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�„5… susceptibility stabilizes the propagation of ultrashort laser pulses in air
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The influence of higher-order optical nonlinearities on the self-guiding of femtosecond pulses in the atmo-
sphere is investigated theoretically. ��5� susceptibility, even small, is shown to significantly affect the propa-
gation dynamics and enhance the robustness of femtosecond filaments by lowering the threshold intensity at
which the beam saturates and by enlarging the self-channeling range.
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Femtosecond laser pulses are known to produce intense
channels of light in the atmosphere [1], which result from the
competition between the Kerr focusing of the beam and self-
induced ionization of air molecules. These channels consist
of filamentary structures with �1 mJ energy, 100 �m waist,
peak intensities attaining 1013–1014 W/cm2, and generating
an electron plasma with densities around 1016 cm−3 [2,3].

So far, attention has mostly been paid to the previous
interplay, where only plasma generation arrests the beam col-
lapse. Several authors, however, proposed other stabilizers
for this saturation process. For instance, chromatic dispersion
was recently shown to promote a self-guiding with no major
role from ionization in condensed media such as water [4].
Nonetheless, this property does not usually hold in air, for
which the dispersion is so weak that it cannot stop the col-
lapse of high-power beams before plasma occurs. Instead,
��5� contributions originating from the expansion of the non-
linear polarization vector may arise in the atmosphere at in-
tensity levels close to the ionization threshold. Therefore,
they appear as potential key players in the self-channeling
mechanism. In Refs. [5,6], ��5� defocusing nonlinearities
were shown to affect both the saturation intensity of self-
guided filaments and their associated peak electron densities.
In contrast, a recent investigation [7] proposed that quintic
saturation should be omitted in current models, as ionization
processes dominate with an intensity threshold below that of
the ��5� effects. Here, comparisons were performed from in-
tensity thresholds considered independently of each other.
The analysis, moreover, applied to a reduced model ignoring
the role of the Raman-delayed Kerr response in air and mul-
tiphoton absorption. Thus, the question of knowing whether
and why ��5� nonlinearities are important in the self-
channeling of ultrashort light pulses still remains open.

In this paper, we provide theoretical arguments displaying
evidence of the importance of such terms in the pulse dy-
namics, even when they exhibit a small ��5� coefficient. We
show that a combination of both ��5� and free electron exci-
tation makes a quintic susceptibility have noticeable influ-
ence on the filamentation process and enlarges the self-
guiding range. A two-scale variational approach supports
these theoretical expectations. Numerical simulations of ra-
dially symmetric and fully �3D+1�-dimensional pulses
clearly demonstrate this property.

To start with, we consider the propagation equations for
the slowly varying envelope E�x ,y , t ,z� of the beam evolving
along the z axis, written as [8,9]

�E
�z

=
i

2k0
��

2 E − i
k�

2
�t

2E + ik0
�n

n0
E −

���E�2�
2

E −
�

2
�E , �1�

�n

n0
� n2R�t� − n4�E�4 −

�

2�c
, �2�

R�t� � �1 − ���E�t��2 +
�

	K
�

−


t

e−�t−t��/	K�E�t���2dt�, �3�

�t� = W��E�2��nt +
�

Ui
��E�2. �4�

These equations apply to femtosecond pulses moving in their
group-velocity frame, with the central wave number k0
=2� /�0 and ��

2 ��x
2+�y

2. We consider the laser wavelength
�0=800 nm, normal group-velocity dispersion with coeffi-
cient k�=0.2 fs2 /cm, and a critical plasma density �c=1.8
1021 cm−3. Only ionization of dioxygen molecules is con-
sidered, with the gap potential Ui=12.1 eV and an initial
neutral density �nt=5.41018 cm−3. The last terms in Eq. (1)
are related to multiphoton absorption (MPA) expressed as
���E�2���ntW��E�2�Ui / �E�2 and to avalanche ionization with a
cross section for inverse bremsstrahlung �=5.44
10−20 cm2, respectively. In Eq. (2), �n /n0 is the effective
optical index �n0=1�. It describes the competition between
the instantaneous and Raman-delayed Kerr responses of air
in ratio � (	K=70 fs, n2=410−19 cm2/W), the quintic satu-
ration with coefficient n4����5��, and plasma generation. The
critical power for self-focusing is Pcr=�0

2 /2�n2=2.55 GW.
As no precise value for n4 is nowadays available for dioxy-
gen molecules, we adopt the same reasoning as in Ref. [6]:
For noble gases with ionization potential close to oxygen,
��5� is expected to scale as ��5��10−29–10−28 (esu), leading
to n4 contained in the interval 10−33–10−32 cm4/W2. There-
fore, two different reasonable estimates will be tested here,
namely, n4=10−32 cm4/W2 and n4=2.510−33 cm4/W2.

Equation (4) describes the evolution of the plasma density
�, whose ionization rate W�I� with I��E�2 follows the so-
called PPT model proposed by Perelomov et al. in [10]. At
moderate intensities I�51013 W/cm2, W�I� recovers the
multiphoton ionization (MPI) rates W�I�=��K�I

K, where K is
the number of photons required for ionization. At higher in-
tensities, tunnel ionization dominates, and the functional de-
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pendencies of W�I� depart from the MPI expression. The
complete curve W�I� has been plotted in Fig. 1(a) with a
dashed line. This will be used in the coming radial and 3D
numerical simulations. For further convenience, it can be
approximated by the fitting function represented with a solid
line:

log10�W� = a1,2�log10�I�	b1,2 + c1,2, �5�

where the twofold constants a1,2, b1,2, and c1,2, differing
from one another on either side of I
61013 W/cm2, have
been evaluated to reproduce the PPT rate.

Below, we emphasize that even weak ��5� contributions
can be responsible for significant changes in the filament
dynamics. To prove this assertion, let us compute the inten-
sity for which �n /n0=0 and compare it when the ��5� non-
linearity is discarded or not. To estimate �n /n0, we first

model the pulse by a Gaussian temporal profile E=�I0e
−t2/tp

2

with half-width duration tp. By plugging �E�2 into Eq. (2), we
find that the intensity thresholds (noted Ith), at which a self-
guided filament can be realized, follow from the roots of the
relation

AI −
�nttp

2�cn2
W�I� − BI2 = 0, �6�

where the density � is approximated by �
 tpW�I��nt with
W�I� given by Eq. (5). A�maxtR�t� yields the maximum
Kerr response reached at the instant t= tmax, while B

= �n4 /n2�e−4tmax
2

measures the weight of ��5� over ��3� suscep-
tibilities stated at the same time.

Figure 1(b) shows the solutions of Eq. (6) involving three
values of n4 versus the pulse duration tp for �=1/2 [8,9].
Even weak, ��5� significantly decreases the threshold inten-
sity Ith, at which the pulse starts to saturate. Consequently,
ionization is not the only effect that contributes to the equi-
librium resulting into a self-guided filament. This decrease is
more pronounced when n4 is strong, but it becomes more
attenuated at large values of tp. The effective Kerr response
determined by A increases with tp. When plasma generation
dominates (weak n4), Ith decreases with tp. In the opposite
case (strong n4), Ith increases. In both situations, however,
quintic saturation participates in diminishing the overall in-
tensity threshold. Hence, energy losses caused by MPA
should be weaker and preserve the filament over longer dis-
tances.

It is also important to underline the role played by the
ratio � in the delayed Kerr response [Eq. (3)]. A weaker
value of � indeed increases the weight of the instantaneous
cubic nonlinearity and the intensity threshold is augmented
in turn [dotted curve in Fig. 1(b)].

To proceed further, we use a two-scale variational ap-
proach solving Eq. (1) and elaborated on the procedure ex-
posed in [11] (see also [12]). The pulse dynamics is de-
scribed by transverse �R�z�	 and temporal �T�z�	 lengths
depending both on the propagation distance z. The wave en-
velope is modeled by the Gaussian test function:

E =
�J�z�

R�z��T�z�
���,��eiRz�z�R�z��2/4−iTz�z�T�z��2/4�, �7�

where �=e−�2/2−�2/2, ���x2+y2 /R�z�, �� t /T�z�, and �
=2�n0w0

2k� /�0tp
2. Here, the sizes R�z� and T�z� have been

normalized with respect to the input beam waist w0 and du-
ration tp, while J�z� measures the loss of power induced by
MPA. For technical convenience, W�I� is simplified by con-
sidering the MPI formulation W�I�
��K�I

K with K=8 and
��8�
2.910−99 s−1 cm16/W8, which is close to Eq. (5) for
I
1013–1014 W/cm2 [8]. Plugging the ansatz (7) into virial
identities provides a set of differential equations in the form
Rzz=FR+�5J

2p2 /R5T2, Tzz=FT−��5J
2p2 /R4T3, Jz=FJ,

where p� Pin / Pcr is the ratio of input power over critical and
�5�16n4Pcr / �9�3n2�w0

2� accounts for the quintic saturation.
The quantities FR, FT, and FJ denote cumbersome functions
depending on �R ,T ,J�, which can be found already estab-
lished in [11,12].

Figure 1(c) illustrates the normalized on-axis intensity in-
tegrated from this variational method with p=10, �=1/2, for
the values of n4 selected in Fig. 1(b). The parameters for the
laser pulse are tp=42 fs �A=0.66�, w0=0.5 mm and enter the
input Gaussian profile E�r , t ,0�=�2Pin /�w0

2 exp�−r2 /w0
2

− t2 / tp
2�. We observe that the larger n4, the lower the peak

intensity. The typical ratio of peak intensities between the
two extreme cases is 1.8, in agreement with Fig. 1(b). ��5�

saturation promotes a longer self-guiding length, along
which oscillations develop with increasing n4, until the beam

FIG. 1. (a) Ionization rates W�I� vs laser intensity following the
PPT model [10] (dashed curve) and the fitting function Eq. (5)
(solid curve). (b) Threshold intensities, Ith, realizing �n /n0=0 when
n4=0 (dashed curve), n4=2.510−33 cm4/W2 (dash-dotted curve),
and n4=10−32 cm4/W2 for �=0.5 (solid curve) and �=0.2 (dotted
curve). (c) On-axis intensity ��=�=0� computed from the two-scale
variational approach in the same configurations.
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behaves like a bright soliton in an optically saturated Kerr
medium [14]. As the peak intensity decreases under the in-
fluence of ��5�, the filament length increases.

For comparison we numerically solve Eqs. (1)–(4) using a
parallel radial code (��

2 �r−1�rr�r, r=�x2+y2) for the same
initial Gaussian pulse as above. Figure 2 shows that ��5�

decreases the saturation intensity and enhances the self-
guiding over longer distances. This effect is reinforced when
n4 is stronger, so that the ��5� nonlinearities promote a longer
and stabler propagation. By increasing the values of n4, the
peak intensity, Ipeak� Ith, decreases more and more on the
average, in agreement with Fig. 1(b). This has a direct con-
sequence on the self-guiding length dictated by MPA, �z
�2/��K�Ith

K−1 [Fig. 3(b)], which becomes enlarged by the or-
der of magnitude �Ith

n4�0 / Ith
n4=0�1−K where the values of Ith can

be estimated from Fig. 1(b). Moreover, the peak electron
density diminishes in turn, as can be seen from Fig. 2(c).
However, ��5� saturation does not prevent plasma generation
with electron densities exceeding 1015–1016 cm−3. Lowering
Ith also decreases the energy losses in proportion [Fig. 2(d)]
and justifies the robustness of the light filament when n4
�0. Note the qualitative agreement between Figs. 1(c) and
2(a): The variational approach predicts intensity growths and
self-channeling ranges comparable with the numerical simu-
lations, even if this method cannot reproduce the pulse dy-
namics in detail (variational models based on Eq. (7) capture
the overall beam power and are unable to describe, e.g., ra-
diation of energy to the boundaries [11]). In particular, as n4
is increased to 10−32 cm4/W2, a soliton regime characterized
by quasiperiodic oscillations takes place.

Figure 3(a) details the temporal profiles at z=0.5 m,
where the pulse is close to its maximum intensity. With no
quintic saturation �n4=0�, the back of the pulse is depleted
by plasma defocusing. A sharp leading edge first survives,
before plasma turns off and makes a trailing edge refocus
following the scenario of Ref. [3]. This dynamics induces an
asymmetry in the spectrum plotted from the Fourier trans-
form in time of the laser intensity [Fig. 3(b)]. As n4 departs
from zero, the temporal profile, however, becomes more
symmetric and less intense. Thus, the pulse spectrum, whose
frequency variations are governed by the ratio of the peak
intensity over the pulse duration [13], exhibits broadenings
of lesser extent and becomes more symmetric as ��5� in-
creases.

To end the present investigation, we find it instructive to
display fluence distributions computed from a realistic input
beam, as currently used in experiments. The goal of these
computations is not to identify a proper value of the ��5�

susceptibility in air, but, instead, to underline its potential
role in the multiple filamentation patterns developed by ul-
trashort pulses. In Refs. [2,8], femtosecond beams were
shown to form a ringlike structure at z=2.5 m. This ring
became modulationally unstable and decayed into two small-
scale spots self-focusing over 2–4 m. The couple of spots
finally coalesced into a central lobe at z=8.5 m. Before this
distance, no plasma excitation was detected. In spite of this,
the two spots remained robust upon at least 2 m before fus-
ing. Beam parameters were w0=3 mm, tp=42 fs, and Pin
=28Pcr. To reproduce these data, we used a 3D parallel spec-
tral code [9] solving Eqs. (1)–(4) with the previous param-
eters. The initial condition, chosen closely to the experimen-
tal beam, was perturbed by a 10% amplitude random noise:
E�z=0�=�I0exp�−��x2+2y2	 /w0

2�3/2− t2 / tp
2�1+0.1 �noise�	,

with I0
0.7 TW/cm2.
Figures 4(a)–4(c) show the fluence distribution of the

pulse at increasing propagation distances (from left to right)
when n4=0. At z=3.7 m, two spots resulting from the modu-
lational instability of the input beam self-focus [Fig. 4(a)]. At
z=5.1 m, these filaments break up into six or seven cells,
i.e., the two-spot pattern ceases to be robust [Fig. 4(b)]. At
z=6.5 m, fusion occurs (discrepancy with the experimental
fusion point, z=8.5 m, is attributed to the uncertainty in the
measured input waist and in the temporal and transverse
structure of the initial pulse) and the central lobe becomes

FIG. 2. (a) Peak intensity, (b) mean radius of the fluence distri-
bution F��−


+
�E�2dt, (c) peak electron density, and (d) energy
losses for a 42 fs, 0.5-mm-waisted pulse undergoing plasma defo-
cusing alone (dashed curves), plasma defocusing and ��5� saturation
with weak n4 (dash-dotted curves), and plasma and ��5� saturation
with strong n4 (solid curves).

