV ��� � 7 �|V_laE UK]_CB?BEGU e E c QGV_I~cnV_` f I C8VZl e QGl_?BQ4Vac e ? h `pV_MdcnVaU e E c Q e l e�fie l_E cn]<CBVZIKcWL@l�
 egh V � laV �}?BE
f VaUW`pVacWcWU e E c2CBV{l_LgMBIWEGCB]_UKV_UoCBV_I2yzUK]A�}?BV_M8l_V_I f QJ?8I2]_QJVmFN]aV_I_7Dw S\EJMdFNVaUWIWEGLNM CB?^I
�HIKc �a`bV f LN?BUWU e EGc e ?BIKIWExIWVy e EJUKV fie U ?BMBVo`p]ac^�BL@C8V2CBEJUKV_lacWV fie U e QJQ��aQJV V@?pl e laV � ]ac e Mdc.CBLNMBMB] �}?BVoQJV2I
�@I c �a`bV~V_I c|CBV2c e EJQGQJV|UK]_CB?8EGcnV�7�|VacWcWVR`bLHCBE �il e cWEJLNM ]ac e Mdc C[S e ?8c e Mdc f QJ?BI EJMdcn]aUWV_IKI e MdcWV��H?8VRQ S\EJM��i?8V_MBlaVZCB? l_L �8c{CBVZlaVacWcWVR]ac egf V IW?BUQJV cWV_` f I cnL�c e Q CBVRQ e UK]_IKLNQJ?8cWEJLNM V_IKc f QJ?BI EG` f LNU c e MdcnV f Lg?BU Q eU��� 	 L f cWEJ`pEJIW]aV3�}?BV f LN?BU Q e#��� 	l_Q e IWIWE��}?BVg7 	 S e ?8cWUWV fie U c � f LN?BU CBV_I h ]aLN`b]mcnUKEJV_I laLN` f QJV �8VaI.cWV_QGQJV_I��}?BV~Q S e ` e MBCBV � 7 =67 � MBLN?BI.CBVmFNLNMBI
e `b]aQJEGLNUWVaU � fie UYQ S\V_` f QGLNE CBV `p]ac^�BL@C8V_I f � �HIKE��}?BV_I f QJ?BI egfBf UKL f EJ]aV_I r fie U<V7�@V_` f QGV Q e `b]mc �BLHCBVbCBV_I
l_LN?Bl��8V_I|`pEJM8l_V_I 9\�83@; v � QTS e�fBf UWL �@EJ` e cWEJLNMZC8V�Q e f � e IKV�CBV~Q S\EJM8l_LNMBM}?BVoVaMpcWV_M e Mdc l_LN` f cWV~C8V_I.IWEJM h ?BQ e UWEK�cn]_I ]aFgV_Mdcn?BVaQJQGV_I e EGMBIWEB�}?BV C8V_I �aLNMBV_I CBV yzLNU cnVaI laLN?BUWA8?BUWVaI CBV QTS:LNA8IKc e l_QJV�7 	 V f QG?BI � QTS egf8f QJEGl e cWEJLNM CBV�Q e`b]mc �BLHCBV C8V CBEGIWl_UK]acWEJI e cnEJLgM `pEJl_UKLNQJLHl e QJV ]mc e Mdc ?8MBE��}?BVa`bVaM}c F e QJEJC8V f LN?BU�?BMBVZLgMBCBV EGMBl_EGCBV_MdcWV f Q e MBVVac~?BMPLNAHjKVmc�laLNMdFNV �8V � ?8MBV h ]_MB]aU e QGEJI e cnEGLNM CBV{l_VmcWcWV<`p]ac^�BL@C8V e ?��PLNA}jKVacnIoMBLgM^laLNMdFNV7�@VaI ]_laQ e EGUW]aI fie U?BMBV>LNMBC8V EJMBlaEJCBVaMdcnV �}?BV_QGl_LNM=�H?8V>IWV_` ABQJV#�mcnUKV>MB]_laV_IWI e EJUKV f Lg?BU cnU e EGcWV_U<?BM f QJ?BI h U e M8C MBLN`ZABUKV CBV
f UWLNA8Q��_`pV_Ia7J� M IaS:EGMBI f EGU e MdcoCBV{Q e `p]ac^�BLHCBV CB]aFgV_QGL fBf ]_V fBe U2CBVYw e �|Lg?BUWCBLgMBM e �NVYVac �4LNQJVaM}cWEJMBL�9 �d� ; �MBLN?BI f LN?BUWUKEJLNM8I2V_MdFHEJI e�h V_U~?BMBV{CBEGIWl_UK]acWEJI e cnEJLgM>CBV<Q eZf � e IKV<A e IW]aV<IK?BUoQ e l_LNM8IWEJC8]_U e cnEJLgM>CBV f QJ?BIKEJV_?8UWICBEJUKV_lacWEJLNM8I��H?8E IWV_U e EJVaMdc�l��8LNEJIKEJV_I2VaM^M8LN`ZABUKVYQGEJ`pEGcW]�Vmc�VaM yzLgMBlacWEJLNMPCBV{Q S\LNABI c e laQJV�7

XNXg9
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�~LN?BI e QGQJLNMBI `bLgM}cWUWVaU2Q S\?BMBEJIKLNQGF e M8l_V CBV QTS:]aQJ]a`bVaM}c|�iMBE CBV{l_Q e IWIKV H(div)
CBV ��]aCB]_QGV_l{C[S\LNUWC8UWV ?BM[7

