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é Ý`¾�ÅgÄ&ÃGÄ&Ë&Ð#ÆVÅ4áLÄ+¿8Î<Â�Å#Ä�Ë�Ñ#Ç/Á�Ë-Î�ÁGÏná!ÉiÅ#ÏLË�Ä&ÅgÊ&Å#É!Ê�Ì#Ä-Å#Á�Ë-Å#ÊBÉ)À4ÊFÏ!Á	Ä�Ã:Ä�Ë-Ð#ÆEÅgÈ!Î<Ä&Ñ#Ê�Å�Ë�Ç/ê	Â�Å#Ä�É)ÀKÊ-À�Ó
ÆVÐ�Ë&Ê&Å#Ä`Ä&Ç/Á%Ë`ÅàLÉ!Ê�Î<ÆVÌ#Ä`ÉiÇ/Ï!Ê�Ñ[ä)À4Ö%Ï!Å�Á!ÇGÅ#Ï!È�È!ÏtÆVÀ4Î�Â<Â<À4ç4Å�×2Á!Ç4ÆoÍ!Ê�Å�È!Å�È!Å#ç/Ê�Ì#ÄbÈ!Å�Â�Î<ÍiÅ#Ê�Ë&Ì
×2È!È!ÂfÜ^Ë&Ç4Ë-À4Â�ëìÁ!Ç/ÆIÍ!Ê&Å�È!Å�Á!Ç%Å#Ï!È!Ä × Á!Ç4ÆoÍ!Ê�Å�È!Å�È!È!Â�É)ÀKÊ�Á!Ç%Å#Ï!È>ÜÝ

í Ý`¾�¿cÀKÆVÇ4Ê�Ë&Î<Ä&Ä&Å#ÆVÅ#Á%Ëq×2ÖGÏ!ÎÔÑ#Ç4Ê&Ê�Å#Ä&ÉaÇ4Á!ÈsÛ�Â<À�ÆVÇ%È!Ì#Â<Î�Ä-ÀKË&Î<Ç4Á�Èn¿8Ï!Á!Å�Ì#Á!Å#Ê�ç/Î�Å�È!Î�Ä-Ä&Î�ÉiÌ#Å�É!Ê&Ç4ÉiÇ/Ê�Ó
Ë-Î�Ç/Á!Á!Å#Â�Â<Å	ÛyÂfÀ�Ò:ÎpË-Å#Ä&Ä&Å�ÜIÅ#Ä�ËEÄ&Ï!É!ÉaÇ4Ä&Ì	É!Ê�Ç/ÉiÇ/ÊJË-Î�Ç/Á!Á!Å#ÂFÛyÂ<ÀyÊ&Î�ç/Î�È!Î�Ë&Ì	Å�ËVÛyÂfÀyÆVÀ4Ä&Ä&Å4Ý�î�Ò/Å#Ñ
Ñ#Å�Ë&Ë&Å�ä%Ã:ÉiÇ4Ë&ä!Ð#Ä&Å�Ä&Î<ÆEÉ!Â<Îpß)Ñ+ÀKË&Ê&Î�Ñ#Å4á)Ç/Á	È!Ì�ß>Á!ÎpË�Â7¿�À4ÆVÇ4Ê�Ë&Î<Ä&Ä&Å#ÆEÅ#Á%Ë�ÒGÎ<Ä&ÖGÏ!Å#Ï:à�ïç/Â�Ç/Í)ÀKÂ�ï,Ý

ð Ý`ñkÇ4Ï!ÊbÈ!Å+ÄbÆVÇGÈ!Å#ÄYÑ#Â<À4Î�Ê&Å#ÆEÅ#Á%ËlÎ�È!Å#Á%Ë&Î�ß)Ì#Ä#áiÂfÀ�ÆVÌ�Ë&ä!ÇGÈ!ÅIÈ!ÅIÑ#Ç4ÆVÉ)ÀKÊ-ÀKÎ<Ä&Ç/Á�Û�Ï!Á!ÅIÄ&Ç4ÆVÆEÅIÈ!Å
Ä�Ã:Ä�Ë-Ð#ÆEÅ#Ä`Û è È!È!ÂnÅ#Ä�Ë�ÕOÀ4Ñ#Î�Â<Å�ÛVÀKÉ!É!Â<Î�ÖGÏ!Å#Ê�Ý