FIG. 3. (a) Temporal profiles and (b) power spectra at z
=0.5 m for the pulses shown in Fig. 2, using the same plot style
convention for the different values of n4.

��5� SUSCEPTIBILITY STABILIZES THE PROPAGATION . . . PHYSICAL REVIEW A 70, 061802(R) (2004)

RAPID COMMUNICATIONS

061802-3



unstable at further distances. Maximum plasma density �
�51016 cm−3� takes place as soon as z�3.7 m. Figures
4(d)–4(f) show the same pieces of information when n4
=10−32 cm4/W2. Two broader cells continue to self-focus at
z=3.7 m [Fig. 4(d)]. They keep a robust state at z=5.1 m
[Fig. 4(e)] before fusing at z=6.5 m into one filament [Fig.
4(f)], which holds its shape along several meters. In this
case, maximum plasma density ��1015 cm−3� arises from z

=6.2 m. It stays clamped at levels less than 1014 cm−3 (i.e.,
below the electron detection threshold of [2]) during the pre-
ceding stages. Note that these simulations do not plead in
favor of n4 as high as 10−32 cm4/W2. They, nevertheless,
strongly indicate that a ��5� response of air should not be
omitted in current modelings. It is interesting to notice that,
without higher-order saturation, the number of filaments
formed in optical regime should be close to Pin / Pfil
7 with
a power per filament evaluated by Pfil
�2Pcr /4A [14]. With
a quintic saturation, this number decreases by the factor �1
−2n4Imax

optic /An2�, where Imax
optic�10 TW/cm2 denotes the maxi-

mal intensity reached without plasma formation, which suits
better the experimental observations.

In conclusion, we have shown the stabilizing role of ��5�

defocusing nonlinearities in the meter-range propagation of
ultrashort pulses in air. Although the precise value of ��5�

susceptibility for dioxygen molecules remains unknown, its
influence should not be ignored. ��5� saturation does not pre-
vent plasma generation, although the latter occurs with
weaker density levels. It lowers the maximum light intensity
from which self-channeling develops and stabilizes femto-
second filaments by enlarging significantly their self-guiding
range.

The authors thank S. Skupin for technical advices on the
numerical simulations and Dr. R. Nuter for providing them
with the PPT ionization rate used in this work.
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The influence of atmospheric aerosols on the filamentation patterns created by TW laser beams over 10 m
propagation scales is investigated, both experimentally and numerically. From the experimental point of view,
it is shown that dense fogs dissipate quasi-linearly the energy in the beam envelope and diminish the number
of filaments in proportion. This number is strongly dependent on the power content of the beam. The power per
filament is evaluated to about 5 critical powers for self-focusing in air. From the theoretical point of view,
numerical computations confirm that a dense fog composed of micrometric droplets acts like a linear dissipator
of the wave envelope. Beams subject to linear damping or to collisions with randomly-distributed opaque
droplets are compared.

DOI: 10.1103/PhysRevE.72.026611 PACS number�s�: 42.68.Ay, 42.68.Ge

I. INTRODUCTION

High-power, ultrashort �femtosecond� laser pulses can
propagate in air within a self-guided mode. This regime is
often referred to as “filamentation” �1	. It requires that the
beam power exceeds a critical power Pcr=3.7�0

2 /8�n2,
where n2 denotes the nonlinear Kerr index coefficient of di-
oxygen molecules and �0 the central laser wavelength �Pcr

3 GW at �0=800 nm with n2�310−19 cm2/W�. This
condition allows Kerr-lens self-focusing to overcome diffrac-
tion. For beam powers widely above Pcr, several filaments
with about 150 �m in diameter, forming localized structures
inside the transverse beam pattern, are nucleated and can
propagate over distances much longer than the Rayleigh
length, from several hundreds of meters �2	 up to the kilo-
meter range �3,4	. Their very high, quasiconstant intensity
lying in the order of 1014 W/cm2 �5,6	 allows efficient self-
phase modulation and generation of a broadband white-light
continuum spanning from the ultraviolet �7	 to the mid-
infrared�8	. Ionization of air molecules �2,9–12	 in the vicin-
ity of the filaments crucially contributes to their self-guiding,
as the resulting electron plasma defocuses the pulse and
keeps up a dynamic balance with the Kerr focusing response
of the medium.

The main properties of the filaments �white-light genera-
tion, air conductivity, and high intensities at remote dis-
tances� open exciting ways for atmospheric applications
�13	. The broad white-light continuum allows to extend the
Lidar �light detection and ranging� technique with nonlinear
and multispectral measurements �3,14–16	. The continuously
ionized plasma channels generated in the filaments are also

suitable for high-voltage discharge switching and guiding,
opening the perspective for laser lightning control �17–20	.
Finally, the ability of filaments to deliver high intensities at
long distances permits remote elemental analysis by laser-
induced breakdown spectroscopy techniques �21	.

The above open-field applications stimulate the need for a
better knowledge of the filament propagation in perturbed
atmospheres, such as adverse weather, and especially
through clouds and rain. Recent results on laboratory scales,
both experimental �22	 and theoretical �23,24	, have shown
that single filaments can survive their interaction with obscu-
rants of diameters up to �100 �m, comparable with the fila-
ment size. They have also shown that the filamentation of a
GW beam can survive the transmission through a cloud with
an optical thickness as high as 3, corresponding to 5% trans-
mission. Filament robustness is due to the refocusing of
some beam components that are kept untouched after the
collision and whose power remains above critical. These
components again self-focus onto the beam axis and replen-
ish the filament within a few cm. In connection with this
aspect, the role of elastic losses inside the overall beam en-
velope �i.e., the whole focal spot playing the role of an “en-
ergy reservoir” or “photon bath” for the enclosed filaments�
is crucial for maintaining the filamentary dynamics over
longer distances. In Refs. �25,26	, high-power beams were
shown to freely propagate through long-range clusters of
filaments �so-called “optical pillars”� created from the initial
fluctuations of the beam. Such clusters are capable of cover-
ing several tens of meters, while their constituent filaments
appear and disappear recurrently over �1 m by exchanging
energy with the surrounding photon bath, in agreement with
the scenario proposed in Ref. �27	. In the presence of water
droplets, the survival of multiple filaments has been observed
qualitatively. The propagation through 5 m of a water cloud
with 0.3 droplets/cm3 having a mean diameter of 0.5 mm
reduces only slightly the efficiency of a �1.5 TW beam to
trigger and guide high-voltage discharges �20	. However,
neither systematic experimental data nor numerical simula-
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†Also at: Institute for Condensed Matter Theory and Solid State

Optics, Friedrich-Schiller-Universität Jena, Max-Wien-Platz 1,
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tions are available to date concerning the multifilamentation
of TW-class beams propagating in clouds or rain over propa-
gation scales relevant for atmospheric applications.

In this work, we investigate for the first time the influence
of a 10 m long fog on multifilamenting TW beams that
propagate upon 50 m. Section II presents the experimental
setup and main observations. Section III is devoted to nu-
merical computations performed in this field.

II. EXPERIMENTAL RESULTS

A. Experimental setup

The experiments were conducted with the mobile
femtosecond-Terawatt “Teramobile” laser system �28	, al-
lowing for outdoor experiments under any weather condi-
tion. The Teramobile produces 220 mJ pulses at 10 Hz rep-
etition rate, centered at 800 nm. The beam is emitted in
collimated geometry, with an initial diameter of 3 cm. The
minimum pulse duration is 80 fs, although a chirp enlarging
it up to 1 ps can be applied, in order to precompensate for
group velocity dispersion �GVD� in air. In that case, the
pulses are refocused temporally after a given propagation
distance �29,30	.

The Teramobile beam was propagated horizontally at the
sea level �Lyon, 170 m altitude�. After 40 m of free propa-
gation, it hit a synthetic fog of water droplets produced in an
open cloud chamber, already depicted in Ref. �16	. The ini-
tial laser chirp was adjusted, so that filamentation began
shortly before the beam enters the cloud. This corresponds to
an initial pulse duration of 600 fs. Then, the filaments propa-
gated over 10 meters through a quasihomogeneous cloud.
The cloud density was estimated by measuring the elastic
transmission of a low-power He:Ne laser. Its droplet size
distribution was centered at 1 �m radius �i.e., much smaller
than the filament size�, as monitored by using an optical sizer
�Grimm model G 1-108�.

Propagation in cloudy atmosphere was characterized by
recording beam profiles. These were acquired by taking pho-
tographs of the beam imaged on a screen, using a digital
camera. The exposure time of 1/8 s was chosen to assure
that each picture corresponds to a single-shot picture. Images
have been taken both over the whole spectrum, with high
sensitivity to the white-light continuum and to the conical
emission, and in the infrared �fundamental� region of the
spectrum, yielding a good approximation of the beam profile
at the considered distance, as demonstrated in Refs. �25,26	.

B. Results and discussion

In a first series of experiments, we analyzed the beam
pattern at the exit of the cloud chamber for high droplet
densities �not shown here�. The minimal input power re-
quired for observing transmission of light by one filament at
the chamber exit was about 28 GW, i.e., close to 9Pcr. At
higher powers, filaments were clearly transmitted through
the cloud and the transmitted beam energy lied above 25 mJ
�power �45 GW�. For a cloud length of 10 m crossed by
pulses with 220 mJ incident energy, this corresponds to 12%
transmission, i.e., a dense fog with an extinction coefficient

of �
0.21 m−1. Thus, filamentation can survive the propa-
gation in a fog over a distance comparable with the fog vis-
ibility. In the cloud, the droplet density is N=6.7
104 cm−3, so that the photon mean free path �MFP� is
about 5 m. Here, MFP is the average longitudinal length LM,
along which an optical object of radius r will collide a drop-
let of radius R, LM =1/��r+R�2N. For an optical ray, we
have r→0, so that LM =5 m guarantees a weak interaction of
photons with droplets. In contrast, a femtosecond filament
with radius r�100 �m has a MFP of only �0.5 mm, so that
one individual filament hits about 2000 particles per meter of
propagation. This may possibly induce substantial damage
on the filamentary structure. However, the droplet radius
�1 �m� is typically 100 times smaller than the filament size.
Since much larger droplets are not sufficient to block the
filaments �22–24	, these may not be destroyed by the cloud
used in our experiment, as long as droplets have a small
enough mean size. With that condition, the cloud influence
can be expected to occur mainly through the energy losses
escaping from the overall beam envelope.

We investigated this effect with a second series of experi-
ments by recording beam profiles at the exit of the cloud
chamber for two incident laser energies, both in the free
propagation regime and with the synthetic cloud with 50%
transmission. This higher transmission corresponds to an ex-
tinction coefficient of �=0.07 m−1, i.e., to a droplet density
of 2.2104 cm−3 and a photon MFP of 14 m. As shown in
Fig. 1, the transmitted beam energy strongly influences the
spatial distribution of filaments, and especially their number.
The filamentation patterns for close transmitted energies
�90 mJ �Fig. 1�c�	, and 220 mJ with 50% attenuation, i.e.,
110 mJ transmitted energy �Fig. 1�b�	� indeed look similar,
with most of the filaments located on a ring at the edge of the
beam profile, and several of them arising inside this ring.
Only a few filamentary sites have disappeared along the op-
tical path through the fog �see Figs. 1�a�–1�d�	. The number
of filaments decreases accordingly with the power left at the
output of the cloud chamber. This shows that the cloud glo-
bally acts like a power attenuator on the beam as a whole. It
promotes elastic extinction of the “photon bath” and its em-
bedded filaments.

To confirm this finding, we investigated the dependency
of the transmitted power on the number of filaments. It is

FIG. 1. Beam profiles at the exit of the 10 m long cloud cham-
ber, in the case of both free propagation ��a� and �c�	 at the respec-
tive powers of 123Pcr �220 mJ, 600 fs� and 51Pcr ��90 mJ, 600 fs�,
and propagation through 10 m of a dense fog ��b� and �d�	 with the
same powers. Subplot dimensions are about 53.5 cm2.
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generally known that beams highly exceeding the critical
power for self-focusing break up into many self-focusing
cells, each containing several critical powers. Typically, the
modulational instability theory predicts that about 3Pcr is
engaged in each cell �31	, which holds as long as a single
filament experiences the surrounding background field as a
uniform plane wave. For each experimental condition of Fig.
1, the filament number has been averaged over four to seven
recorded profiles. Results have been summarized in Table I.
Assuming weak absorption caused by plasma generation
�27	, the beam power transmitted over 50 m of free propa-
gation is almost constant, whereas that crossing the cloud
chamber upon the same propagation distance can be esti-
mated by Ptr
 Pin /2. A linear fit shows in Fig. 2 a ratio of
one filament cell for every 15 GW of transmitted power with
Pcr
3 GW. This curve clearly indicates that about five criti-
cal powers are engaged in each filament, regardless of
whether the beam propagates through a cloud or not. This
estimate is in reasonably good agreement with previous ex-
pectations. It lies between the theoretical evaluations apply-
ing to purely Kerr media �Pfil�3Pcr� �31	 and recent �3
+1�-dimensional simulations of femtosecond filaments self-
channeling in air �Pfil�7Pcr� �24	.

Furthermore, besides energy losses, the cloud may reduce
the peak power by increasing the pulse duration, because of
multiple scattering. We estimated this effect by means of
ray-tracing techniques and Monte Carlo simulations. Mul-
tiple scattering induced by 1 �m large droplets results in
random trajectories, modeled as successive segments, whose
length is the photon MFP deflected by a small angle with
respect to the beam propagation axis. Differences in the tra-
jectory lengths of rays remaining near axis at the exit of the
cloud chamber yield a direct information on the modal �tem-
poral� dispersion produced by the droplets. The rays scat-
tered out of the beam axis are considered as lost and are
discarded by the calculation. With a cloud transmission of
50%, the pulse stretching is around 100 fs, negligible for the
600 fs pulse used in the present experiment. However, at the

filamentation threshold �12% transmission�, the broadening
is in the order of 500 fs, thus doubling the effective pulse
duration. The effect would be even stronger in the case of
shorter incident pulses. This semiqualitative argument indi-
cates that the cloud affects the filamentation by reducing the
laser power together with the beam energy.

III. NUMERICAL ANALYSIS

The extinction of filaments through a dense cloud is now
numerically investigated. Our physical model, which cap-
tures the essential features of long-distance propagation in
air, has been described in Refs. �25,26	. Originally derived in
�3+1� dimensions, it consists of an extended nonlinear
Schrödinger equation for the laser electric field envelope E,
coupled with a Drude model describing the growth of free
electron density. These equations apply to pulses moving in
their group-velocity frame, and characterized by a beam
waist w0, half-width duration tp and central wave number
k0=2� /�0. They include effects of transverse diffraction,
self-focusing, stimulated Raman scattering, plasma gain and
losses that are mainly induced by multiphoton ionization
�MPI� of dioxygen molecules.