	 S e�f U^�aI Q e CB]a�BMBEGcWEJLNM r X@7uX@7uXNvRVac Q e yzLgUW`pV C8V_I CBV h UW]aI CBV^QJEGA VaUKcn] r X@7u�Nv Vmc r XH7G365Nv � l_Val_E�UWVaFHEGV_Mdc>O
`bLNMdcWUWV_U��}?[S\EJQ V7�@EJI cnVY?BM^?8MBE��}?BV

q ∈ D2 FN]_UKEG� e M}c q
αi =

∫

∂Ki

(q · n̂i) ds ; i ∈ {1, 2, 3}, r 3N3N7\�}v

αi+3 =

∫

∂Ki

(q · n̂i)s ds ; i ∈ {1, 2, 3}, r 3N3N7u�Nv

α7 =

∫

K

q1 dx
L��

q1 = q ·
(

1
0

)
, r 3N3N7  dv

r 3N3N7 QNv
α8 =

∫

K

q2 dx
L��

q2 = q ·
(

0
1

)
, r 3N3N7:9dv

f LN?8U cnLN?8c α = (α1, · · · , α8) egfBfie UKcnVaM e Mdc�O R8 77��iM C[S e QJQG] h VaU QJVaI2MBLgc e cnEJLgMBI � M8LN?BI f LgIWLNMBI q;
φ1 = Λ1

012 �;
φ2 = Λ1

021 �;
φ3 = Λ2

102 �;
φ4 = Λ2

201 �;
φ5 = Λ3

120 �;
φ6 = Λ3

210 �;
φ7 =

Λ3
111(λ)

N3
111

− Λ1
111(λ)

N1
111

�
;
φ8 =

Λ2
111(λ)

N2
111

− Λ3
111(λ)

N3
111

7
XNXg�



�|LN`b`pV
q e C8`bVmcoQ e CB]al_LN` f LgIWEGcWEJLNM>IK?BEGF e MdcWV q

q =

8∑

j=1

qjφj,

EJQ8UKVaFHEJVaMdc e ? `_�a`bV CBVo`bLNMdcWUWV_U Q S\V7�@EJI cnV_M8l_V2C[S\?BMp?BMBE��}?BV
q � �}?BVoCBV2`pLNMdcnUKV_U QTS:V �8EGIKcWV_MBlaV2C[S:?8Mp?8MBE��}?BV

FNV_lmcnVa?BU
Q =




q1777
q8




IKLNQJ?8cWEJLNM>C8VYQTS:] �}? e cnEGLNMP` e cnUWEGl_EGV_QJQGV q

AQ = α, r 3N3g7u�dvL��
A
VaIKc~CBLNM8MB]_V fie U q

A =




∫
∂K1

(φ1 · n̂1) ds
∫

∂K1
(φ2 · n̂1) ds . . . . . .

∫
∂K1

(φ8 · n̂1) ds777 777 777 777 777
∫

∂K3
(φ1 · n̂3)s ds . . . . . . . . .

∫
∂K3

(φ8 · n̂3)s ds

∫
K
φ1

1 dx . . . . . . . . .
∫

K
φ1

8 dx

∫
K
φ2

1 dx . . . . . . . . .
∫

K
φ2

8 dx




.

� MpcnVaM e Mdc.l_LN` f cnV~CBVoQ S e MBM}?BQ e cnEGLNMRCBV~l_VaUKc e EJMBI l_LHV@?plaEJV_MdcWI IK?BU QGV_I IWE � f UWVa`bE��_UKV_I QJE h MBV_I C8V A � MBLN?BI
e FgLNMBI q

A =




a1 a1 0 0 0 0 0 0
0 0 a2 a2 0 0 0 0
0 0 0 0 a3 a3 0 0
0 a4 0 0 0 0 0 0
0 0 a5 0 0 0 0 0
0 0 0 0 0 a6 0 0
∗ ∗ ∗ ∗ ∗ ∗ b1 b2
∗ ∗ ∗ ∗ ∗ ∗ b3 b4




.

��LN?BI e QGQJLNMBI l e QGl_?BQGV_U{QJV CB]mcnV_UK`bEGM e Mdc{CBV A 7 � M V7a Valacn? e Mdc CBVaI<C8]aFNVaQJL f8f Va`bVaM}cWI fie UYQGE h MBVRVac fie Ul_LNQGLNMBMBV � MBLN?BI e FNLgMBI q
det(A) =

6∏

i=1

ai det

(
b1 b2
b3 b4

)
.

] Q MBVpMBLN?8I UWVaIKcWV f QJ?8IP�}?[S:O l e QJl_?8QJV_UYQJVaI<laL@V3?pl_EJVaMdcnI b1 � b2 � b3 Vmc
b4
7#� LN?8U IWEG` f QJEG�BV_U l_VmcWcWV c �gl��8V �MBLN?BI UKV_` e U^�}?BLgMBII�}?BV QGV_I laL@V3?blaEJVaM}cWI

b1
Vac
b3

C[S\?BMBV fie UKc � Vac QJV_I l_LHV@?pl_EGV_MdcnI b2 Vac b4 C S e ?@cnUWV fie UKc �IWLNMdc~EJCBVaMdcnE��}?BVaI_7B�~LN?BI f LgIWLNMBI q
In =

∫

K

φn
7 dx,

Vac
Jn =

∫

K

φn
8 dx,

L��
n ∈ {1, 2}.

XgtN5



��LN?BI e FNLgMBI q
In =

∫

K

φn
7 dx

=

∫ 1

0

dλ1

∫ 1−λ1

0

3[λ3(λ1l
n
2 − λ2l

n
1 )− λ1(λ2l

n
3 − λ3l

n
2 )] dλ2

=

∫ 1

0

dλ1

∫ 1−λ1

0

3[((λ2)
2 + 2λ1λ2 − λ2)l

n
1 + (2λ1 − 2(λ1)

2 − λ1λ2)l
n
2 ] dλ2

In =
3ln2
8
, n ∈ {1, 2}.