òbÇ4Ï!Ä^Á!Ç/Ï!Ä^Î�Á%Ë&Ì#Ê&Å#Ä&Ä&Å#Ê&Ç4Á!Ä^Î�Ñ#Î�ÀKÏ!Ä&Ä&ÎaÍ!Î�Å#Á6Û�Â2¿cÀKÄ-ÉiÅ#Ñ�Ë?Ë-ä!Ì#Ç4Ê&Î�ÖGÏ!ÅYÖ%Ïn¿cÛ�Â2¿cÀKÄ-ÉiÅ#Ñ�Ë^É!Ê-À,Ë-Î�ÖGÏ!Å4Ý:ñTÂ�Ï!Ä
È!Å|È!Ì�Ë-À4Î�Â<Ä�ÉiÅ#ÏLÒ/Å#Á%Ë�â�Ë-Ê�ÅyË-Ê�Ç/ÏLÒ�Ì#Ä	È)À4Á!Ä	Â<Å#Ä	Ê&Ì�ÕOÌ#Ê�Å#Á!Ñ#Å#Ä�ó`ÀKÇõô�ó`ÀKÇ�ö/÷,ø7áBùTÅ#Á!Î<Ù#Å#Â�Ç/Ä1ôúùTÅ#Á)û é ø�Å�Ë
ü?ä)ÀKË�Ë-ÎÔô�ü^ä)À4û é øSÉiÇ4Ï!ÊbÂ2¿cÀKÄ&ÉaÅ#Ñ�ËbÆVÇ%È!Ì#Â<Î�ÄRÀ,Ë-Î�Ç/Ás×OÅ�ËbÈ!Ç/Á!ÑIÀKÁ)À4ÂpÃ:Ä&ÅIÀ4Ï:à	Ò4ÀKÂ<Å#Ï!Ê�ÄbÉ!Ê&Ç4É!Ê&Å#ÄRÜFÅ�ËYÈ)ÀKÁ!Ä
Â�Å#ÄoÀ4ÊJË-Î�Ñ#Â<Å#ÄIÈn¿8î�Ò:ÎpËRÀKÍ!Î<Â�Å�ôúî�Ò:Îfû è ø?Ç4Ï�Â<Å�Ñ#Ç4Ï!Ê&ÄIÈ!Åqý�ÀKÇ/Ï!Å#Áþôcý/À4Ç/û é ø?Èn¿cÀKÏLË-Ê�Å�É)À4ÊJËoÉiÇ4Ï!ÊIÂ2¿cÀKÄ&ÉaÅ#Ñ�Ë
ÀKÁ)À4ÂpÃ:Ä&Å`ÕOÊ�Ì#ÖGÏ!Å#Á%Ë&Î<Å#Â�Â<Å4ÝG¾�Å#ÄÔß)ç/Ï!Ê�Å+Ä?Ä&Ï!ÎpÒ4ÀKÁ%Ë&Å#Ä?Ê&Ì#Ä&Ï!ÆVÅ#Á�Ë^Í!Î�Å#Á�Â<ÅbÉ!Ê�Ç/Í!Â�Ð#ÆVÅbÈ!ÅbÂ2¿cÀKÁ)À4ÂpÃ:Ä&ÅbÆEÇGÈ)À4Â�Å
Åà:ÉaÌ#Ê�Î<ÆEÅ#Á%ËRÀKÂ<Å4Ý�¾�¿cÀKÑ#Ñ#Ì+Â�Ì#Ê-À,Ë-Î�Ç/ÁÿÅ#Á!Ê�Å#ç/Î�Ä&Ë&Ê&Ì#Å�É)À4Ê�Â�Å�Ñ+À4ÉLË&Å#Ï!Ê�Å#Á�Ï!ÁÿÉiÇ/Î�Á%ËIÈ!Å�Â<À�Ä�Ë-Ê�Ï!Ñ�Ë-Ï!Ê�Å�Å#Ä�Ë
Ï!Á!Å�Ä&Ï!ÉaÅ#Ê�ÉiÇ/Ä&ÎpË-Î�Ç/ÁþÈ!Å�Ä&Î<ÁGÏ!Ä&Ç��±È!Å#ÄqÀKÆVÇ4Ê�Ë&Î<Å#Ä�Ê�Ì#Ä&Ç/Á!Á)ÀKÁ%ËqÛ