Because experiments involve broad beams with cm
waists, direct simulations in �3+1�-dimensional geometry
are costly in computation time and require Terabyte storage
systems when propagating the entire pulse over several tens
of meters. Moreover, simulating collisions with micrometric
droplets become even impossible to deal with, since the re-
quested spatial resolution should typically access the tenth of
micron for a numerical box close to 66 cm2. Therefore,
the present issue will be addressed in the framework of a
reduced �2+1�-dimensional model, which freezes the tempo-
ral dependencies of E. After substituting the ansatz
E�x ,y ,z , t�=��x ,y ,z�e−�t − tc�z�	2/T2

whose temporal extent,
T
 tp /10, is assumed constant in the filamentation regime,
the model equations are averaged in time following the ana-
lytical procedure described in Ref. �25	, in order to establish
the equation for the spatial envelope � as

��

�z
=

i

2k0
��

2 � + i�k0n2���2� − ik0
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���4� − i����2K�
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��K�
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e�T2/8	K
2 �−�u/	K�−�2u2/T2��erf��2u

T
−

T
�8	K

� + 1�du .

�2�

The function D depends on the relaxation time �	K=70 fs� of
the Raman-delayed Kerr response and it takes the value of
44 fs �resulting �=0.51� for a temporal duration of tp

510 fs �full width at half-maximum �FWHM�=600 fs	.
The other coefficients of Eq. �1� involve parameters appro-
priate to air, namely, the neutral density of dioxygen mol-
ecules �nt=5.41018 cm−3, the critical plasma density at

TABLE I. Average filament number vs input beam power after
50 m of propagation, thereof 10 m in free or foggy atmospheres.

Pin / Pcr 123 51

Propagation Free Fog Free Fog

Filament No. 24 13 11 6

FIG. 2. Dependence of the transmitted power �Ptr� on the fila-
ment number for free or humid propagation �Pcr
3 GW	.

MULTIFILAMENTATION TRANSMISSION THROUGH FOG PHYSICAL REVIEW E 72, 026611 �2005�

026611-3



800 nm, �c
1.81021 cm−3, the multiphoton absorption
�MPA� coefficient ��K�
3.110−98 cm2K−3 /WK−1, the MPI
rate �K=2.910−99 s−1 cm2K /WK and number of photons
K=8. For completeness, quintic susceptibility has been intro-
duced with weak coefficient n4=2.510−33 cm4/W2, which
was justified by recent studies �32,33	. The damping term
with coefficient � �in m−1� describes the linear extinction of
power in a beam propagating through the cloud chamber. We
recall that Eq. �1� restores quantitative features in the long-
range evolution of TW filamentation patterns issued from
realistic broad beams �25,26	. It is, however, constrained to
the approximation limiting the temporal pulse profile to one
narrow time slice �T=0.1tp� and cannot account for, e.g., the
variations of the nonlinear focus caused by the introduction
of a temporally chirped phase �30	.

A. Filament decay by linear damping and random collisions
with obscurants

We examine the changes occurring in filamentation pat-
terns caused either by a linear damping or by collisions with
droplets randomly distributed in the �x ,y� plane. Such colli-
sions are currently modeled by means of the Mie theory �34	
for light scattering by spheres. Since Mie scattering is almost
independent of the optical properties of the scatterers, it is
possible to model droplets by opaque screens of suitable size
in the simulations. This property was exploited in Ref. �24	,
where droplets were numerically designed as a circular am-
plitude mask with radius R and maximum opacity �zero
transmission� at their center �x0 ,y0�. This modeling provides
good results for the interaction of one filament with a single
droplet. For example, simulations proved that a single fila-
ment self-heals over only 2 cm of propagation with an en-
ergy loss limited to around 10%, which agrees with the ex-
perimental observations of Ref. �22	. This property, however,
does not guarantee that many filaments can survive sharp
interactions with thousands of small obscurants placed upon
a long optical path.

To address this point, we first integrate Eq. �1� for a mm-
waisted Gaussian beam �w0=2 mm� having a FWHM dura-
tion of 600 fs and �110 critical powers perturbed by a 20%
random noise. On the one hand, we let the beam propagate
freely over 1 m, before it reaches a 10 m long zone in which
linear dissipation becomes active with �=0.07 m−1. This
value insures in principle an attenuation rate of 50% over
10 m. On the other hand, we impose �=0, but model the
random collisions of the beam with the micrometric ob-
stacles used in Ref. �24	. In this case, a random number of
droplets located at random positions is computed at each z
step. These positions are assumed to be uniformly distributed
with respect to x and y. Hence, for each droplet we generate
two random numbers between −0.5 and 0.5 and multiply
them by Lx and Ly, that denote the sizes of the computation
window. Since the number of droplets in one z step is small
compared to their total number, a Poisson statistics may be
used. We fix the expected average number of droplets at a z
step, �z, by �=�zLxLyN, where N is the droplet density.
Then, the Poisson density function P�l�=�l / l!exp�−��
gives the probability to find exactly l droplets between z and

z+�z. The number l is computed from the Poisson distribu-
tion function FP�l�=�l�=0

l P�l�� by means of the standard
probability theory. Following this procedure, the average
droplet number � is linked to the dissipation parameter �,
when we specify the average relative loss induced by a single
droplet. Assuming that droplets do not overlap, the rate of
losses caused by the obstacles along one z step can be evalu-
ated by ��R2 /LxLy. Besides, the equivalent loss rate induced
by the extinction coefficient � is ��z, since exp�−��z�
1
−��z. Identifying both contributions leads to �=N�R2,
which agrees with the experimental estimates for �, N and R
given in Sec. II.

Because computer limitations prevented us from resolving
obstacles of 1 micron large, we adopted the density for larger
droplets with different radius R�25 �m by means of the
direct rescaling N→N /R2��m	, in order to keep the average
losses constant. Results are illustrated in Fig. 3. Figure 3�a�
shows the power decrease inside the cloud chamber, normal-
ized with respect to the power of the freely propagating
beam. All curves lie closely to each other, within a margin
less than ±5% around the exponential decrease e−�z �note that
the curve for linear damping also accounts for Kerr, MPI,
and MPA nonlinearities and cannot exactly fit this exponen-
tial function�. This property was retrieved when using differ-
ent densities N and adapted values of �. Here, the decrease of

FIG. 3. �a� Numerically computed beam power scaled by the
power of a freely propagating narrow beam �w0=2 mm� of
�110Pcr through a 10 m long fog with linear damping ��
=0.07 m−1, solid curve�, random distributions of 25 �m droplets
�dashed-dotted curve�, and of 50 �m droplets �dashed curve�. The
distance z=0 marks the entrance into the cloud chamber. �b�–�e�
Filamentation patterns at 4 m inside the cloud chamber. Subplots
correspond to �b� free propagation, �c� linear damping, random
droplets with radii of �d� 25 �m, and �e� 50 �m, respectively. Sub-
plot dimensions are 77 mm2. Intensity levels are twice higher
than the initial intensity.
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power undergone by the 2 mm beam from random collisions
with droplets of 25 �m as well as 50 �m radius almost su-
perimposes with that induced by linear dissipation over 4 m.
Beam profiles at this distance are detailed in Figs. 3�b�–3�e�.
After only 4 m of “humid” propagation, the filamentation
patterns remain similar in linearly damped regime and in the
presence of random droplets ��8 cells�. Compared with the
free propagation regime �Fig. 3�b�	, the number of filaments
has already decreased by a factor �3/2 �Figs. 3�c�–3�e�	.
Analogy in the power losses and filament number between
droplets of different sizes follows from the fact that, even if
small droplets embark half-energy of the big ones per colli-
sion event �see, e.g., Ref. �22	�, their density is four times
higher and cause equivalent damage on the filamentation pat-
terns.

At further distances �z→10 m�, the filaments decrease in
number, but this number is preserved with linear dissipation
and random droplets �not shown here�. This confirms the
good agreement between the power losses induced by ran-
dom collisions with micrometric obscurants and those in-
duced by linear damping. Note, however, that the power lost
from random droplets can reach �55% at large distance.
Although small, these discrepancies are related to the finite-
ness of the numerical box, from which escaping field com-
ponents increases the losses. This tendency is amplified by
the opacity of the droplets, which favors large-angle diffrac-
tion to the boundaries.

In summary, droplet-induced losses are identical at con-
stant product NR2, i.e., they are similar for droplets with
different radii, provided that the density N is tuned accord-
ingly. They follow an exponential-like decrease comparable
with the energy fall produced by a linear damping. These
findings confirm the equivalence between collisions of an
optical beam with randomly distributed droplets and expo-
nential attenuation of its power.

B. Linear damping vs filamentation patterns

Because linear damping and droplet collisions induce
analogous power losses, we investigate the consequences of
a linear damping on broad beams inside a 10 m dense fog
after a 40 m long stage of free propagation, in conditions
close to the experimental setup. We enlarge the beam waist
to the value w0=1 cm, applied to a digitized file of the ex-
perimental input beam fluence. This value is willingly cho-
sen smaller than the experimental beam waist, in order to
compensate for the limitations of Eq. �1� recalled above. This
model cannot indeed account for the temporal compression
induced by pulse chirping �see Sec. II� and it artificially de-
creases the effective ratio of power over critical when impos-
ing T=0.1tp �see Ref. �30	�. The need to make a fully
bloomed filamentation pattern emerge before the cloud
chamber �z�40 m� implies us to select a Rayleigh length
smaller than the experimental one, which justifies the choice
of w0=1 cm. Figure 4 shows the filamentary patterns out-
going from the fog tube at z=50 m, after crossing the 10 m
long water cloud with 50% transmission. These patterns are
in qualitatively good agreement with their experimental
counterparts shown in Fig. 1. In the absence of fog, the trans-

verse profile of the beam still contains about 25 filaments
�Fig. 4�a�	. This number is almost halved when the beam
undergoes linear damping �Fig. 4�b�	. The resulting number
of filaments �12–15� is of the same order as that obtained
over a 50 m long free propagation range, when the beam
only involves an initial power divided by a factor �2 �Fig.
4�c�	. The same beam with 51 critical powers undergoes a
drastic reduction of filaments when it propagates through the
10 m tube with a 50% linear damping �Fig. 4�d�	. The bot-
tom inset of this figure demonstrates that MPA losses remain
weak over 50 m compared with linear damping, which sup-
ports the approximation on the transmitted power Ptr

 Pin /2 made in Sec. II. The counted filaments then corre-
spond to the bright spots visible in Fig. 4. Their number,
summarized in Table II, is in very good quantitative agree-
ment with the data mentioned in Table I. Differences in the
exact number and location of the filaments compared with
the experimental profiles are attributed to the smaller beam
waist and to fluctuations of secondary importance �local dif-
fusion, atmospheric turbulence, see Ref. �26	�, which we ig-
nore.

FIG. 4. Numerically computed beam profiles at the exit of the
cloud chamber �z=50 m�, in the case of both free propagation ��a�
and �c�	 at the respective powers of 123Pcr and 51Pcr and propaga-
tion through 10 m of a dense fog ��b� and �d�	 with the same pow-
ers. Window scales are 2.31.6 cm2. Intensity levels correspond to
twice the initial intensity. Bottom inset compares the power losses
normalized to Pin between free propagation and linearly damped
regimes for Pin
123Pcr. z=0 marks the entrance of the cloud
chamber.

TABLE II. Filament number vs input beam power provided by
numerical computations. The additional datum with 62 critical pow-
ers concerns filaments counted from the same beam in free propa-
gation regime �not shown in Fig. 4�.

Pin / Pcr 123 62 51

Propagation Free Fog Free Free Fog

Filament No. 25 12–15 13 12 6
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These last results are instructive: They validate the experi-
mental estimate of about 5 critical powers per filament. In
free propagation regime, they also highlight the strong cor-
relation between the number of critical powers in the starting
beam and the number of filaments formed along the course
of the pulse. They finally confirm again that the effect of a
dense cloud enclosing sufficiently small droplets �compared
with the filament size� is equivalent to a linear dissipation
source acting on the energy reservoir formed by the beam
envelope and its filaments.

IV. CONCLUSION

In summary, we have studied both experimentally and nu-
merically the propagation of ultrashort laser pulses with
powers much above critical in multifilamentation regimes
through dense fogs. We showed that filament transmission
through clouds is not restricted to the laboratory scale �22	,
but also occurs when multiple filaments take place over a
distance comparable with the visibility length of the fog.

From the theoretical point of view, we examined differ-
ences in the transmitted light, when the model equations ac-
count for either linear damping or a stochastic hitting of the
beam by micrometric obstacles. Because of computer limita-
tions, we could not access the interaction of femtosecond
pulses with 1 �m large droplets. However, our simulations
revealed that randomly distributed opaque droplets with ra-

dius �25 �m induce comparable energy losses, with an ex-
ponential fall. The equivalence between linear damping and
losses caused by micrometric droplets enabled us to numeri-
cally reproduce the experimental filamentation patterns and
achieve a very good agreement on their number of filaments.

As a conclusion, the fact that clouds do not significantly
affect the filamentation process �only the number of fila-
ments is reduced quasilinearly by power extinction� is of
high interest for applications, because it implies that the fila-
ment features such as white-light generation, ionization of air
or the delivery of high intensities at long distances are not
forbidden inside or beyond clouds, as long as their density
permits to transmit several critical powers. Therefore, the
corresponding applications, respectively, multicomponent Li-
dar, lightning control or remote laser-induced breakdown
spectroscopy �LIBS or RFIBS �20	� are still feasible within
cloudy atmospheres.
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Femtosecond Optical Vortices in Air
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We examine the robustness of ultrashort optical vortices propagating freely in the atmosphere. We first
approximate the stability regions of femtosecond spinning pulses as a function of their topological charge.
Next, we numerically demonstrate that atmospheric optical vortices are capable of conveying high power
levels in air over hundreds of meters before they break up into filaments.