	 V{Q e `_�a`bV ` e M8E��_UKV � M8LN?BIoLNA8cWV_MBLNM8I Jn =
3ln1
8
� n ∈ {1, 2} 7��LN?BI e FNLgMBI�C8LNMBl q

det(A) = (b1b4 − b2b3)
6∏

i=1

ai

=
9

64
(l21l

1
2 − l11l22)

6∏

i=1

ai 6= 0,

l e U.QJVaI FgV_lmcnV_?8UWI l1 Vac l2 C8]a�iMBEGI fBe U l1 =




l11
l21
0


 Vmc

l2 =




l11
l21
0


 IWLgM}c QJEGMB] e EJUWVa`bVaMdc EJMBCB] f VaMBC e MdcWI �

l_VD�}?BE V_MdcnU e EJM8V �}?BV |l1 ∧ l2| = |l21l12 − l11l22| V_I c�M8LNM^M}?BQT7
��LN?BI~FNVaMBLNMBI CBV<`bLgM}cWUWVaU �}?BVZQ e ` e cnUKEJlaV A V_IKc EJMdFNVaUWIKEJABQGV f ?BEGI^�}?BVZIKLNM CB]mcnVaUW`pEJM e Mdc�V_I c MBLNM MH?8Q �Vac~CBLNMBlD�}?BV{Q S\]_QG]_`pV_Mdc2�iMBE C8VYlaQ e IKIWV H(div)

C[S\LNUKCBUWV 3{V_I c ?BM8EJIWLgQGF e Mdcs7

Xgt83
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� ��� ��� � �

� � ( &21 ���
	 e MBI laVacWcWV fie U cnEGV � MBLN?BI|CB]_laUWEGFgLNMBI Q e `p]ac^�BLHCBV laQ e IKIWE��}?BV�CBV cWUWE e M h ?BQ e cnEGLNMRC[S\?BMBV IK?BUKy e laV Γ

78w ecnUWE e M h ?8Q e cWEJLNM>CBV
Γ
MBLN?BI f VaUW`pVac fie U~Q e IW?BE cnVYCBV laLNMBIKcWUW?BEGUWV Γh � IK?BUKy e laV egf8f UWLHl�� e Mdc Γ

Vmc IKV_UKF e MdcO QTS e�fBf UWL �@EJ` e cWEJLNM M}?B`p]_UKE��}?BV CBVaI�C8E�a ]_UWVaMdcnV_IoEGM}cW] h U e QJVaI_7��LN?BI<MBLN?BIYCBLNM8MBLNMBI<V_M f UKV_`pEJVaUYQGEJVa? � ?BMBVbIW?BU y e l_VpyzV_UW`p]_V Γ ⊂ R3 � IK? fBf LNIW]aV e IWIKV �bUW] h ?BQJE��_UWV � Vac
f LN?@F e M}c �mcnUKV<CB]m�iMBEGV l_LN`p`bV Q e UW]a?BMBEJLgM C8V f l_Lg` f LNI e M}cWV_Iol_LgMBMBV7�@VaI Γi

7
w e IW?BU y e l_V Γ

]mc e Mdc|UW] h ?BQJE��_UWV � V_QJQGV e CB`bVmc|?8M>UWV_laLN?8FHUWVa`bVaMdc �iMBEDC[S\LN?8FNVaUKcWI {Oi}pi=1 � ET7:V�7 Γ ⊂
p⋃

i=1

Oi �
Vac EGQ4V �@EJIKcWVZ?BM CBEKa ]aLN`pLNU f �8EJIW`pV ϕi e IWIWLHl_EG]RO l�� e �H?8VRLN?8FNVaUKc Oi � �}?BE V_MdFNLgEJV Oi

C e MBI ?8M l_?BADVZCBV
R2 7B�~LN?BI f LNIWLNM8I~C8]_IWLgUW` e EJI φi = ϕ−1

i

7
��LN?BI e FgLNMBI{CBLNM8lZ?BM I��HIKc^�_`pVZ�iMBE {Oi, φi}pi=1

C8VRl e U cnV_I yzLgUW` e Mdc ?BM e cWQ e I�CBV Γ � O fBe UKcWEJU C8?(�}?BV_QMBLN?BI f LN?8FgLNMBI � cWUWE e M h ?BQGV_U 	 Γ � E 7\Vg7 f Lg?BU l�� e �}?BV i ∈ {1, . . . , p} � EGQ V �@EJIKcWVR?BM LN?8FgV_U c f LNQ�� h �NM e Q Di�H?8E FN]aUWE �iV
Di ⊂ ωi

Vmc
φi(Di) = Γi � L�� ωi

VaIKc QTS:LN?@FNV_U c CBV
R2 f VaUW`pVacKc e Mdc C8V fie U e `b]mcnUKV_U Oi fie U

φi : ωi → Oi

7
!#"�$&%('*),+�".-

φ : ω → O 0�176X@�; 1�
5176��7ZU0P[�0���M5M G [�M*;J; F 0�1�C�M �^4:C�0�1 \�~LN?BI e FNLNM8I�Q e � cnUKE e M h ?BQ e cnEJLgM 	~IW?BE F e MdcnV CBV Γ q
Γ =

p⋃

i=1

Γi =

p⋃

i=1

φi(Di) ⊂
p⋃

i=1

φi(ωi). r 3g3N7G3s5dv

�|VacWcWV cnUWE e M h ?8Q e cWEJLNM Fg]_UKEG�iV{QJVaI2l_LNM8CBEGcWEJLNMBI2C8VYlaLN` fie cnEGABEJQGEGcW]_I.IW?BE F e M}cWV_I q

∀(ωi, Di, φi) 6= (ωj, Dj, φj), φi(Di) ∩ φj(Dj) =





IWLNE c ∅IWLNE co?BM IWLN`p`bVmc2l_Lg`b`Z?8M
IWLNE co?BMBV e U��acnV{la?BUKFHEJQGE h M8V l_LN`p`Z?BM8V

!#"�$&%('*),+�".- 
 ;V0Y6 07C<C�0 6 G 9L4:;��:@�CK4:6 9NM*;`0���9�176 0 6 M*@ � M*@ G 1STJM*@ G @�;V0 E 4 G 9 F 6 F C∞ ��M*Z T=4��76 0D076XM G 9N07;J6 F 0 \�~LN?BIZlaLNMBIKEJCB]aUWLNMBI T h
i