fi
È!Ç4Á%Ë�Ç/ÁrÉiÅ#ÏLË6ÀKÄ&Ä&ÇGÑ#Î<Å#Ê�Ï!ÁrÉ!Î<Ñ

Î�Ä&Ç/Â�Ì6Å#Á�ÕOÊ�Ì#ÖGÏ!Å#Á!Ñ#Å|×��SÎ<ç4Ï!Ê&Å��[Ý í Ü[Ý��YÅ6É!Â�Ï!Ä#ákÂ<Å#ÄoÆ�À,Ë-ä!Ì#ÆVÀKË&Î<ÖGÏ!Å#ÄoÉiÅ#Ê&ÆEÅ�Ë&Ë&Å#Á%ËUÈn¿8ÅàLÉ!Ê&Î�ÆVÅ#ÊoÂ�Å#Ä
É)ÀKÊ-ÀKÆVÐ�Ë&Ê&Å#ÄFÆVÇGÈ)ÀKÏ:à�ÛUÉ)ÀKÊ�Ë&Î<ÊFÈ!Å#Ä�È!Ç4Á!Á!Ì#Å#Ä�È!Å�Â2¿cÀKÁ)À4ÂpÃ:Ä&Å�ÆVÇ%È)À4Â�Å�ÅàLÉiÌ#Ê�Î<ÆEÅ#Á%ËRÀKÂ<ÅgÆ�ÀKÎ<Ä`ÀKÏ!Ä&Ä-Î�Û
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� � �3���:�}���������_���*�����8�/�_���>�Y�����B�����{���"���������������
�����Y�!���"�>�6�B�,�p�M�/���p��� ���"�

¡T¢d£O¢ ¤ ¥�¦¨§ ©�ª¬«<§!U®¬¯±°�²H³µ´_ª,©�ª·¶o¸}§ ©�²h³1¶o®¨°�ª¬¹º¦
»,¼�½�¾T½K¿DÀ!Á6ÂzÃXÄYÅT½K¿8ÂzÂ
ÆaÇ<È:É6Ê/ÃWÂ:¾YËE½K¿8ÂzÂ:ÁMË*¿/½ÌË6Â:Í�Î�¾�Ê/Ï Ð�Â�¿�½ÌÇ�¿/Ð�Á�Ñ�½KÒ�¿8ÂzÇ<ÄBÐ�É�Â
Æ!Ë6ÉE½�Ê/É6Âz¿8Â:Á�ËEÉMÄBÊ8Á

ÇT½�ÉE½�ÃXÓ\Ë6É6Â:Á_ÃWÄ ÅT½KÐ!ÆÔÅ�Âz¿l¼JÂ:ÁMË6Ê/ÃX½�Ë6Ê/ÄK¾cÅ�Âz¿/½�ÕTÄK¾�Í\ËEÊ8ÄB¾yÅ�Â×ÖOÈ:Ç<ÄB¾�Á6ÂzÂ:¾cÕTÉ6È:ÏYÐ�Â:¾�Í:Â:ÁXØdÄBÐcÕ3ÖºÕ,Ù
H(ω) Ú�Û ÇT½�ÉMË6Ê/ÉÜÅ�ÂÝ¿/½�É6Â:Ç�ÉMÈ:Á6Â:¾YËp½�ËEÊ8ÄB¾�Å�ÂxÞxÄ Å�Â_ØdË6ÉE½�Í:ÈÝÅ�ÐzÃWÄ Å�Ð�¿8ÂxÂ\ËÜÅ�Âx¿l¼�½�É6ßKÐ�ÃXÂ:¾YËÜÂ:¾áàdÄB¾�Í\Ë6Ê/ÄK¾
Å�Â�¿/½âàdÉMÈ:Ï Ð�Â:¾�Í:ÂãÙ
äYÄB¾ÌÅ�È:Í:Ê/Å�Â�Å�ÐÌ¾�ÄBÃ�Ò�É6Â�Å�Â�ÃXÄ Å�Â:Áxå�½�Ë6Ë6É6Ê8Ò�Ð�Â:Éxåá¿/½áÁMËEÉMÐ�Í\ËEÐ�ÉMÂKä Â\ËxÍ:Â�ÅT½K¾�ÁÝÐ�¾�Â
ÒT½�¾�Å�Â�Å�Â�à"É6È:Ï Ð�Â:¾�Í:Â:Á Ú »æ½áÇ�¿8Ð�ÇT½KÉUËxÅ�ÐjË6Â:ÃXÇ�Á:ä ¿8Â�¾�ÄKÃzÒ�ÉMÂ�Å�Â�ÃWÄ Å�Â:ÁÝÍ:ÄBÉMÉ6Â:Á6Ç<ÄB¾�Å�½�Ð�¾�ÄKÃzÒ�ÉMÂ�Å�Â
Ç�Ê8Í:ÁOÅ�Ê/ÁMË6Ê/¾�Í\Ë6Á�ØdÉ6È:Á6ÄK¾T½K¾�Í:Â>ÅH¼J½KÃWÇ�¿/ÊDËEÐ�Å�Â:ÁpÙtÅ�Ð�Ë6ÉE½�Í:È>Å�ÐFÃXÄYÅ�Ð�¿/Â>Å�Â