DOI: 10.1103/PhysRevLett.95.193901 PACS numbers: 42.65.Tg, 42.68.Ay, 52.38.Hb

For a decade, the long-range propagation of femtosec-
ond (fs) laser pulses through air [1] has raised increasing
interest because of promising applications in lightning
discharge control and atmospheric remote sensing [2]. In
the self-channeling process, an ultrashort pulse with peak
power Pin, above the self-focusing threshold Pcr, self-
contracts by Kerr effect until its intensity reaches the
ionization threshold above which an electron plasma is
generated by photo-ionization of air molecules. Plasma
tightly defocuses the pulse and the dynamic balance be-
tween Kerr focusing and plasma defocusing produces nar-
row filaments, having �150 �m diameter and �1 mJ
energy. As isolated entity, a single filament only covers a
few meters of propagation in air [3]. In contrast, due to
their mutual interaction and energy exchanges, multiple
filaments emerging inside powerful (TW) focal spots can
maintain the beam envelope localized upon large distances,
through the persistence of filamentary clusters initiated by
the input beam defects [4].

Because multifilamentation alters the beam homogene-
ity, several techniques have recently been proposed to
organize the fluence patterns, such as introducing astigma-
tism, amplitude masks, periodic meshes, or even micro-
lenses set along the optical path [5]. Such techniques
allowed to control beam configurations engaging low
powers in air (�20Pcr) up to 10 m propagation scales.
They, however, do not guarantee to efficiently tame broad
pulses decaying into hundreds of filaments at TW power
levels and km distances [4,6]. For further developments in
atmospheric optics, alternatives for preserving the beam
shape over 100 m and beyond are thus welcome.

This alternative may be supplied by optical vortices.
Since the pioneering works by Kruglov et al. [7], optical
vortices have been known as special waveforms exhibiting
a dark hole at center and a phase with an integer number of
windings, m, called the topological charge of the vortex.
They have a doughnut shape distribution and a spiral
dislocation of their wave front. From the experimental
point of view, vortices are currently generated by use of
appropriate phase masks and holographic techniques [8].
Although subject to the azimuthal modulational instability
(AMI), they constitute robust structures, which can decay

into light cells after covering many diffraction lengths. One
reason for their remarkable stability is that spinning beams
provide strong attractors of soliton type. As a result, in a
medium supporting a cubic-quintic nonlinearity with
mixed signs, singly charged (m � 1) vortices are linearly
stable and may never break up, provided that their asso-
ciated soliton frequency is high enough [9] (see also
Ref. [10] for a review). For the purpose of fs pulses in
air, a first investigation [11] discarding time dependencies
proposed to use m � 1 vortices, in regimes for which
plasma saturation competes with the Kerr response of air.
Such configurations, nonetheless, rapidly degenerate into
filaments. Apart from this preliminary work, the dynamics
of pulsed vortex beams self-channeling in the atmosphere
has been unexplored so far.

Here, we display evidence of the exceptional robust-
ness of ultrashort optical vortices in air upon propaga-
tion ranges preceding the ionization stage. We first
elaborate on a variational perturbation method approximat-
ing the AMI growth rates for cw beams in both saturated
and nonsaturated focusing Kerr media. Next, we perform
�2� 1�-dimensional simulations validating the previous
theory. Finally, direct �3� 1�-dimensional simulations
highlight the existence and stability of time-dependent
femtosecond optical vortices in air: These objects are
capable of conveying high powers quantified by the charge
number m, without altering their radial distribution up to
hundreds of meters along the propagation axis.

We consider the standard propagation equations [4]
governing the electric field envelope E�x; y; z; t� of fs laser
pulses in air and the free electron density ��x; y; z; t�:
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Light pulses are characterized by a beam waist w0, half-
width duration tp, and central wave number k0 �
2�=�0 � !0=c at the laser wavelength �0 � 800 nm. In
Eq. (1),r2

? 	 @2
x � @2

y and the Kerr response of air n2R�t�
involves a delayed (Raman) contribution where n2 � 4

10�19 cm2=W (Pcr ’ 2:5 GW) and �K � 70 fs. Justified
by recent studies [12], a quintic saturation with weak
coefficient n4 � 2:5
 10�33 cm4=W2 has been intro-
duced, which does not prevent plasma generation.
Related to the ionization process, �c ’ 1:8
 1021 cm�3

is the critical plasma density. Plasma defocusing is essen-
tially driven by multiphoton ionization (MPI) of dioxygen
molecules with gap potential Ui � 12:1 eV and neutral
density �nt � 5:4
 1018 cm�3. It involves the MPI rate
�K � 2:9
 10�99 s�1 cm2K=WK and number of photons
K � 8, and induces multiphoton absorption (MPA) with
coefficient ��K� ’ 3:1
 10�98 cm2K�3=WK�1. Eqs. (1)
and (3) also include avalanche ionization (� �
5:4
 10�20 cm�2) and group-velocity dispersion (GVD)
with k00 � 0:2 fs2=cm.

Stable spinning solitons are already known to exist in
�3� 1�-dimensional geometry, whenever GVD is anoma-
lous (k00 < 0) and nonlinearities are noninertial [13]. In that
case, stationary vortices exhibit a torus shape in the �x; y; t�
space. The purpose is different here, since GVD is normal
(k00 > 0), which counteracts the formation of localized
stationary ground states. To overcome this limitation, we
shall henceforth consider an input pulse with large enough
duration, tp � 250 fs, in order to reject the dispersion
length �t2p=k00 to kilometer distances. With large tp, the
temporal pulse profile may not undergo a significant broad-
ening, which could decrease the vortex power early and
provoke a premature beam spreading. This condition jus-
tifies the omission of space-time focusing and self-
steepening in Eqs. (1)–(3), since !0tp � 1.

Before proceeding with �3� 1�-dimensional numerical
simulations, we first study vortex dynamics in the frame-
work of a reduced �2� 1�-dimensional model, success-
fully used in Ref. [6] to describe the multifilamentation
of broad, TW beams for weak avalanche ionization, �!
0. Using the ansatz E�x; y; z; t� �  �x; y; z� 
 e��t�tc�z�2=T2

where T ’ tp=10 in plasma regime, we average in time
Eqs. (1)–(3) following the procedure of Ref. [6] and get rid
of the GVD term by a trivial phase shift. This method
amounts to freezing the pulse in time, which provides a
cw version of the original model equations. The spatial
envelope  is then described in dimensionless form by the
extended nonlinear Schrödinger (NLS) equation

i@z �r2
? � f�j j2� � i	j j2K�2 � 0; (4)

f�j j2� � 
j j2 � �j j4 � �j j2K; (5)

by means of the substitutions z! 4z0z, t! ttp, �x; y� !
�x; y�w0,  !

���������������������
Pcr=4�w2

0

q
 , and �! ��c=2z0k0��, where

z0 � �w2
0=�0 denotes the Rayleigh length for Gaussian

beams. Here, only 
 and � vary with tp. For the dura-
tion tp � 250 fs, the coefficients of Eq. (4) take the
values 
 � 0:446, � � 7:3 
 10�7�cm2=w2

0, � �
8:4 
 10�40�cm2�K�1�=w2�K�1�

0 , and 	 � 1:2

10�35�cm2�K�2�=w2�K�2�

0 with w0 expressed in cm.
From Eqs. (4) and (5), we develop a perturbative analy-

sis for vortex rings subject to AMI in the limit of weak
MPA, 	! 0 [4]. On the one hand, as the beam is expected
to quickly converge towards an exact vortex profile, spin-
ning modes are approximated by means of trial functions in
the form  m�Amrjmj exp��r2=�2a2

m�� im� i�z�, where

r � ����������������
x2 � y2

p
,  is the azimuthal angle and � the vortex

soliton parameter. The normalized amplitude Am and waist
am are determined by solving the variational problem
��Hm��Pm��0, where Pm�2�

R�1
0 j mj2rdr andHm�

2�
R�1

0 fj@r mj2�m2j mj2=r2�Rj mj20 f�u�dugrdr are the
power and Hamiltonian of the vortex, respectively. For the
cubic-quintic NLS equation (� � 0), solving for Am and
am provides relatively good approximations of the genuine
vortex modes [7,9]. On the other hand, we extend the
perturbative procedure of Ref. [14] to ring-shaped solu-
tions carrying a nonzero charge m: We consider perturba-
tions acting along a ring of mean radius �rm �
�R r2j mj2d~r=Pm1=2. Assuming constant intensity and
spatial uniformity for this ring, we rewrite the diffraction
operator as r2

? � @2
s with s � �rm and search for the

growth rate, Im���, of azimuthal perturbations entering
the solution  � � 0 � � 1ei�z�iM � � �2e�i��z�iM� 

ei�z�im. Elementary algebra yields

Im ��� � M
�rm

�
2f0�j 0j2�j 0j2 �M

2

�r2
m

�
1=2
; (6)

where f0�u� 	 @uf and M denotes the azimuthal index of
the perturbation. All required information about the charge
m of the input vortex lies in the dependencies of  0, taken
as  0 �  m�r � �rm�. Figure 1(a) illustrates this growth
rate as a function of M in the academic case of a cubic-
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FIG. 1. AMI growth rates of 2D NLS vortices (a) in the cubic-
quintic limit 
 � � � 1 (solid curves: � � 0:1; dotted curve:
� � 0:14 for m � 1); (b) in the cubic case � � 1 for 
 � 0:446,
� � 0. Vortex charges m are indicated next to the curves. In (b),
cross symbols mark the points calculated from Eqs. (4) and (5)
with 	 � 0, tp � 250 fs, and w0 � 3 mm.
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quintic nonlinearity 
 � � � 1 (� � 	 � 0). As only in-
teger values of M are physically relevant, we observe that
AMI takes place at a maximal azimuthal index Mmax �
2jmj for the soliton parameter � � 0:1. For singly charged
vortices, the growth rate significantly diminishes as �
increases. Stability follows [Im��� � 0] as soon as � ex-
ceeds the critical point �cr ’ 0:147, from which
f0�j 0j2�< 0. These preliminary results recover those in-
ferred from numerical shooting techniques [9–11]. The
present procedure, of course, suffers some approximation,
but it yields—for the first time—a clear dependency of the
optimal perturbation index Mmax over the vortex charge m.
Figure 1(b) supplies similar information for the purely
cubic NLS equation, in which 
 � 0:446, � � � � 0,
and the soliton parameter � can be set equal to unity
without loss of generality. In this case, the AMI growth
rate becomes larger, with maxima attained at Mmax �
2jmj � 1. In the same figure, cross symbols indicate the
values of Im��� computed from the complete function
Eq. (5) for the realistic waist w0 � 3 mm and tp �
250 fs. Because these parameters make quintic and MPI
saturations very small, Eq. (4) is close to the purely cubic
NLS equation, which explains why these data superimpose
with the curves of Fig. 1(b).

To check these behaviors, we performed direct numeri-
cal integrations of Eqs. (4) and (5) from the pulse parame-
ters corresponding to the cross symbols of Fig. 1(b). The
results expressed in physical units are summarized in
Fig. 2. For given m, the initial condition was chosen as
the above Gaussian ansatz  m perturbed by 10% amplitude
random noise. The input beams possess a physical power
close to Pm ’ 22jmjPcrjmj!�jmj � 1�!=�
�2jmj�!, a mean
radius �rm ’ �jmj � 1�w0, and intensity A2

m �
Pm=��w2

0jmj!�jmj � 1�jmj�1. They rapidly relax onto a
vortex ground state, which keeps its shape over long dis-
tances (> 200 m). The singly charged vortex with P1 ’
9Pcr, attained in Fig. 2(a), propagates over several hun-
dreds of meters, before undergoing 2–3 azimuthal modu-

lations. With jmj � 2 [Fig. 2(b)], �2jmj � 1� modulations
break the vortex ring. The number of modulations issued
from AMI is thus in excellent agreement with the predic-
tions of Fig. 1(b). Note that the filamentation stage occurs
earlier as the value of m is augmented.

From now on we analyze �3� 1�-dimensional situ-
ations, where the former vortices exhibit a temporal distri-
bution. For further comparison, Fig. 3(a) illustrates the
fluence (F 	 R�1

�1 jEj2dt) of pulses computed numerically
from Eqs. (1)–(3) with the super-Gaussian input E0 �
Aine

�r3=w3
0�t2=t2p perturbed by a 10% random noise and

having the averaged power Pin ’ 70Pcr. Such pulses are
currently employed in meter-range propagation experi-
ments [1]. Here, they develop a ringlike diffraction pattern
which becomes unstable with 7 modulations after 2.5 m of
propagation only. Another example in Fig. 3(b) shows the
fluence pattern of an optical doughnut with input profile
E0 � Ain�r=w0�e�r2=w2

0�t2=t2p�i and same power Pin ’
70Pcr, which does not belong to the class of vortex solitons.
This beam, although more robust, cannot avoid AMI that
induces �12 modulations focusing into a similar number
of filaments over a few meters.

Let us now examine guenuine vortex solitons. To create
them, we plug into Eqs. (1) and (3) initial conditions in the
form E�z � 0� � Am�r=w0�jmj exp��r2=�2�r2

m� � t2=t2p �
im, which we again perturb by a 10% random noise.
The amplitude Am and radius �rm are computed from the
above variational method. Such beam configurations
should thus converge to a radial (2D) vortex profile and
are henceforth called femtosecond optical vortices (FOVs).
Results from numerical simulations are presented in Fig. 4.
Whereas singly humped or arbitrary ringlike distributions
decay into filaments at moderate distances<10 m [Fig. 3],
remarkably, FOVs propagate beyond 100 m, before break-
ing up into filaments. This property applies to low-power
(P1 ’ 9Pcr), singly charged (m � 1) vortices shown in
Figs. 4(a) and 4(b), where the first subplot of Fig. 4(b)
illustrates the radial shape of the vortex reached from the
perturbed input beam. Three modulations affect the vortex.
They give rise to three filaments that grow up and produce
an electron plasma at z ’ 130 m, when their fluence ex-
ceeds �0:2 J=cm2. The final filaments rotate and do not
fuse, because all of them must preserve the total angular
momentum of the incident beam [10]. The same property−12 0 12
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FIG. 2 (color online). Vortex profiles with w0 � 3 mm and
tp � 250 fs (
 � 0:446) computed from Eqs. (4) and (5) for
(a) m � 1, Pin � 9Pcr, (b) m � 2, Pin � 17:9Pcr; m � 3, Pin �
28:7Pcr, and m � 6, Pin � 69:6Pcr. Note the change of scales.

FIG. 3. �3� 1�-dimensional fluence patterns of beams with
w0 � 3 mm and tp � 250 fs having (a) a super-Gaussian shape
and (b) an arbitrary ring-shaped profile with m � 1.