?BMBVpcnUWE e M h ?8Q e cWEJLNM CBV
Di � �}?BV M8LN?BI IK? fBf LNIWLgMBIRUW] h ?BQJE��_UKV � E 7\Vg7 T h

i

CBLNE c
I e cWEJIKy e EJUWV QJV_I2laLNMBCBE cnEGLNMBI2?BIK?BV_QGQJV_I q

XgtNt



; ∀T ∈ T h
i ,

hT

ρT
≤ c1 � L�� c1 VaIKc~?BMBV{l_LgMBIKc e MdcnVYEJMBCB] f VaMBC e MdcWVYC8V T Vac~CBV

h �
; h

hT
≤ c2 � L�� c2 V_I c~?BMBVYl_LNMBI c e MdcWVYEGMBCB] f VaMBC e MdcnVYCBV T Vmc~CBV

h �
L��

hT r UKV_I f ValacnE FNVa`bVaM}c
ρT

v l_LNUKUWVaI f LNMBC e ? CBE e ` �acWUWVoCB? laV_UKl_QJV�l_EGUWl_LgMBIWlaUWEGc r EGMBIWlaUWEGc v CB? cnUKE e M h QJV�� �Vac
h = max

T∈T h
i

hT . r 3g3N7G3g3 v

=@LNEGc
φT

i

QTS:EGMdcnV_U f LgQJ]_V QGEJMB] e EJUKV CBV φi

IK?BUol�� e �}?BV{cnUWE e M h QGV T ∈ T h
i

7B�~LN?BIoMBLgcWLNMBI T h
∗ =

p⋃

i=1

T h
i

7B�~LN?BI
CB]a�iM8EJIWIKLNMBI VaMBIW?8EGcnV

φih

Q e yzLNMBlmcnEGLNM CB]m�iMBEGV IW?8U T h
i

CBLNMdc Q e UKV_IKcWUWEGlacnEGLNM O
T ∈ T h

i

laL�� MBlaEJCBV e FNV_l φT
i �Vac

φh

Q e yzLgMBlacWEJLNM CB]a�BMBEJVYIW?BU T h
∗

CBLgM}c�Q e UWVaIKcWUWEJlmcnEGLNM O T h
i

laL�� MBlaEJCBV e FNVal φih

7 � LN?BU~cnLN?8I~cWUWE e M h QJVaICBEJI cnEJM8lacnI
T1

Vac
T2 egf8fie UKcWV_M e M}c O T h

i � φT1
i (T1)

Vac
φT2

i (T2)
FN]_UKEG�iVaMdc|QGV_I l_LgMBCBEGcWEJLNM8I CBVol_LN` fie cWEJABEGQJE cn]_IF@?8V_I f UW]al_]_C8V_`p`bVaM}c_7B��LN?8I f LN?8FgLNMBI e QJLgUWI2CB]m�iMBEJU q

Γ̃h =

p⋃

i=1

⋃

T∈T h
i

φT
i (T ). r 3N3N7 3 XNv

��LN?BIoCB]m�iMBEGIWIWLgMBI�C8LNMBl{?BMBV{MBLN?@FNV_QGQJV cWUWE e M h ?BQ e cnEGLNM q
Th = {K f Q e M |K = φh(T ), ∀T ∈ T h

∗ }. r 3N3N7 36tdv
] Q e�fBfie U e�� c{laQ e EGUWV_`pV_MdcD�}?BVbQ e jK?��Hc egf LNIKEGcnEGLNM CBV_I<]_QG]_`pV_MdcnI f Q e MBI{CBV Th

yzLNUW`pV ?BMBVpIW?BU y e l_V f LgQ �W�]_CBUKE��}?BV yzV_UK`b]aV
Γ̃h

C e MBI R3 7
!#"�$&%('*),+�".-

Γ̃h =
⋃

K∈Th

K 0�176I[ F � 4U@�;V0 47TWT G M ��9<Z 4:6 9NM*;`[�0 Γ \ � M*@ 1 TJM*@ G G 9NM*;=176����JM*9�179 G Γh = Γ̃h 8
Z 4:9�1D;VM*@ 1347TWT G M ���J0 G 9NM*;=1 Γ 4 E 0��Y1507@�C�07ZU07;J6 8 @�;V0 17@ G 
 4���0�T.CK4:;V0 076?;VM*; 4 E 0��D@�;V0Y17@ G 
 4���0
��M*@ G 270 \�~LN?BIol_LgMBIWEGCB]_UKLNMBI

ψ
Q eZf UWLkjKValacWEJLNMPLNU c �BL h LNM e QGV CBV Γ̃h

IK?BU
Γ
7 7 l�� e �}?BV{cnUKE e M h QJV K ∈ Th � MBLN?BI

e IWIKL@laEJLNMBI{QTS:]aQJ]_`pV_Mdc �iM8E CBV w egh U e M h V (K,ΣK ,Pl) � L�� Pl

V_IKc<Q S\V_I fie laVbCBVaI f LNQ��@M��N`bVaI{O C8V_?�� EGM��
CB]acWV_UW`pEJM8]_V_I � ORl_LHV@?pl_EGV_MdcnI~l_LN` f QGV7�@V_IoVacoC8VYC8V h UK]YcWLgc e Q EJM8yz]aUWEJVa?BU LN?P] hde QxO C � ΣK

VaIKc~Q S\V_MBIKV_`ZA8QJV
CBV_I C8V h UK]_I2CBV QGEJADV_U cn]_I.CBV QTS:]aQJ]a`bVaM}c �iMBE � Vmc2V_I c2EJlaE QTS:VaMBIWVa`ZABQJV�CBV_I F e QJV_?8UWI f UKEJIKV_I fie U T �}?BV_QGl_LNM(�}?BVC e MBI Pl