H(ω) Ú
ç(¿�Í:ÄKÉ6ÉMÂ:Á6Ç�ÄK¾�ÅX½KÐ�Á6Á6Ê�½KÐW¾�ÄKÃzÒ�ÉMÂ¨Å�Â¨ÇT½KÁ6ÁE½�ßBÂ:Á¬å ±90◦

Å�Â¨¿/½*Ç�ÎT½�ÁEÂtÅ�Â
H(ω)

ÄBÐW½KÐ!Æ×ÃX½�Æ!Ê/ÃX½
Å�Â>¿/½WÇT½�ÉMË6Ê/Â>Ê8Ãj½�ßBÊ8¾T½KÊ8É6Â>Å�Â

H(ω) Ú
Û ÑT¾FÅH¼eÊ/¿8¿/Ð�ÁMËEÉMÂ:ÉOÍ:Â>ÇT½�ÉE½�ßBÉ6½KÇ�Î�ÂKä�ÄB¾�è�½×É6Â:Ç�É6Â:¾�Å�ÉMÂ>Ð�¾FÂ
ÆaÂ:ÃWÇ�¿/Â>Á6Ê/ÃWÇ�¿/Â>Ê8Á6Á6ÐFÅ�ÂXéëê¬Â:¾Tìsí�î Ú
»æ½jÇ�ÄKÐaËEÉMÂ�Å�Â�¿/½XÑ�ßKÐ�É6Âïç Ú�ð Â:ÁMË�Â:¾�Í{½KÁMË6É6È:ÂzåjÐ�¾�Â�Â
Æ ËEÉMÈ:ÃXÊDËEÈKä<¿/Ê8Ò�É6Âzåj¿l¼�½�ÐaËEÉMÂ�Â\Ë�Â
ÆaÍ:Ê8Ë6È:Âz½�Ð

Ç<ÄKÊ/¾YË>ñâÇT½�ÉOÐ�¾FÇ<Ä�ËOè!Ê8Ò�ÉE½�¾YËOÅTÂ*Ç�Ð�¿/ÁE½�Ë6Ê/ÄK¾
ω
ÉMÈ:ßB¿/½KÒ�¿8Â Ú

ò�ó(ô>õ,ö�÷/ø1ù,ú,É6Ä�ËEÄYÍ:ÄB¿8Â>ÅH¼JÊ8Å�Â:¾YËEÊDÑTÍ{½�Ë6Ê/ÄK¾FÃXÄYÅT½K¿8Â

»hÂ:Á¨ÃWÂ:Á6Ð�É6Â:ÁtÅ�Â:ÁtÅ�È:Ç�¿�½�Í:Â:ÃXÂ:¾YË6Á¨½KÐ!Æ�Ç<ÄBÊ8¾YËEÁ_ñKäTí�Â\Ë¨ûzÁ6ÄB¾sËtË6ÉE½�¾�ÁEÃWÊ/Á6Â:Á¨åzÐ�¾�½�¾T½K¿DÀ!Á6Â:Ð�ÉtÏ Ð�Ê
½�üjÍpÎ�Â>¿/Â>ßKÉE½�Ç�Î�Ê/Ï Ð�Â>Å�Â>¿/½×ÑTßKÐ�É6Âoç ÚJýaÚ