PRL 95, 193901 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
4 NOVEMBER 2005

193901-3



applies to high-power vortices. Figure 4(c) depicts differ-
ent propagation stages of FOVs with m � 6 (P6 ’ 70Pcr).
Again, the input beam attains a vortex state that holds its
shape at large distances. Beyond z � 100 m, AMI starts
and forms about 13 modulations. These amplify about 8
filaments which ionize the medium from z � 175 m.
Compared with Fig. 3, the onset distance of filamentation
differs between a simple ring profile and a genuine vortex
mode. Two reasons explain this feature: (i) The growth rate
Im��� for the initial profiles used in Fig. 3 is �24 times
higher than that of the vortex mode in Fig. 1(b). (ii) The
diffraction length dictating the self-focusing range for the
vortex solitons is proportional to �r2

m, which increases with
m. Note that the number of filaments still agrees with the
above AMI theory. For vortices withm � 1 as well asm �
6, differences in the characteristic distances of multifila-
mentation occur between �2� 1� [Fig. 2] and �3� 1�
[Fig. 4] dimensional simulations, because the averaged-
in-time model [Eq. (4)], limited to one short time slice,
overestimates the nonlinear focus at which filaments start
to develop. This point, linked to the value of
, was already
reported in Ref. [6]. Figure 4(d) details the temporal profile
of the pulse along the line y � 0. Before the onset distance

of AMI (z � 114 m), the distribution in time does not
significantly evolve, which maintains the vortex shape
stable over long distances, as expected.

In conclusion, we have revealed that new types of vortex
configurations (FOV) are able to guide ultrashort pulses
over considerable distances in the atmosphere, before the
filamentation instability takes place. Nowadays, optical
vortices can easily be prepared experimentally [8].
Because their power is quantified as a function of the
vortex charge, FOVs can be used as powerful tools to
transmit specific high energy levels within a robust shape.
Their feasibility opens new trends in the techniques of
remote filaments induced breakdown spectroscopy [15],
which exploits ionizing femtosecond channels to probe
aerosols, bioaerosols, as well as solid materials at remote
distances. Controlling the onset of filamentation over long
ranges is a key issue in this field, which could be achieved
by means of optical vortices.
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The filamentation of powerful, ultrashort laser pulses in liquids is investigated. It is shown that the multiple
filaments produced in ethanol can be modified into controllable, regular patterns by doping the medium with
dyes at high concentrations. Experimental results are confirmed by three-dimensional numerical simulations.
Pump-dump pulse experiments furthermore reveal that the stimulated emission from excited dye molecules in
the bundle can be locked in phase and leads to bright interference patterns.
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When ultrashort laser pulses propagate in transparent me-
dia, they create intense filaments, able to self-channel over
long ranges. In the atmosphere, the self-channeling mecha-
nism results from the interplay between Kerr focusing and
multiphoton ionization �1	. At high enough powers, several
filaments can be produced. They originate from modulational
instability, which breaks up the beam into small-scale cells
that convey a power close to a few critical powers for self-
focusing. Multiple filaments first form from the initial beam
defects, around which they are randomly nucleated, and fur-
ther gather into a limited number of clusters, called “optical
pillars.” These clusters can then propagate over hundreds of
meters, along which self-phase modulation considerably
broadens the pulse spectrum �2	. Recently, Luo et al. �3	
showed that the fluorescence from nitrogen molecules ex-
cited by a single filament, moreover, undergoes amplified
spontaneous emission. Multifilamentation in air, nowadays,
opens new perspectives in atmospheric diagnostics �4	, such
as multipollutant remote detection and bioaerosol identifica-
tion using nonlinear terawatt lidars �light detection and rang-
ing�, long distance laser-induced breakdown analysis of solid
targets, or megavolt-discharge triggering and guiding in view
of lightning control.

Besides atmospheric propagation, the physics of femto-
second �fs� optical pulses in dense materials has become a
challenging issue to understand the complex mechanisms
that channel the light over shorter distances �5–9	. Recently,
attempts have also been made to control the spatial position
of filaments in water by shaping the spectral phase of an
intense laser pulse �10	. Condensed media exhibit the prop-
erty of amplifying some key parameters such as dispersion
and plasma densities responsible for halting the wave col-
lapse or maintaining the beam in focused state. In water,
some experiments revealed that light filaments self-channel
like an X-shaped wave while they reach an equilibrium be-

tween dispersion and a strong energy flux from the surround-
ing beam �9	. This apparent self-guiding is supported by im-
portant nonlinear losses such as multiphoton absorption. In
liquids, the role of this nonlinear absorption in fs filaments
can alternatively be investigated by adding dye fluorescent
molecules, which, at low concentration, allows one to visu-
alize the filamentation process �6	.

In this work, we address two different issues using high
concentrations of dye molecules in ethanol. We identify the
role of multiphoton absorption losses in arranging filament
patterns and prove the feasibility of inducing amplified
stimulated emission from each filament. We show in a pump-
dump configuration that: �a� A strong two-photon absorption
�TPA� of dye molecules considerably reduces the number of
filaments that organize within a latticelike arrangement,
which is confirmed by three-dimensional �3D� numerical
simulations. This leads to amplified spontaneous emission, as
described by Prasad and co-workers from, e.g., coumarin
�11	. �b� The fluorescence emitted from each filament is fur-
ther locked in phase by a dump pulse superimposed with the
pump, which allows the far-field observation of spectacular
interference patterns, as self-organized arrays of “lasing”
filaments.

In our experiment, the laser source is a Chirped-Pulse
Amplifyer mode-locked Ti:sapphire oscillator, delivering
120–150 fs pulses at 810 nm with a 20 Hz repetition rate. A
portion of this pump is set apart and focused in a 1-mm
sapphire plate to generate a supercontinuum. To prepare the
dump pulse, the 810-nm component is removed from the
supercontinuum by a glass filter �BG 40� and the resulting
beam is sent to an interferential filter centered at 530±5 nm,
in order to calibrate its spectrum on the fluorescence band of
the dye. The selected dye is coumarin 153, which has an
absorption band ideally located for two-photon absorption
with the 810-nm pump. The dump pulse energy does not
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exceed a few tens of pJ. Both pump and dump pulses can
then be recombined and carefully superimposed. They are
slightly focused by a 1-m focal lens in order to illuminate a
flow cell containing either pure or dye-doped ethanol. The
incident pump pulse intensity at the cell entrance is around
41011 W/cm2. Through the sample, the pump pulse not
only develops filaments, but also induces two-photon excita-
tion of dye molecules. To change the filamentation pattern,
the spatial profile of the pump pulse can be modified with an
iris placed a few centimeters before the entrance cell win-
dow. A charge-coupled device �CCD� camera is used to im-
age the laser intensity of the pump on the iris and at the exit
of the 1-cm-long cell.

We first examined the effect of high concentrations of
coumarin up to 4 g/ l on the generation of filaments in dif-
ferent beam geometries involving no dump pulse. The iris
diameter was about 1 mm. On Fig. 1�a�, a myriad of fila-
ments emerges from the cell exit for pure ethanol. The diam-
eter of each filament does not exceed a few microns, typi-
cally 8–10 �m. In contrast, Fig. 1�b� shows the
filamentation pattern created after adding coumarin with con-
centration C=4 g/ l. In this configuration, the two-photon ab-
sorption kills most of the filaments. The size of the surviving
light spots, although still of several microns, appears slightly
enlarged to about 15–20 �m. The distance between two ad-
jacent filaments is about 50–100 �m, designing a kind of
lattice. These observations are consistent with previous ones
�6	, exploiting nonlinear losses to monitor multifilamentation
in liquids.

In order to emphasize the role of dye absorption in soft-
ening filamentation, we performed numerical calculations
based on a nonlinear Schrödinger �NLS� equation for the
electric field envelope, E, coupled to a Drude model for
the plasma density, �. These equations can already be found
in Refs. �1,12	. In the present context, they are integrated
in full �3+1�-dimensional geometry, assuming weak contri-
butions from space-time focusing and self-steepening
for full width at half maximum �FWHM� pulse durations
as large as 120 fs. The central wave number is defined
by k=n0k0 with k0=2� /�0=�0 /c, �0=810 nm, and
n0=1.36 for ethanol. Group-velocity dispersion �GVD� has

the coefficient k�
403 fs2 /cm �13	. We consider an instan-
taneous Kerr response with basic index n2=2.6
10−16 cm2/W for pure ethanol �14	. When the dye is
added, even at weak densities, this coefficient may change
significantly. Recent studies indeed reported important
changes in the nonlinear refractive index �15	, capable of
increasing by one to two decades. In the absence of precise
measurements of n2 for dilute solutions, we shall opt
for n2

dye=2.610−15 cm2/W. The critical power for
self-focusing, defined as Pcr=�0

2 /2�n0n2, is then
Pcr
3 MW for pure ethanol, but Pcr
0.3 MW when
the dye is dissolved in the sample. Plasma gain and losses
apply to ionization of ethanol molecules mainly. Electron
transitions to the conduction band take place with the gap
potential Ui=8.4 eV, yielding six photon transitions �16	
at 810 nm with multiphoton cross section �K=6=5.63
10−69 s−1 cm12/W6 �17	, for the neutral density �nt=1.03
1022 cm−3, critical plasma density �c=1.71021 cm−3, and
inverse bremstrahlung cross section �
1.2210−17 cm2.
Coumarin 153 mainly contributes to lower the beam inten-
sity through a TPA additional term introduced into the NLS
equation such as dzI=−�abs

�n=2��absI
2 �18	. The coumarin den-

sity �abs is 7.81018 cm−3 for C=4 g/ l and the TPA cross
section is �abs

�2� =6.7610−31 cm4/W �19	. The model also
accounts for avalanche ionization and electron recombina-
tion �	r=450 ps �20	�.

To simulate the previous results, we consider initial laser
fields, for which input powers, peak intensities, and beam
waist are those of the experimental values. The beam cut by
an iris is modeled by a super-Gaussian spatial shape com-
pleted by a temporal Gaussian profile;

E�x,y,t,z = 0� =� 21/NPin

��1 +
1

N
��w0

2

 e−„�x2 + y2�/w0
2…N−t2/tp

2
,

�1�

which we perturb by a 15% amplitude random noise. Here,
��x� is the usual Euler function, N=10, w0=0.5 mm, and
tp=102 fs. The peak power Pin
2.8 GW together with the
input peak intensity I0

max=41011 W/cm2 are equal to their
experimental counterparts.

Figures 2�a,b� display the fluence profiles in the �x ,y�
plane, computed at the cell exit for the initial condition �1�.
These patterns are in qualitative agreement with Fig. 1. For
pure ethanol, the cut beam decays into a high number of
filaments with a diameter close to 8–10 �m. More precisely,
it first produces two ring structures, originating from the
sharp edges of the diaphragm. The intensity of these rings is
then amplified by the Kerr effect, which induces a growth of
their gradient and breaks them up into light spots by azi-
muthal modulational instability. This gives rise to small-scale
filaments that develop more and more towards the center of
the sample as the beam propagates. This observation agrees
with Ref. �21	, where it was shown that the filamentation
process occurs mainly in spatial area with strong field gradi-
ents. Figure 2�b� exhibits the fluence profiles calculated at
the cell exit for a coumarin/ethanol solution. We observe that

FIG. 1. Experimental fluence profiles at the cell exit after 1-cm-
long propagation of an intense ��41011 W/cm2� pump pulse. �a�
For pure ethanol, a multitude of filaments with �8–10 �m in di-
ameter are visible, whereas �b� with coumarin 153 �C=4 g/ l�, only
a few filaments subsist in the bundle. In �b�, the typical diameter of
one filament is slightly less than 20 �m. The average distance be-
tween two neighboring filaments in the lattice is about 50–100 �m.

GUYON et al. PHYSICAL REVIEW A 73, 051802�R� �2006�

RAPID COMMUNICATIONS

051802-2



the dye turns off some filament sites, decreasing thereby the
spot number. In accordance with the experimental measure-
ments, Fig. 2�b� also displays small-scale filaments with an
average diameter larger than in pure ethanol. This is directly
linked to the nonlinear damping action of coumarin, which
contributes to stop the beam collapse at lower intensity val-
ues. The interfilament distance of �50–100 �m is retrieved.

Figures 2�c� and 2�d� show the peak �maximum over
x ,y , t� intensities and related electron densities for the whole
multifilamented beams involving coumarin or not along the z
axis. The “ripples” affecting these curves signify that at some
distances z the intensity of one filament suddenly takes over
that of its most intense neighbors. For pure ethanol, the field
self-focuses in intensity up to 18 TW/cm2 until the nonlinear
focus zc
7 mm. The beam collapse is stopped by the gen-
eration of plasma reaching a peak density around 1019 cm−3.
The pulse then self-channels over 3 mm through the dy-
namic balance between Kerr self-focusing and the defocus-
ing plasma. This process is accompanied by weak energy
loss �6%� caused by ionization of the neutral species. When

the beam propagates in the dilute dyed solution, the cou-
marin TPA, which is an intensity dependent mechanism, ab-
sorbs pulse energy from the early stages, but becomes fully
efficient in the filamentation domain where the beam attains
high intensities. As a result, it enhances the overall energy
loss to �80% over 1 cm �not shown here� and smoothes
spatial distortions as it decreases the filamentation growth
rate �18	. We observe a backward motion of zc to 0.8 mm,
mainly due to the higher value of n2. From this distance, the
peak intensity only reaches 8 TW/cm2 and the electron
plasma hardly attains the density 1016 cm−3, before it rapidly
falls down to levels lower than 1014 cm−3. In this case, Kerr
self-focusing mainly competes with coumarin TPA that be-
comes the dominant damping mechanism. Compared with
nonlinear losses caused by ethanol ionization �six-photon
transitions�, TPA not only arrests self-focusing, but it also
prevents the pulse from self-channeling by keeping its inten-
sity clamped at constant value. So, no dynamic balance takes
place, unlike propagation in pure ethanol.

The agreement between experiments and calculations is
fairly good. In the absence of coumarin, the propagation of
the pump pulse through 1 cm of ethanol produces many nar-
row filaments. In contrast, with coumarin the filaments
strongly decrease in number and their size is broader. The
calculation also exhibits that the filament intensity is weaker
than for pure ethanol. However, because of the self-focusing,
with a mean intensity of �I��3 TW/cm2 at C=4 g/ l, the
density of two-photon excited coumarin molecules attains
�exc=���abs

�2��abs�I�2T / �4��0�
91017 cm−3 using the
typical filament duration T� tp /10 �1	. The amount of ex-
cited molecules thus appears high enough to trigger ampli-
fied stimulated emission and to measure it.

FIG. 2. Calculated fluence profiles at the cell exit for �a� pure
ethanol and �b� ethanol + coumarin. Calculations and experiments
�Fig. 1� are in good agreement, emphasizing spot average diameters
of 8–10 �m in pure ethanol and doubled otherwise, with separation
distances of �50–100 �m. �c� Peak intensity and �d� electron den-
sity for pure �dashed curves� and dyed �solid curves� ethanol along
the 1-cm-long cell.