IK?BUo?BM^VaMBIWVa`ZABQGV
N l

K

CBV (l + 1)(l + 2)

2

M��{?BCBIol��BLNEGIWEJIoIK?BU
K
7

!#"�$&%('*),+�".- C�0�176?C�" M G [ G 0P[#" 47TWT G M ��9<Z 4:6L9NM*;`[�0 CK4
� F M*Z F 6 G 9N0 \�~LN?BI2CB]m�iMBEGIWIWLgMBI
FK = Πlψ|K

Q S\EJMdcWV_U f LNQG]_V~C[S:LgUWCBUKV l C8V ψ UWVaIKcWUWV_EGMdcnV O
K � LNA8cnVaM}?BV{O fie U cnEGU|CBVQ S\]_QJ]a`bVaMdc �iMBE

(K,ΣK ,Pl)
7

��LN?BI e FNLgMBI�Q e CB]a�BMBEGcWEJLNM>IK?BEGF e MdcnV{CBV Γh q
Γh =

⋃

K∈Th

FK(K). r 3N3N7 3s�}v

Xgtg�



w e IK?BUKy e laV Γh � l_LNMBI cnUK?BEGcWVRl_EK� CBV_IKIW?BI � V_IKc cWLgc e QJV_`pV_Mdc C8]a�iMBEGV fie U ?BM MBLN`ZA8UWVZ�iMBE CBV f LNEGMdcnI CBV Γ
7

� QGQJV�MBLN?BI f V_UW`pVac e EJMBIKE CBV f LNIKV_U2QJV f UWLNABQ��_`pV CBEGIWlaUWVacoVaMPUWV_` f Q e��se Mdc Γ fie U Γh

C e MBI2QGV_I ] �}? e cnEGLNMBIEJMdcn] h U e QGV_Ia7

� � ( &21 ���
�~LN?BI>EGM}cWUWLHCB?BEGIWLNMBIU�H?8V_Q��}?BVaIPMBLgcnEGLNMBIbCBV h ]_Lg`b]mcnUWEGV CBEKa ]aUWVaM}cWEJVaQJQJV^C e MBI>QGV AB?@cPC[S:]mc e A8QJEJUb?BMBV

UWV_Q e cnEGLNM>V_MdcWUWV
Γ
Vac

Γh � cnLN?8c~VaM hde UWC e Mdc�O Q S\V_I f UWEGcolaVP�}?BE e ]acW]YFH? f UW]_la]_CBVa`bVaMdc C e MBI�Q eRfie UKcWEJV ACBV<laVacKcnV e MBMBV �8V�7.��LN?BI~CB]m�iMBEJIKIWLNM8I Φ � ?BM C∞ � CBE�a ]_Lg`bLNU f �BEGIW`pV V_MdcnUKV Γ×]− ε; ε[ Vmc ?BMPFNLgEJIWEGM egh Vcn?BAB?8Q e EGUWV Uε
CBV

Γ
�}?BE VaIKc�l_LNM8IKcnE cn?B] C8V_I f LNEGMdcnI2CBLNMdc~Q e C8EJIKc e MBlaV<O Γ

VaIKc~EJM@yz]_UWEGV_?BUKV{O
ε � fie U q

Φ : Γ×]− ε; ε[ −→ Uε r 3g3N7G36�Nv
(m, t) −→ Φ(m, t) = m + t~n(m),

L��
Uε = {x ∈ R3| inf

y∈Γ
|x− y| < ε} � Vac ~n V_I c�Q e MBLNUK` e QGV ?BMBE c e EGUWV O Γ e ? f LNEGM}c m 7

	 V r 3N3N7 3 �Nv � EJQ I_S\V_MBIK?BEGc �}?BV f Lg?BUo?BMBV{l e U cnV{QJLHl e QJV (O, φ) � Q S egfBf QGEJl e cnEGLNM
Ψ : ω×]− ε; ε[ −→ U r 3N3g7G35 Nv

(y, t) −→ Ψ(y, t) = φ(y) + t~n(φ(y)),

V_IKc~?BM
C∞ � CBEKa ]aLN`bLgU f �BEGIW`pVg7

	 e MBIZQGV_IYMBLgc e cnEGLNMBIYl_EK� CBV_IKIW?BI � U V_I cR?BM Lg?8FNVaUKcRCBV
R3 � Vmc φ F e C8V

ω � �}?BE|VaIKcZ?8M LN?8FgV_UKcZCBV
R2 �C e MBI O ⊂ Γ

7 w e UKV_Q e cnEGLNM QJE e Mdc QJVaI l_LHLNUWCBLgMBMB]_VaI{QJLHl e QGV_I y = (y1, y2)
C8VpQ e l e U cnV (O, D, φ) � e FNVal

K = φT (T ) r L�� φT

VaIKc QTS:EGMdcnV_U f LgQJ]_V{CBV φ)
voVmc

T ⊂ D � e ?��^l_LHLNUKCBLNMBMB]aV_I
ξ = (ξ1, ξ2) � V_I c CBLNM8MB]_V

fie U q
φ(y1, y2) + t(y1, y2)~n(φ(y1, y2)) = FK(ξ1, ξ2), r 3g3N7G35QNv

L��
FK

laLNUWUKV_I f LNM8C O Q S\EJMdcnVaU f LNQJ]aV C[S\LNUKCBUWV l CBVRQ ebf UKLkjKV_lmcnEGLNM LNUKc^�BL h LgM e QJVYCBV Γ̃h =
⋃

K∈Th

K
IK?BU

Γ �
l_LNMBI cnUK?BEGc~O fie U cnEGU2CBV{Q S\]_QJ]a`bVaMdc �iMBExw egh U e M h EGV_M (K,ΣK,Pl)

7
��LN?BI e FNLgMBI�C8LNMBl (ψ ◦ FK)(ξ) = φ(y1(ξ), y2(ξ)) � l_VD�}?BExV_MdcnU e EJMBV q