FIG. 3. Complete pump-dump lasing experiment. �a� Filamen-
tary lattice at the cell exit. �b� Incoherent spontaneous emission in
the far field. �c� Far-field interference pattern in presence of the
dump pulse which stimulates and locks in phase the emission of
each filament. �d� Fourier transform of the filament bundle dis-
played in �a�.
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In the second series of experiments, a dump pulse at
530 nm is superimposed to the pump. The purpose is to un-
dertake coherent amplified stimulated emission in the fila-
ment bundle. As reported by Cook et al. �22	, white light
filaments emerge in phase in liquids due to the coherence
property of the continuum induced by the optical Kerr effect.
In contrast, we do not exploit this Kerr-induced coherence.
Here, the addition of coumarin does not only allow control of
the filamentation pattern, but it also provides each filamen-
tary site with a reservoir of excited dye molecules, ready to
fluoresce, to achieve a population inversion. The dump pulse
then triggers in-phase stimulated emission from each fila-
ment, which leads to an interference pattern, as shown in Fig.
3. Figure 3�a� exhibits the intensity of the pump at the output
of the cell filled with an ethanol/coumarin solution �4 g/ l�. A
set of five self-arranged filaments is visible. Far-field pictures
of the coumarin emission are then taken in the forward di-
rection, about 2 m after the cell. If the dump pulse is set to
zero, we observe a uniform incoherent emission of low in-
tensity �see Fig. 3�b�	, whereas if the dump pulse is switched
on, a bright interference pattern is visible in Fig. 3�c� which
arises from the stimulated emission in each filament. The
lasing intensity can be a hundred times higher than the am-
plified spontaneous emission intensity measured without the
dump pulse. In Fig. 3�d�, we calculated the Fourier transform
of the filament bundle �FTFB� corresponding to Fig. 3�a�.
The intensity of the brightest filament in Fig. 3�a� was satu-
rated and thus corrected to retrieve the FT image. The agree-
ment between the far-field interference pattern �Fig. 3�c�	

and the FTFB is close to excellent. The smallest distance
between two bright interference spots �i.e., about 10 mm� in
Figs. 3�c� and 3�d� is directly related to the distance between
two adjacent filaments �i.e., about 50–100 �m� in Fig. 3�a�.
The extension of the interference pattern depends on the
brightness equilibrium of filaments in the bundle. Note that,
at least in the available pump-dump delay range of
0–150 ps, no difference in the observed interference patterns
was noticeable. Other configurations delivered by the spatial
profiles of the input pump were also observed, leading in
particular to pure flowerlike patterns with perfect hexagonal
symmetry. Such configurations will be discussed in a forth-
coming paper.

In summary, we have investigated the multiple filamenta-
tion in dye-doped ethanol promoting strong two-photon
absorption losses in ultrafast pump-dump experiments. A
�3+1�-dimensional code was used to reproduce and under-
stand the experimental patterns. Inside the bundle, sparse
filaments organize in lattice, unlike their random nucleation
in pure ethanol. Besides, the dump process coherently locks
in phase the amplified stimulated emission in each filament
and leads to the observation of interference patterns in the far
field. “Lasing” filaments open promising trends in the possi-
bility of amplifying stimulated emission in condensed media
over short propagation distances.

The authors aknowledge J. Moloney and M. Kolesik for
fruitful discussions.
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Abstract

The multiple filamentation of high power, ultrashort laser pulses is investigated

for special waveforms exhibiting either sharp intensity gradients or vortex shapes

having an angular orbital momentum. First, theoretical estimates are established

on the basis of a (2 + 1)-dimensional model discarding temporal dependencies, in

order to evaluate the number of filaments and their onset distance with respect to

the peak beam power or with the topological charge of optical vortices. Numerical

simulations are next performed from this model and they confirm the theoretical

expectations, at least qualitatively. These are shown to hold in (3 + 1)-dimensional

geometry involving time variations, through direct numerical integrations of the

propagation equations.
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1 Introduction

The propagation of femtosecond, high-power laser pulses in air has been stud-

ied for many years from theoretical as well as experimental points of view [1–7].

It is well-known that an ultrashort pulse, provided that its power is above a

critical value (Pcr), undergoes self-focusing caused by the Kerr response of the

medium. Consequently, the beam intensity increases sharply until it becomes

high enough to ionize air molecules. This creates an electron plasma, which

defocuses the pulse. The plasma response, possibly completed by nonlinear

quintic saturation [8–11], counteracts the Kerr effect, leading to the formation

of narrow waveguides called “filaments”, with ∼ 150 μm diameter, ∼ 1 mJ

energy and power about 5Pcr [12]. At strong enough power (> 20Pcr), several

filaments may occur, producing an optically turbulent state in the focal spot.

This state usually refers to as “multifilamentation”. Since multifilamentation

alters the beam homogeneity, several techniques have been proposed to orga-

nize the fluence patterns, such as shaping the pulse by introducing astigmatism

[13], strong intensity gradients [14], or by using a grid after the laser exit [15].

Although new, all these methods present the drawback to introduce severe

distortions in the input shape. They can locate the filaments at deterministic

places in the beam, but may not keep them robust in location and intensity

over distances longer than 100 m and beyond. So, the question of controlling

mutifilamentation of powerful pulses on long distances still remains open. In-

stead of introducing sharp gradients along the optical path, we here privilege

a smoother alternative, consisting of making the pulse turn around its center

like a vortex.

Reported by Kruglov et al. in the late 80s [16,17], optical vortices are char-
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acterized by an amplitude forming a hole at center and a helical phase with

integer topological charge m. They appear as singular solutions to nonlin-

ear envelope equations, conserving their shape over many diffraction lengths

before they undergo a spatial break-up induced by azimuthal modulational

instability (AMI). The existence and stability of these peculiar states have

been studied for several years. First, considering 2D media with self-focusing

(cubic) and defocusing (quintic) nonlinearity, Michinel et al. [18] showed the

possibility for spinning beams having high enough power to preserve their ra-

dial shape when |m| = 1 (see also [19–27]). For larger values of m, vortices

cover long distances before breaking up into small-scale cells. These fragments

then possess a curvilinear motion, which prevents them from mutually fusing.

The existence and stability of spatiotemporal vortex beams with |m| = 1 have

also been proven for 3D media with cubic-quintic nonlinearity and anoma-

lous dispersion [28] (see also [29] about vortex-shaped soliton clusters). Again,

numerical simulations involving larger charge m revealed a remarkable prop-

agation along several Rayleigh lengths, before 3D vortices decay into bright

solitons. The resulting structures cannot fuse because of the conservation of

the total orbital angular momentum, but they may fly off tangentially from

the vortex ring as they evolve. Pioneering experiments in cw media definitively

confirmed this dynamics for the charge number m = 2 [30,31]. More recently,

Mariyenko et al. [32] succeeded in creating new type of singly-charged, ultra-

short vortices (m = +1) from fs laser sources.

Here, we investigate both analytically and numerically the filamentation dy-

namics of femtosecond pulses with specially-designed shapes, exhibiting not

only vortex geometries but also sharp gradients. Emphasis is given to the

vortex configurations for further Lidar applications, which aim at control-
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ling the location of narrow filaments along the optical path. On the one

hand, we revisit AMI theory applied to ring-shaped structures within a mixed

variational/plane-wave perturbation formalism. This analysis is performed

from a reduced (2+1)-dimensional model, derived by averaging all time de-

pendencies of the pulse. We infer the conditions for the existence of optical

vortices. A plane-wave perturbation method allows us to estimate the num-

ber of modulations and the onset distance of filamentation created from the

breakup of vortices. Numerical analysis is then led as follows: We simulate the

fate of “special” light configurations such as waves exhibiting an intensity gra-

dient along one edge, or SuperGaussian beams having their gradients located

along four edges in the (x, y) plane. For laser processing and manufactor-

ing, flat-topped transverse profiles are desirable with high uniformity of light,

which may not, however, avoid multifilamentation at strong enough powers.

Correspondence between SuperGaussian and flattened Gaussian beams was

analyzed in [33]. These beams are currently produced by cutting their spatial

distribution through an iris or pinholes and their filamentation patterns were

recently examined in dilute solutions of ethanol from both the experimental

and numerical sides [34]. For these beam shapes, theory is found to predict

qualitatively well their filamentary dynamics, which is confirmed by direct

2D numerical simulations. Multiplying these special waveforms by a Gaussian

temporal profile, their evolution is next discussed in (3+1)-dimensional ge-

ometry on the basis of 3D parallel computations. The influence of the pulse

duration is also checked numerically. Afterwards, we follow the same method-

ology for vortex propagation. Under certain conditions, vortices are capable of

conveying high powers quantified by their charge number m, without altering

their radial distribution up to hundreds of meters along the propagation axis.

Because of this, they open the way to control multifilamentation over long
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ranges in a non-destructive way.

The paper is organized as follows: Section II introduces the 3D model equations

for the propagation of ultrashort laser pulses in air and their dimensionless

2D reduction. Section III states theoretical arguments addressing the AMI of

vortices and recalls some fundamentals for plane-wave beams. Then, Section

IV verifies the former results and their extension to time-dependent pulses

in (3+1)-dimensional geometry, from numerical computations of waves with

sharp gradients as well as for SuperGaussians. Section V thoroughly examines

the dynamics of femtosecond optical vortices along the same logics.

2 Numerical modeling

2.1 The 3D Physical Model

The equations governing the slowly-varying laser electric field envelope E(x, y, z, t)

and the free electron density ρ(x, y, z, t) excited by ionization of air molecules

are used in their classical form, discarding high-order dispersion together with

space-time focusing and self-steepening. The reason for omitting these terms

is that most of the coming analysis employs rather long durations (tp = 250 fs)

for which the product ω0tp is large, where ω0 denotes the carrier wave frequency

[35–37]. For pulses moving in their group-velocity frame, these equations ex-

press as
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τK |E(t′)|2dt′), (2)

∂ρ

∂t
= σKρnt|E |2K + (σ/Ui)ρ|E |2, (3)

where k0 = ω0/c = 2π/λ0, z is the longitudinal distance of propagation while

∇2
⊥ ≡ ∂2

x + ∂2
y accounts for transverse diffraction. The critical power for self-

focusing is defined by Pcr = λ2
0/2πn2 and in air it takes the value Pcr � 2.5 GW

for the laser wavelength λ0 = 800 nm and Kerr refraction index n2 = 4×10−19

cm2/W. The second-order temporal derivative refers to normal group-velocity

dispersion (GVD) with coefficient k′′ = 0.2 fs2/cm. The complete Kerr re-

sponse of air, defined by Eq. (2), is composed of an instantaneous contribution

and a delayed part in ratio 1/2, with relaxation time τK = 70 fs. Because the

pulse intensity may increase to saturation levels for which χ(5) susceptibility

becomes efficient [8–11], a quintic saturation with coefficient n4 = 2.5 × 10−33

cm4/W2 has been introduced, which does not arrest plasma generation. The

quantity ρc � 1.8 × 1021 cm−3 is the critical plasma density beyond which

the beam no longer propagates. Power dissipation is assured by multiphoton

absorption (MPA) with coefficient β(K) � 3.1 × 10−98 cm2K−3/WK−1. In Eq.

(3), plasma defocusing is induced by ionization of oxygen molecules with gap

potential Ui = 12.1 eV and neutral density ρnt = 5.4×1018 cm−3. K = 8 is the

number of photons needed to extract electrons from neutral molecules with

the lowest ionization potential, i.e, dioxygen molecules. The electron plasma

is essentially driven by multiphoton ionization (MPI) where σK = 2.9 × 10−99

s−1 cm2K/WK . Avalanche (cascade) ionization and plasma absorption iden-

tified by the cross section for inverse bremsstrahlung (σ = 5.4 × 10−20 cm2)

6



complete the model.

2.2 A dimensionless 2D model

To examine spatial distortions, we find it convenient to derive a time-independent

equation by employing the procedure proposed in Refs. [36,37]. For subpi-

coseconds durations, avalanche ionization and related absorption have a weak

incidence and we thus ignore them. Eqs. (1), (2) and (3) are then expressed

in a dimensionless system of units involving the rescaled variables and fields

z → 4z0z, t → ttp, (x, y) → (x, y)w0, E →
√

Pcr/4πw2
0E and ρ → (ρc/2z0k0)ρ,

where z0 = πw2
0/λ0 denotes the Rayleigh length for Gaussian beams with

waist w0 and 1/e2 durations tp. We next assume that MPI counteracts Kerr

focusing at a time slice t � tc(z), where a single spike with constant duration

T dominates in the pulse temporal profile. As MPI can shorten pulses to du-

rations reaching 1/10 of their initial values, T is set equal to the value T = 0.1

(in units tp) [37]. Therefore, we decompose E as

E(x, y, z, t) = ψ(x, y, z) × e−[t−tc(z)]2/T 2

, (4)

where the temporal distribution for the highest intensity peak is supposed

Gaussian. Plugging this expression into Eqs. (1-3), multiplying by e−[t−tc(z)]2/T 2

and integrating over the time domain, we remove the GVD term by a simple

phase shift and finally obtain the reduced 2D equation for the spatial profile

ψ:

i∂zψ + ∇2
⊥ψ + f(|ψ|2)ψ + iν|ψ|2K−2ψ = 0, (5)

f(|ψ|2) = α|ψ|2 − ε|ψ|4 − γ|ψ|2K , (6)

7



using the dimensionless plasma density

ρ � γ|ψ|2K{erf[

√
2K(t − tc(z))

T
] + 1}, (7)

where erf(x) stands for the usual error function. In these equations, the coef-

ficients α, ε, γ and ν are defined by

α = 1/
√

8 + D/4τ ′
K , (8)

ε = n4Pcr/(4πn2

√
3w2

0), (9)

γ =
√

π/(8K)Ttpk
2
0σK(ρnt/ρc)(Pcr/4π)K × w

2(1−K)
0 , (10)

ν = (k0β
(K)/

√
K)(Pcr/4π)(K−1) × w

2(2−K)
0 , (11)

with τ ′
K = τK/tp. The coefficient α takes the delayed Kerr response into ac-

count through the integral

D =
∫ ∞

−∞
e(T 2/8τ ′2

K )−(u/τ ′
K )−(2u2/T 2) × [erf(

√
2u

T
− T√

8τ ′
K

) + 1]du. (12)

It is important to notice that only α and γ vary with tp. For, e.g., the

duration tp = 250 fs, we find α = 0.446, ε = 7.3 × 10−7[cm2]/w2
0, γ =

8.4 × 10−40[cm2(K−1)]/w
2(K−1)
0 and ν = 1.2 × 10−35[cm2(K−2)]/w

2(K−2)
0 , with

w0 expressed in cm.

3 Theoretical arguments

3.1 Variational method

Let us start with establishing analytical estimates. These will apply to vortex

states subject to AMI and will later be extended to arbitrary waveforms. Be-

cause optical vortices are strong attractors towards which experimental pulses
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are expected to converge rapidly, we shall not target them by means of numer-

ical relaxation methods, which have often been exploited in the past [18–25].

Instead, a variational method will approach spinning beams, whose azimuthal

stability will be studied in the framework of spatially-uniform, ring-shaped

structures with constant intensity. From a mathematical point of view, an

optical vortex is a steady ground state of the (2+1) or (3+1)-dimensional

nonlinear Schrödinger equation indexed by the integer phase number m and

by the soliton (frequency) parameter λ. Here, vortex solutions to the reduced

(2+1)-dimensional model (5) are searched for under the form (see, e.g., [38])

ψm,λ = Am,λr
|m| exp (−r2/(2a2

m,λ) + imθ + iλz), (13)

where θ is the azimuthal angle. With no MPA contribution (ν always remains

close to zero as explained below), the Hamiltonian

Hm,λ = 2π
∫ +∞

0
{|∂rψm,λ|2 + m2|ψm,λ|2/r2 −

∫ |ψm,λ|2

0
f(u)du}rdr (14)

and power integral

Pm,λ = 2π
∫ +∞

0
|ψm,λ|2rdr (15)

are invariants for Eqs. (5) and (6), so that vortex amplitude and width are

determined for given m by solving the variational problem δ(Hm,λ +λPm,λ) =

0. Differentiating the action integral Sm,λ = Hm,λ+λPm,λ with respect to Am,λ

and am,λ leads us to solve the equations ∂Sm,λ/∂Am,λ = ∂Sm,λ/∂am,λ = 0,

expanding as

a−2
m,λ − αmA2

m,λa
2|m|
m,λ + εmA4

m,λa
4|m|
m,λ + γmA2K

m,λa
2|m|K
m,λ +

λ

|m| + 1
= 0, (16)
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a−2
m,λ −(2|m| + 1)αm

2|m| A2
m,λa

2|m|
m,λ +

(3|m| + 1)εm

3|m| A4
m,λa

4|m|
m,λ

+
(|m|(K + 1) + 1)γm

|m|(K + 1)
A2K

m,λa
2|m|K
m,λ +

λ

|m| = 0, (17)

where

αm = α(2|m|)!/[22|m|+1(|m| + 1)!],

εm = ε(3|m|)!/[33|m|+1(|m| + 1)!],

γm = γ(|m|(K + 1))!/[(K + 1)|m|(K+1)+1(|m| + 1)!].

3.2 Existence of vortex solitons

Eqs. (16) and (17) supply rather trustworthy approximations for the vor-

tex amplitude and radius [18]. Because the present study deals with physical

beams, we must decide of waist values exploitable in experiments. Therefore,

we fix w0 as ranking between 50 μm (lowest bound for fs filaments in air) and

3 mm (imposed by numerical limitations). To maintain the early pulse time

slices clamped with an almost constant power, we shall mostly consider large

femtosecond durations, tp = 250 fs, leading to a GVD length ∼ t2p/k
′′ pushed

away to km distances. The influence of shorter durations will, however, further

be discussed in the next section. In this condition, both MPI and MPA terms

are very small (γ ≤ 1.4 × 10−7, ν ≤ 5 × 10−8) and can be omitted. It is then

possible to solve Eqs. (16) and (17) analytically. In the limit of weak plasma

response, the power, intensity and mean radius of the vortex are respectively

given by (see also Ref. [18])

Pm,λ =
π

α
× 22|m|+2(|m!|)2

(2|m|)! × (|m| + 1)√
1 − λ

λ∞

, (18)

10



A2
m,λ =

22|m|+2(|m| + 1)!

α(2|m|)!
√

1 − λ
λ∞

× 1

a
2|m|+2
m,λ

, (19)

a2
m,λ =

(|m| + 1)

2λ
× [1 + (1 − λ

λ∞
)−1/2], (20)

r̄m,λ = am,λ

√
|m| + 1. (21)

The requirement that a2
m,λ is real-valued and positive leads to the condition

λ < λ∞ =
33|m|+2[(2|m|)!]2

24|m|+6|m|!(3|m|)! × α2

ε
, (22)

where λ∞ fixes the existence domain of the vortex. This bound is almost equal

to 0.16×α2/ε whatever the value of m may be, which is in excellent agreement

with the cut-off found in precedent works [18,19,29] (e.g., λ < 0.18/ε when

α = 1). Physically this bound is linked to the beam waist w0, through the

value of ε. As an example, Figure 1(a) shows the vortex power Pm,λ versus λ

for an input waist w0 = 50 μm, calculated for m = 1, 2 and 3. In this case,

the parameters α and ε take the values α � 0.446 and ε � 2.9 × 10−2. Figure

1(b) shows the same quantity computed from the complete Eqs. (5) and (6)

for w0 = 3 mm, yielding α � 0.446 and ε � 8.1 × 10−6. For the small waist,

the cut-off near which the power diverges is λ∞ ∼ 1. For the larger one, the

cut-off is rejected to infinity, so that λ can be taken equal to the unity without

loss of generality.

3.3 Stability analysis

Vortices carrying an orbital momentum are generally unstable against AMI

that breaks them up into filaments. Here, we develop a perturbative method

to analyze the stability of spinning solitons, using the procedure originally

proposed in Ref. [39]. We consider perturbations acting along a ring of mean

radius r̄m,λ = [
∫

r2|ψm,λ|2d�r/Pm,λ]
1/2. Assuming constant intensity and spatial
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Fig. 1. Vortex power computed from Eq. (5) discarding γ and ν for m = 1, 2 and 3

and tp = 250 fs for two different beam waists: (a) w0 = 50 μm and (b) w0 = 3 mm

(α = 0.446).

uniformity for this ring, we rewrite the diffraction operator as ∇2
⊥ = ∂2

s with

s = r̄m,λθ and search for the growth rate, Im(μ), of azimuthal perturbations

entering the solution ψ = (ψ0+δψ1e
−iμz+iMθ+δψ∗

2e
iμ∗z−iMθ)eiλz+imθ with index

M . Plugging this field into Eq. (5), linearizing the equations (δψ1, δψ2 	 ψ0)

and identifying the terms in e−iμz+iMθ and in eiμ∗z−iMθ provide the eigenvalue

problem

L̂

⎛
⎜⎜⎜⎜⎜⎜⎝

δψ1

δψ2

⎞
⎟⎟⎟⎟⎟⎟⎠

= −μ

⎛
⎜⎜⎜⎜⎜⎜⎝

δψ1

δψ2

⎞
⎟⎟⎟⎟⎟⎟⎠

, (23)

where

L̂ =

⎛
⎜⎜⎜⎜⎜⎜⎝

−λ + D̂m+M + g(ψ2
0) f ′(ψ2

0)ψ
2
0

−f ′(ψ2
0)ψ

2
0 λ − D̂m−M − g(ψ2

0)

⎞
⎟⎟⎟⎟⎟⎟⎠

(24)

with g(ψ2
0) = f(ψ2

0) + ψ2
0f

′(ψ2
0) and D̂m = −m2/r̄2

m,λ. Then, we apply the

plane wave assumption to the vortex ring with amplitude ψ0 = ψm,λ(r = r̄m,λ)

[Eq. (13)], yielding the relation λ = D̂m + f(ψ2
0) in the limit ν → 0. After

substitution into Eq. (24) and solving the eigenvalue problem with respect to

12



μ, we get the expression for the growth rate,

Im(μ) =
M

r̄m,λ
× Re([2f ′(|ψ0|2)|ψ0|2 − M2

r̄2
m,λ

]
1
2 ). (25)

The integer value of M for which Im(μ) is maximal gives the approximate

number of modulations that affect the ring. All required information about

the charge m of the input vortex lies in the dependencies of ψ0. Instability

takes place as soon as f ′(|ψ0|2) > 0, which is directly linked with the nonlin-

earities, and thus with the beam waist. From straightforward computations,

one easily finds r̄2
m,λ = a2

m,λ(|m| + 1) and f ′(|ψ0|2) = α − 2ε|ψ0|2, where

|ψ0|2 = A2
m,λa

2|m|
m,λ (|m| + 1)|m|e−(|m|+1).

For small waist, the quintic coefficient ε is not negligible. Instability occurs

as long as λ < λcrit, where the critical soliton parameter λcr depends on m

and turns the sign of f ′(ψ2
0) from positive to negative. With w0 = 50 μm, we

obtain λcr ∼ 1 for m = 1, so that stability follows when λ > λcr. For the bigger

waist w0 = 3 mm, saturation coefficients are negligible and instability always

develops whatever λ may be.

To predict the number of modulations that will effectively break up the ring,

the maximal perturbation index Mmax, that fixes the optimal growth rate (25),

must be determined. For the two selected values of w0, we can consider the

cubic-quintic limit where only α and ε are non zeros, and we merely find

Mmax
2 =

(|m| + 1)4−|m|

(2λ)1−|m|(2|m|)! × 22|m|+2|m|!e−|m|−1√
1 − λ

λ∞

× (1 − 2ε
α
|ψ0|2)

(1 + 1√
1− λ

λ∞

)
|m|−1

. (26)

Note that at leading order ε/α2 	 1, Mmax is independent of the Kerr coeffi-

cient α. As only integer values are physically relevant, plotting of Eq. (26) ver-

sus m highlights Mmax � 2|m| + 1 when ε/α2 → 0 or Mmax � 2|m| otherwise.
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Fig. 2. AMI growth rates of 2D NLS vortices computed from Eqs. (5)-(6) with

tp = 250 fs and (a) w0 = 3 mm leading to α = 0.446 and ε = 8.1× 10−6, λ = 1; (b)

w0 = 50 μm, ε = 3× 10−2 (solid curves: λ = 0.1; dotted curve: λ = 0.99 for m = 1).

Vortex charges m are indicated next to the curves.

Figure 2 confirms these behaviors. Figure 2(a) illustrates the perturbation

growth rate as a function of M for an input waist w0 = 3 mm and for various

m. Since the saturable nonlinearities are almost negligible, f(|ψ0|2) ∼ α|ψ0|2

and λ = 1. Figure 2(b) represents Im(μ) for w0 = 50 μm, λ = 0.1 (domain of

instability) and different values of m. For λ = 0.99 and m = 1 (limit for in-

stability), the growth rate is noticeably reduced. Stability follows [Im(μ) = 0]

as soon as λ exceeds λcr � 1, from which f ′(|ψ0|2) < 0. When repeating this

analysis for the academic cubic-quintic problem α = ε = 1 (λ ≤ 0.16), AMI

takes place with maximal azimuthal index Mmax � 2|m| and ceases when

λ > λcr ∼ 0.147 for m = 1. These results recover those deduced from numeri-

cal shooting techniques [19–25].
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3.4 Plane wave instability

Let us consider beam shapes with sharp gradients, i.e, with intensity distribu-

tions localized along one or several lines. Even if these depart from guenuine

plane waves, it may be useful to view them as of constant intensity with finite

extent along the gradient axis. For a plane wave, ∇2
⊥ψ0

2 = 0 and the insta-

bility growth rate is still given by Eq. (25) where M/r̄m,λ is replaced by the

wavenumber of transverse perturbations, k [41,42]. Hence,

Im(μ) = k × Re([2f ′(|ψ0|2)|ψ0|2 − k2]
1
2 ). (27)

The maximal perturbation wavenumber is kmax =
√

f ′(|ψ0|2)|ψ0|2, correspond-

ing to the maximal growth rate Im(μ)max = f ′(|ψ0|2)|ψ0|2 = k2
max. If we as-

sume that the filaments are regularly distributed in the diffraction plane, their

separation distance may be evaluated by λmod = 2π/kmax. Imposing a finite

extension to the field distribution, standard estimates predict a number of

filaments close to the ratio Pin/Pfil, where Pin is the beam power and Pfil

the power enclosed in one cell. When considering each filament with radial

symmetry, Pfil is evaluated by Pfil = 2π
∫ λmod/2
0 r|ψ0|2dr � 2.65Pcr/α [43].

These theoretical arguments give us an estimation of the number of filaments

N = Pin/Pfil � pα/2.65 for an input beam with power ratio p ≡ Pin/Pcr. The

maximal growth rate Im(μ)max defines the longitudinal distance of filamenta-

tion, zfil ∼ Im(μ)−1
max scaling as ∼ 1/p [44,45], along which small-scale filaments

grow up exponentially.
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4 Beam configurations with sharp gradients and SuperGaussians

4.1 Sharp gradients

We now discuss fluence patterns modeled first by Eqs. (5) and (6), next by the

full 3D propagation equations (1) and (3). Results from the 2D model are re-

expressed in physical units. We investigate input waves exhibiting polygonal

structures entailing a strong intensity gradient (Figure 3). The initial beam

is designed as a triangular prism put on its rectangular face, and turned by

π/4 rad in the (x, y) plane. In (3+1)-dimensional geometry the pulse shape is

identical in space, but we multiply it with the Gaussian in time e−t2/t2p . In both

dimensional cases, a 10% amplitude random noise is introduced; the average

input power is ∼ 60Pcr, initial waist w0 = 3mm and pulse duration tp = 42.5

fs (α = 0.37). Instability occurs at zfil ∼ 40 − 60 cm (this interval covers

the full breakup distance) along the gradient direction, from which filaments

grow up and become more and more randomized [Fig. 3(a)]. These behaviors

are almost the same in (2 + 1) and (3 + 1) dimensions [Fig. 3(b)]. The main

difference is that 3D filaments arise earlier (zfil ∼ 21−42 cm) and their number

is a little bit larger, which we attribute to plasma-induced temporal splitting

events producing more spikes in the intensity profiles [47,48]. The number

of filaments ∼ 9, however, remains in good quantitative agreement with the

estimate N ∼ pα/2.65 � 9.
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Fig. 3. Fluence patterns of gradient-shaped beams with input power ∼ 60Pcr,

tp = 42.5 fs and waist w0 = 3 mm at different propagation distances z: (a) (2+1)D

and (b) (3 + 1)D results.
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Fig. 4. (2+1)-dimensional image patterns of SuperGaussian beams with input power

∼ 60Pcr and initial waist w0 = 3 mm along z distances for the two pulse durations:

(a) tp = 42.5 fs and (b) tp = 250 fs.