φ(y1(ξ), y2(ξ)) + t(y1(ξ), y2(ξ))~n(φ(y1(ξ), y2(ξ))) = FK(ξ), r 3N3N7 369dv
IWLNE c e FgV_lY?BM QJ] h V_U e AB?8I~C8VYM8Lgc e cWEJLNM q

(ψ ◦ FK)(ξ1, ξ2) + t(ξ1, ξ2)~n(ξ1, ξ2) = FK(ξ1, ξ2). r 3g3N7G3s�dv
��LN?BI2FgV_MBLNM8I�CBLgMBl{C[S:]mc e A8QJEJU|?BMBV{UWVaQ e cWEJLNM>VaM}cWUWVYQJVaI2IW?BU y e l_VaI Γh

Vac
Γ
7

7 fie UKcWEJU CBV r 3N3N7 36�dv � �|V_M8C e QJE e `pLNMdcnUK].9 36� ; � �}?[S\V_M UWVa` f Q e��se M}c{QGV f Q e M c e M h V_Mdc<O Γ fie U QJV f Q e M
Xgtd�



c e M h V_Mdc2O Γh � e QJLNUKI EGQ � e f V_U cnV�C[S:?8M>LNUWCBUKV CBV�l_LNMdFNVaU h VaMBl_V � Vac f LN?BU ?BM IKl��B]_` e C[S\LNUWCBUKVZ3 � EJQ f V_?8c
e ?BIWIKE � e FNLNEGU f VaUKcWVYC8VYQ e l_LNMBIKEJI c e MBlaVg7� M V a Vac � V_M CB]_UKEGF e Mdc r 3g3N7G3s�dv fie U2U egfBf LNUKc~O ξα � MBLN?BIoLNA8cWV_MBLgMBI q

−→eα +
∂t

∂ξα
~n + t

∂−→n
∂ξα

=
−→
eh

α, r 3g3N7 X�5dv
L�� {−→e1 ,−→e2} r UKV_I f 7 {−→eh

1 ,
−→
eh
2 }
v yzLNUW`pV ?BMBV{A e IWV{CB? f Q e M>c e M h VaM}c�O Γ r UWVaI f 7 Γh

vm7
	 V{Q S\] hde QGEGcW] r 3g3N7 X�5dv � M8LN?BIoCB]_C8?BEJIKLNMBIoQ S\V_I cnEJ` e cWEJLNM C S:VaUWUWVa?BUoIW?BE F e MdcnV q

|−→eα −
−→
eh

α| ≤ chl, ∀K ∈ Th, r 3g3N7 XH3 v
f ?BEJI��}?BV<Q e yzLgMBlacWEJLNM t � I_S e MBM}?BQ e M}c�IW?8U�QTS:VaMBIWVa`ZABQJV{CBVaI M��{?BC8I�CBV K ?8cWEJQGEJIW] f LN?BU~CB]m�iMBEJUoQGV_I~CBV h UK]_ICBV{QJEJADV_U cn] C8VYQG]_QG]_`pV_Mdc �iMBE

(K,ΣK ,Pl) � FN]_UKEG�iV{QGV_I2UW]aIW?BQ c e cWIol_Q e IWIWE��}?BV_IoC[S\EJMdcnVaU f LNQ e cnEJLgM q
|t(ξ1, ξ2)| ≤ chl+1, r 3g3N7 XgXNv

| ∂t
∂ξα

(ξ1, ξ2)| ≤ chl, r 3g3N7 X�tdv
L��

c
V_IKc~?BM8VYlaLNMBI c e MdcnVYEJM8CB] f V_MBC e MdcnV{CBV h Vac~CBV

K
7

��LN?BI2FgL �gLNMBI~ABEJVaM � �}?BV{l_VmcWcnV f V_UKcWV{C e MBIoQ S\LNUKCBUWV C[S egfBf UWL �@EJ` e cnEGLNM CB? f Q e MPc e M h VaMdc O Γ
V_IKc�CB?BVYO

Q eRf UW]aIWVaMBIWV<CBV{Q e MBLNUK` e QGV C e MBI r 3N3N7 36�dv 7 	 LNM8l f LN?BUol_LgMBIWVaUKFNVaU QGV_IoLNUWC8UWV_IoC[S egfBf UWL �@EJ` e cnEGLNM>CBVYQ e
h ]_LN`p]acWUWEGV � EGQ[MBV y e ?8c fBe IoCBEJUKV_lacWV_`pV_Mdc egfBf UKL@l��8V_UoQJV f Q e M>c e M h V_Mdc~O Γ fie UoQGV f Q e M c e M h VaMdc O Γh

7
� LN?BU UWV_`p]_C8EJV_U O l_VaQ e � ?BMBV IWLNQG?8cnEGLNM f LNIKIWEJA8QJV laLNMBIKEJIKcWVRO f UKV_MBC8UWVZlaLN`b`pV A e IWVZC8? f Q e M c e M h V_Mdc{O
Γh q

−→
eh

α =
∂ρ̃K

∂ξα
, r 3g3N7 Xk�}v

L�� MBLN?BIPCB]m�iMBEGIWIWLgMBI
ρ̃K

l_LN`p`bV^Q S\EJMdcnVaU f LNQJ]aV CBV
(ψ ◦ FK)

l_LNMBI cnUK?BEGc O fie UKcnEGU CBV QTS:]aQJ]_`pV_Mdcb�iMBE
(K, Σ̃K,Pl+1)

7
	 V{Q e `_�a`bV�y e�� LNM��}?BV f UW]al_]aCBV_`p`bVaMdc � MBLN?BIoLNA@cnV_M8LNMBIoQ S\V_I cnEJ` e cWEJLNM C S:VaUWUWVa?BUoIW?BE F e MdcnV q

|
−→
eΓα −

−→
eh

α| ≤ chl+1, ∀K ∈ Th. r 3g3N7 Xg�Nv

� � ( &21 � �

�~LN?BIRUKV f UKV_MBLNM8IpQGV_IRMBL�c e cWEJLNMBI EJMdcnUKL@CB?8EGcnVaI e ? l�� e�f EGcWUWVPt87���LN?BIR`pLNMdcnUKLNMBI��}?BVPQJVaI yzLNMBlmcnEGLNMBI
CBV^A e IWV^l_LN?BUKA VaI C[S\LNUKCBUWV ]_QGVaFN]^CBV�� V_MBC e QJE r lmy IWValacWEJLNM t87 Xgv Vmc CBV �{U egh QGE e r lay{IWValacWLNM t87:tdvZIWLNMdc
]A�}?BEGF e QGV_MdcnVaI_7���LN?8I|MBLgcWLNMBI.UWVaI f V_lacWEGFgV_`pV_Mdc xB

Vac
xG

QJVaI fBe U e `p]acWUWEGI e cWEJLNMBI C8V Γh

CBV �|V_MBC e QJE Vac CBV�{U egh QJE e 7��4LN?BU~]ac e ABQJEGUol_VYUW]_IK?BQGc e c � EGQ[F e y e QJQGLNEJU.cnLN?@c C[S e ADLNUWC l_Lg` fie UWV_U~QJVaI�A e IWVaI CB? f Q e MPc e M h V_MdcO
Γh

LNA8cWV_M}?BV_IoO fie UKcWEJU CBVaI fie U e `b]mcnUKEJI e cnEJLgMBI CBV��|VaMBC e QGE Vmc CBV �{U egh QJE e 7 �4LN?BU|QGV_I CBEJI cnEJM h ?BV_U � MBLN?BI
f LNIKLNMBI q

Xgt� 



; −→
bh1 =

∂xB

∂ξ1
� Vmc −→bh2 =

∂xB

∂ξ2
�

; −→
gh
1 =

∂xG

∂λ1

� Vmc −→gh
2 =

∂xG

∂λ2

�
L�� {−→bh1 ,−→bh2 } V_I c ?BMBV A e IWV C8? f Q e M<c e M h V_Mdc O Γh

LgA8cnVaMH?8V2O fie U cnEGU CBV Q e~fie U e `b]mcnUWEGI e cWEJLNM{CBV �|V_MBC e QJE �Vac {−→gh
1 ,
−→
gh
2 }

VaIKc.?BMBV2A e IWVoCB? f Q e MZc e M h V_Mdc.O Γh

LNA@cnV_M}?BV~O fie U cnEGU CBVoQ e�fie U e `b]mcnUWEGI e cWEJLNM<CBV �{U egh QGE e 77��iM C8V l_LN` fie UKV_U<Q e A e IWV {−→bh1 ,−→bh2 } QGEJ]_V e ?�� laL@LNUKCBLNMBM8]_V_I {ξ1, ξ2} � VacZQ e A e IWV {−→gh
1 ,
−→
gh
2 }

QJEG]_V e ?��l_LHLNUWCBLgMBMB]_VaI {λ1, λ2} � EJQ y e ?@co`bVmcWcnUKV V_M UWVaQ e cWEJLNM>laV_IoI��HIKc^�_`pV_Ia7
=@LNEGc

K̃h

?BM ]aQJ]a`bVaM}c�l_Lg?BUWADV<C8V
Γh � Vac�IWLNE c K Q S\]_QJ]a`bVaMdc f Q e M CBV

Γ̃h

cWV_Q��}?BV
K̃h

V_I c QTS:EG` egh V CBV K
fie U FK � QTS:EGM}cWV_U f LNQG]_V CBVYQ e f UKLkjKV_lmcnEJLgM^LNU c �BL h LNM e QGV{CBV Γ̃h

IW?BU
Γ
7 w VaI l_LHLNUKCBLNMBMB]aV_I�A e U��HlaV_MdcnUKE��}?BV_I

(λ1, λ2, λ3) e IWIKL@laEJ]_VaI e ?��PIKLN`b`pVacWI2CBV
K

IaS:]al_UWE FNVaM}c�l_Lg`b`pV CBVaI~yzLNM8lacnEGLNMBI e ?pMBVaIoCBV ξ1 Vac~CBV ξ2 q
λi(ξ

1, ξ2) = αi + βiξ
1 + γiξ

2 ; i ∈ {1, 2, 3}. r 3N3N7uX: dv
��LN?BI f LNIWLgMBI q λi(ξ

1, ξ2) = φi(ξ
1, ξ2) � i ∈ {1, 2, 3} 7 w V_IRyzLNM8lacnEGLNMBI {φi}3i=1

IWLgM}cplaLN` f Q��acWV_`pV_MdcCB]a�iM8EJV_I � l e U2V_QJQGV_I|Fg]_UKEG�iVaM}c~QGV_I UKV_Q e cnEJLgMBI φi(a
K
j ) = δij � aK

1 � aK
2

Vmc
aK

3

laLNUWUKV_I f LNM8C e Mdc e ?��>IKLN`p`bVmcnI
s23 � s13

Vac
s12

CBV
K
7

� M f LNI e Mdc ξ = (ξ1, ξ2) � λ = (λ1, λ2)
Vmc
φ = (φ1, φ2) � MBLN?8I~LgA8cnVaMBLNMBI q

xG(λ) = (xG ◦ φ)(ξ) = xB(ξ). r 3N3N7uX�QNv
��LN?BI e FgLNMBI V_M ?8cWEJQGEJI e M}c r 3g3N7 X:QNv~Vmc{Q e yzLNUK`Z?BQGV<CBVRC8]_UWE F e cnEGLNM CBVaI yzLNMBlacWEJLNM8I l_Lg` f LNIW]aV_I CB? l e QJla?BQCBE�a ]_UKV_MdcnEGV_Q q