4.2 SuperGaussian beams

Let us now analyze beams exhibiting intensity gradients on several edges, for

the purpose to maintain their location along specific directions. We address

this issue from SuperGaussians having initially flat-top profiles, respectively
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Fig. 5. (3 + 1)-dimensional fluence patterns of SuperGaussian beams with input

power ∼ 60Pcr and initial waist w0 = 3 mm at different z for two different pulse

durations: (a) tp = 42.5 fs and (b) tp = 250 fs.

given in 2D and 3D by

E(x, y, z = 0) =
√

I0e
−(10 x4

w0
4 +25.6 y8

w0
8 )

(28)

and

E(x, y, z = 0, t) =
√

I0e
−(10 x4

w0
4 +25.6 y8

w0
8 + t2

t2p
)
, (29)

which we again perturb by a 10% random noise. Emphasis is put on the

influence of tp in the filamentation patterns. First, we consider the propagation

of a two-dimensional SuperGaussian profile extended in the y direction [Eq.

(28)]. Physical parameters are chosen as tp = 42.5 fs, w0 = 3 mm and Pin ∼
60Pcr. Averaged in time following Eq. (5), the beam breaks up into filaments

which start at zfil ∼ 0.85−1.2 m and then appear regularly spaced on the edges,

as expected [Fig. 4(a)]. The cell number � 10 is again in rather good agreement

with the one predicted by the plane-wave theory (N ∼ 9). To illustrate the

influence of the pulse duration in the 2D model, we repeated these simulations

for tp = 250 fs in Fig. 4(b), keeping the same initial intensity. Filamentation

happens slightly earlier, while the filament number is augmented by a factor
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of about 1.2. These modifications follow from the fact that the number of

filaments is proportionnal to the averaged Kerr coefficient α, which increases

with tp [see Eq. (8)]: Here it is indeed enhanced in the ratio α(tp = 250

fs)/α(tp = 42.5 fs) ∼ 1.2. Accounting now for temporal variations described by

Eqs. (1-3), Figs. 5(a) and 5(b) show the fluence patterns of 3D SuperGaussians

having the same spatial shape, supplemented by a Gaussian in time with two

different tp [Eq. (29)]. After a short propagation range, the beam still decays

into several filaments located upon the edges. For large tp, filamentation occurs

earlier (zfil ∼ 0.65 − 1 m) and promotes more cells in the ratio 1.2, for the

reason given above. The final number of cells again increases to some extent

(∼ 15), because of sharp temporal variations induced by the plasma response,

that promotes the occurrence of multiple peaks in the pulse distribution.

The former results should be compared with well-known evaluations of onset

distances of filamentation. Following [44], the distance from which filaments

grow up is about zfil ∼ [2πI0α/(k0Pcr)]
−1, where I0 denotes the input intensity.

For a given beam shape, this quantity can easily be related to the ratio of input

power over critical and to the squared beam waist, thus to the Rayleigh length

z0. For instance, a Gaussian beam with initial intensity equal to 2Pin/πw2
0

will produce filaments over z scales of around z0Pcr/2αPin. The dependence

zfil ∼ Pcr/Pin was recently confirmed in Ref. [45] for perturbed Gaussian beams

conveying enough powers (> 40Pcr). The procedure followed so far enables us

to generalize this property to arbitrary optical shapes, since all information

drawn about modulational instability primarily depends on the level of the

initial intensity. Applying numerical estimates, the mean input intensity in Fig.

3 is about 10 TW/cm2, leading to zfil equal to about 9 cm in this case. For Figs.

4 and 5, one has I0 � 1 TW/cm2 and zfil � 70 cm. These values support the
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comparison with the numerical distances reported for SuperGaussians (zfil >

65 cm). They become less reliable for sharp gradients (zfil > 20 cm), whose

spiky distribution departs much more from that of an ideal plane wave.

5 Femtosecond Optical Vortices

5.1 (2+1)D simulations

Vortex states are here numerically examined from the complete Eqs. (5) and

(6), in order to check analytical results concerning their instability, number of

modulations and related onset distance. The beam waist is fixed to 3 mm and

the pulse duration is tp = 250 fs. For each value of m , λ = 1, ε/α2 → 0 and

Eqs. (18-21) provide the values of Am,1 and am,1, which approximate genuine

spinning modes. Vortex solitons, once expressed in physical units, are created

from the initial condition

E(z = 0) = Am,1(r/w0)
|m|e−r2/(2r̄2

m,1)+imθ (30)

perturbed by a 10% amplitude random noise, where r̄m,1 � (|m|+1)w0 denotes

their mean radius. The power and intensity of each vortex mode are quanti-

fied by the integer charge m, i.e., Pm,1 � 22|m|Pcr|m|!(|m| + 1)!/[α(2|m|)!] and

A2
m,1 = Pm,1/[πw2

0|m|!(|m| + 1)|m|+1]. Their physical values are summarized

in Table 1. We performed 2D simulations with the input profiles (30) for dif-

ferent topological charges. Figure 6 illustrates the breakup of the resulting

vortices. For every value of m, the vortex mode appears to be quite robust, in

the sense that modulations develop after hundreds of meters. The ring radius

increases with m, while the modulation onset distance zfil � 4z0 × Im(μ)−1
max

20



is decreasing with m, which qualitatively agrees with Fig. 2(a). The number

of modulations appears in excellent agreement with the theoretical evalua-

tions of our perturbative analysis, since it evolves as ∼ 2|m| + 1. In contrast,

although of magnitude still comparable with the numerical results, the fila-

mentation distance, zfil ∼ 70 m, is small. Relative ratios function of m, e.g.,

zfil(m = 1)/zfil(m = 6) � 1.5, nonetheless stay in reasonable quantitative

accordance with the numerics (∼ 1.3). Discrepancies follow from the basic

assumptions used in our formalism (Gaussian test functions approximating

spinning beams, vortex ring modeled by plane waves). Despite those, our re-

sults remain consistent with a recent analysis employing Laguerre-Gaussian

modes for the zeroth-order stationary fields of the cubic Schrödinger equation.

These modes were also observed to decay into 2|m|+1 azimuthal maxima [46].

Table 1

A2
m,1, r̄m,1 and Pm,1 for m = 1, 2, 3 and 6.

m = 1 m = 2 m = 3 m = 6

A2
m,1 (GW/cm2) 20 3 0.17 1 × 10−6

r̄m,1 (mm) 6 9 12 21

Pm,1 (GW) 23 45.5 73 177

For comparison, we also simulated the nonlinear dynamics of an input profile

shaped on an optical doughnut which is not a vortex soliton: E0 = Ain(r/w0)e
−r2/w2

0+iθ.

Figures 7(a) and 7(b) represent intensity patterns when such a beam contains

the same power as vortex modes with m = 1 (Pin � 9Pcr) and with m = 6

(Pin � 70Pcr), respectively. These waveforms propagate along several meters,

but they cannot avoid AMI that induces ∼ 2 − 3 modulations and amplifies

two filaments when Pin = 9 Pcr [Fig. 7(a)]. With an increased power of 70 Pcr,
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about 9 modulations occur at a shorter distance. Eventually, the beam decays

into ∼ 6 − 7 filaments which are progressively randomized in the diffraction

plane [Fig. 7(b)]. The cell number lies in the same order of magnitude as the

one provided by Eq. (26) for vortex solitons. The breakup stage, however, oc-

curs at much shorter propagation distances. Ultimately, the number of mature

filaments may depart from that of the early modulations: Strong nonlineari-

ties come into play; they favor interactions between cells of high intensity and

predictions from the linear stability analysis do no longer apply.
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Fig. 6. Fluence of optical vortices computed from Eq. (5) for a 3 mm waist, tp = 250

fs and different topological charges: (a) m = 1, (b) m = 2, (c) m = 3, and (d) m = 6.

To end this subsection, we find it instructive to comment on a couple of points,

that complete the present analysis. First, we could wonder whether the choice

of the temporal extent T = 0.1 (tp) for the dominant peak modeled by Eq.

(4) is not too restrictive in describing the breakup of vortices. Assuming weak
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Fig. 7. Fluence of doughnut, ring-shaped pulses computed from Eq. (5) for a 3 mm

waist, tp = 250 fs and two different input powers: (a) Pin = 9 Pcr and (b) Pin = 70

Pcr.

temporal distortion along the early propagation stages could indeed suggest

fixing T to the input pulse duration, i.e., T = 1. To check this point, we

performed two computations with this latter choice for tp = 250 fs leading to

α = 0.667: one for the vortex m = 1, the other one for m = 3. In both cases,

we observed exactly the same modulations occurring at the same distances z

as in Figs. 6(a) and 6(c). This proves that the ring breakup is independent

of α, which is supported by Eq. (26). Second, different beam shapes with low

powers and broad spatial extents might provide similar robustness to a vortex.

To clear up this point, we simulated a 2D Gaussian with 9Pcr and waist equal

to ∼ 8.5 mm, i.e., having power and spatial width comparable with those of

the vortex mode m = 1. The Gaussian beam, however, was observed to relax

onto a single filament over shorter distances comprised between 50 and 80

m. We also simulated a non-rotating doughnut beam with the same radial

shape as that of the singly-charged vortex. Even perturbed, the low-power

doughnut focused at center into one bright soliton at distances z ≤ 100 − 125

m. Actually, compared with these last two cases, only a vortex is capable of

travelling over several hundreds of meters without altering its shape, which

23



we attribute to its rotational dynamics.

5.2 (3+1)D simulations

Does vortex robustness hold in the presence of time dispersion? To answer

this question, we analyze (3+1)-dimensional situations, where vortices exhibit

a Gaussian temporal distribution. To design these structures, we use the same

input as Eq. (30), which we multiply by the Gaussian in time e−t2/tp2
and

perturb by a 10% random noise. This waveform serves as an initial condi-

tion for Eqs. (1) and (3). Unlike the 2D model that ignores time dispersion,

GVD typical length ∼ t2p/k
′′ plays here a relevant role along the propagation

axis. With small pulse duration, tp = 42.5 fs, the GVD length is rather short

(∼ 90 m) and 3D simulations revealed that the pulse rapidly spread out, as

dispersion broadened its temporal profile. In these conditions, the beam could

not converge to a vortex state and was rapidly diffracting. The same problem

occurred for any wider pulse durations up to tp = 250 fs, for which the dis-

tortions in time became weak enough to preserve the beam power closely to

that of a genuine spinning mode.

Figure 8 shows the propagation of such a beam for m = 1. This continuously

converges to a radial vortex state, which propagates along more than 100

m. Afterwards, it is affected by three modulations, which finally give rise to

three filaments, as expected from Fig. 2(a). The filaments rotate and do not

fuse, because all of them must preserve the total orbital angular momentum

of the incident beam. Note that the filamentation stage arises earlier than in

2D, because GVD, even weak, induces temporal stretching that reduces the

filamentation onset distance [Fig. 8(c)]. This property applies to a low-power
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(P1 � 9Pcr), singly-charged vortex. It can also be refound for beams containing

higher powers. Figure 9 shows the fluence patterns of a vortex pulse with m = 6

and P6 � 70Pcr. Again the beam converges towards a vortex state which keeps

stable for one hundred of meters, before thirteen modulations break it up and

finally amplify ∼ 8 filaments. In Fig. 9(b) temporal distortions in the plane

(x, y = 0, t) remain limited, since the time extent of the pulse stays within

2tp. This enables the beam to converge towards its nearest vortex mode in a

quasi-conservative way.

This robustness seems to only apply to vortices, since usual Gaussian beams or

even arbitrary ring-shaped profiles with equivalent powers decay into filaments

much more rapidly (see also [40]). To support this assessment, Fig. 10 endly

illustrates the filamentation of a noisy 3D Gaussian pulse with power and waist

analogous to the singly-charged vortex mode. We clearly see that no off-axis

modulation emerges, as expected for low-power Gaussians [43,45]. Instead,

the beam focuses over relatively short distances (< 48 m) at center, where a

narrow bright soliton results from the saturation of the Kerr response by air

molecule ionization. Figure 10(b) details its temporal compression induced by

the defocusing action of the electron plasma.

6 Conclusion

In this paper, we studied different propagation geometries by shaping the

input profiles of ultrashort laser pulses. We investigated the possiblity to con-

trol their small-scale filamentation through specific transverse distributions.

To elucidate the key parameters dictating the modulational instability, we

simulated simple geometrical waveforms, as waves exhibiting polygonal stru-
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Fig. 8. (a) Images of m = 1 vortex fluences with 3 mm waist and 250 fs duration

computed from Eqs. (1-3) for P1 = 9Pcr, (b) surface plots at analogous distances,

except the first one detailing a nonlinear vortex at z = 79 m. (c) Temporal profiles.

−30 0 30 
−30

0

30

−30 0 30
−30

0

30

−30 0 30
−30

0

30
(a) z = 59 m

y 
[m

m
]

x [mm] x [mm]

z = 114 m

x [mm]

z = 178 m

Fig. 9. (a) Images of m = 6 vortex fluences with 3 mm waist and 250 fs duration

computed from Eqs. (1-3) for P6 = 69.6Pcr, and (b) pulse distortions in the plane

(x, y = 0, t). Note the changes of scales and propagation distances.

cures entailing sharp gradients. The propagation of SuperGaussian beams was

also examined. Those special optical distributions, experimentally achievable

by using slits or diaphragms, were shown to create regularly-spaced filaments

on their edges, after meter-range propagation distances at high power levels.

They enabled us to discriminate which analytical evaluations hold, among
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those delivered by the modulational instability theory for intense plane waves.

Through two-dimensional cw models as well as three-dimensional equations

accounting for temporal fluctuations, the number of small-scale filaments re-

vealed by numerical integrations was found to be in convincing quantitative

agreement with the simulation results. However, the filamentation onset dis-

tance zfil predicted by the theory sensitively varies with the beam shape under

consideration. It fits the numerical results all the more suitably as the input

beam exhibits a spatial shape resembling a plane-wave distribution, such as,

e.g., SuperGaussian flat-top profiles.

Next, we investigated the long-range propagation of femtosecond optical vor-

tices, i.e, of vortex spatial beams which contain a power quantified by their

topological charge and possess femtosecond, Gaussian distributions in time.

Through simple models supported by a perturbation theory, we predicted the

possiblity to propagate these objects over hundreds of meters, before the beam

breaks up into a finite number of filaments computable analytically. Theoret-

ical results were confirmed by numerical simulations discarding time evolu-
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tion in air. Spatial vortices emerged as remarkably robust optical structures

from the 2D averaged-in-time equation. This property was found to persist

in (3+1)-dimensional geometry involving temporal variations, provided that

time dispersion be rejected to large enough distances. These new objects be-

gin to be produced experimentally [32]. They open promising perspectives in

remote sensing techniques, employing femtosecond filaments to probe aerosol

as well as solid targets upon long distances.
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