−→
bh1 =

∂xB

∂ξ1
=
∂(xG ◦ φ)

∂ξ1

=

2∑

j=1

(
∂xG

∂λj
◦ φ)

∂φj

∂ξ1

−→
bh1 =

2∑

j=1

βj(
−→
gh

j ◦ φ). r 3N3N7uXg9dv

	 V{Q e `_�a`bV�y e�� LNM � MBLN?BI e FNLNM8I f LN?BU −→bh2 q
−→
bh2 =

∂xB

∂ξ2
=

2∑

j=1

γj(
−→
gh

j ◦ φ). r 3N3N7uXg�dv

=@LNEGc √
gB

h

QJV j e l_LNABEGV_M f UWL6FNVaM e MdcPCBV Q e fie U e `p]acnUKEJI e cnEGLNM C8V �|V_M8C e QJE � Vmc>IWLgEGc √
gG

h

QJV j e l_LNABEGV_M
f UWL6FNVaM e Mdc�CBV{Q eZfie U e `p]acnUKEJI e cnEGLNM CBV � U egh QJE e � ET7:V�7BV_M f LgI e Mdc dS QTS:]aQJ]a`bVaM}c CBV{IW?BU y e l_V � MBLN?BI e FNLNM8I
dS =

√
gB

h dξ
1dξ2 =

√
gG

h dλ1dλ2

7
XgtWQ



√
gB

h r UKV_I f ValacnE FNVa`bVaM}c √
gG

h

v V_I c|Q e U e laEJMBVol e UWUW]aV�C8V~Q e F e QJV_?8U e ABIWLgQJ?BVoCB?pCB]acWV_UK`bEGM e Mdc.CB?pcWV_MBIKV_?BU`b]mcnUWE��}?BV
(TMB) r UKV_I f ValacnE FNVa`bVaM}c

(TMG)
v e IKIWLHl_EJ]^O {−→bh1 ,−→bh2 } r UKV_I f ValacnE FNVa`bVaM}c {−→gh

1 ,
−→
gh
2 }
v 7|w V_I

cnV_M8IWV_?8UWI~`b]mcnUWE��}?BV_I
(TMB)

Vmc
(TMG)

IWLNMdc~CB]m�iMBEJI fie U q

(TMB) fKh
=




(
−→
bh1 ·
−→
bh1 ) (

−→
bh1 ·
−→
bh2 )

(
−→
bh1 ·
−→
bh2 ) (

−→
bh2 ·
−→
bh2 )




Vmc
(TMG) fKh

=




(
−→
gh
1 ·
−→
gh
1 ) (

−→
gh
1 ·
−→
gh
2 )

(
−→
gh
1 ·
−→
gh
2 ) (

−→
gh
2 ·
−→
gh
2 )


 .r 3g3N7utg5dv

��LN?BI e FNLNM8IZCBLNMBl √
gB

h = |
−→
bh1 ∧

−→
bh2 |

Vac √
gG

h = |
−→
gh
1 ∧
−→
gh
2 |
7�7 QTS e EJCBVRCBV r 3N3g7 Xg9Nv Vmc r 3N3N7uXg�dv � √

gB
hI_S\V7� f UWEG`bV{VaM yzLNM8lacnEGLNM>CBV √

gG
h q

√
gB

h = |
−→
bh1 ∧

−→
bh2 |

= c|(
−→
gh
1 ∧
−→
gh
2 ) ◦ φ|, r 3N3N7:t83 v

L��
c = |β1γ2 − β2γ1|

7
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√
gB

h = |
−→
fK

1 ∧
−→
fK

2 | = 1

= c
√
gG

h ◦ φ = 2mes(K)c,

��0P>A@�9S07;J6 G 4:9<;V0 c =
1

2mes(K)
\

�~LN?BI f UKL@la]_CBLNM8I O{C8V_I IWEG` f QGEG�il e cnEGLNMBI e ?RMBE FNV e ?pC8V_I MBLgc e cnEGLNMBI ?8cWEJQGEJIW]aV_Ia7 Λ̃β
CB]_IKE h MBV2M S:EG` f LNUKcWV�H?8V_QJQGV yzLNMBlmcnEJLgMpC8V~A e IWV~C[S\LNUWCBUKVo]_QJVmFN]~CBV �{U egh QGE e 7�w e M8Lgc e cWEJLNM CBVaI yzLNMBlacWEJLNM8I.C8V~A e IWV~C[S\LNUWCBUKVo]_QJVmFN]CBV�� U e�h QJE e VaIKc.cnVaQJQJV �}?[S:O l�� e �}?BV~yzLNMBlmcnEJLgM CBV~A e IKV R̃Tβ

CBV �|VaMBC e QGE � EJQilaLNUWUKV_I f LNM8C ?BMBV~yzLNMBlacWEJLNMpCBV
A e IWV Λ̃β

CBV��{U egh QJE e 7��|VacKcnV{l_LNUKUWVaI f LNMBC e M8l_VYV_MdcnUKV R̃Tβ

Vac
Λ̃β

IWV y e EGc fie UoQJV ABE e EJI|CBV_I2yzLNMBlmcnEGLNMBI2CBVA e IWV f Q e MBVaI RTβ

Vac
Λβ

7
wxVaI2yzLNMBlacWEJLNM8I2CBV{A e IWV{laLN?BUWADV_I~CBV��|VaMBC e QGE {R̃Tβ}β

Vac~CBV � U egh QJE e {Λ̃β}β
IWLgM}c~CB]m�iMBEGV_I fie U q

R̃Tβ(ξ) =
1√
gB

h

((RTβ ·
−→
fK

1 )
−→
bh1 + (RTβ ·

−→
fK

2 )
−→
bh2 , r 3g3N7utNXNv

Λ̃β(λ) =
1√
gG

h

((Λβ ·
−→
e1K)
−→
gh
1 + (Λβ ·

−→
e2K)
−→
gh
2 . r 3g3N7utgtdv
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

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