ò�ó(ô*õ¬ö�÷/þ1ù,ÿ ÄYÅ�Ð�¿/Â>Â\ËOÇ�ÎT½KÁ6Â>Å�Â:ÁºûXÕ3ÖºÕ

� ¾cÉ6Â:Ç<Ó:É6Â×Á6Ð�É*¿/½�ÇT½KÉUËEÊ8Â×Å�Ð`ÎT½�ÐaË{äH¿8Â:Á*è�½�É6Ê/½�Ë6Ê/ÄK¾�Á>Å�ÐcÃXÄYÅ�Ð�¿/Â×Å�Â×¿�½�Õ3ÖºÕ |H| äHÂ:¾cÈ:Í�Î�Â:¿8¿/Â
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!#"%$'&�(*),+.-�/0)#1�2�3�4537698;:=<?>A@B37CED�&%(F)G&�+.)H"I6�C�8�3J!LKM&�(*$%2�/N376O+P45Q�-;&%C*3R<S8�3JTUC*"I6O+�3769V;&�C7WXQX"I2�(E2�6�3
Y 37(F+.&%)H6�3Z$'&�/N/03Z8�3ZQ�2�!#C.&�+*)#"%6�CS8�3Z![K\3�] Y )H+.&�+*)#"%6^8_KM&�/NQ�!H)H+*2�8�3a`b>

c 69QX"%C*3ed
[X] = [H(ω)][F ]

W�"If
[H(ω)]

37C*+�!#&N/e&�+.(F) Y 3a8�3J(Fg Y 37Q +h&�6 Y 3%> c 6i&N(*37!H3jD'gaQX"I2�(
!#3ZQ�(F37/N)H37(E& Y7Y g7!#g7(F"I/0kj+.(*3ld

|H11(ω1)| = 0.423
WIm�!#&�Q;2�!HC.&�+*)#"%6l8�2lQ�(F37/N)H37(n/N"�8�3

ω1 = 10
(.&�8�o�Cp3j+p!H37Cp8�372�]PQ�2�!HC.&�+*)#"%6�C

mNqsrt8;:u&�2�+*"I2�(�8�29v5"%6�8;&%/0376O+h&�!wd |H11(ωa1)| = |H11(ωb1)| = |H11(ω1)|√
(2)

W
ωa1 = 9.85

(*&%8�o�C�3j+

ωb1 = 10.05
(*&%8�o�Cx>

y 3Z/Nz7/03ZQA"%2�(S!H3Z8�372�] )Hk7/N3Z3j+S+*(*"%)#C*)Hk7/N3Z/0"�8�37CZd

|H11(ω2)| = 0.655
m
ω2 = 20

(.&�8�o�CS3j+S!#37CS8�372�]
Q�2�!HC.&�+*)#"%6�C�m{qsr08;:|&�2 +."%2�(S8�3 Y 3Z/0"�8�30d

|H11(ωa2)| = |H11(ωb2)| = |H11(ω2)|√
(2)

W
ωa2 = 19.8

(.&�8�o�CS3j+
ωb2 = 20.2

(.&�8�o�C7>

|H11(ω3)| = 0.174
m

ω3 = 32
(*&%8�o�C}3j+}!H37C}8�372�]~Q�2�!#C.&�+.)H"I6�C}m�qsr�8;:�&%2 +*"I2�(�8�3 Y 3

/N"�8�30d

|H11(ωa3)| = |H11(ωb3)| = |H11(ω3)|√
(2)

W
ωa3 = 30.8

(.&�8�o�CS3j+
ωb3 = 34

(.&�8�o�C7>

� "I2�(=!#3Z8�372�] )Hk7/N3a& Y7Y g7!#g7(F"I/0kj+.(F3%W;"%6^(*37!HkjD'30d

|H21(ω1)| = 0.917
W |H21(ω2)| = 0.687

W |H21(ω3)| = 0.124

� "I2�(=!#3�+*(*"%)#C*)#k7/03a& Y7Y g7!Hg7(*"%/Nkj+*(*3%W�"I6^(F37!#kjDI30d

|H31(ω1)| = 2.317
W |H31(ω2)| = 2.126

W |H31(ω3)| = 0.707

@�&
CF+*(*2 Y +*2�(*3N&%8�/03j+Jr
8�37$%(*g7CZ8�30!#)HVA37(�+.g�458�8�!�<�376'+.(F3e��3j+a�'��(.&�8�o�C7WB)H8�376O+.),�;g7CZQ;&%(Z!H37CJr
Q�) Y Ca8�3xCa/N"O8�2�!#37Ca8�37C{`n�E`bW�8�3NQ�2�!#C.&�+.)H"I6

ω1 = 10
(.&�8�o�C7W

ω2 = 20
(.&%8�o�C7W

ω3 = 32
(*&%8�o�C7>

c 6�D'g7(F)H�;3l1O2_KMm Y 37C�Q�2�!#C.&�+*)#"%6�C Y "I(F(*37C*QX"I6�8�2�6�3lQ�-;&%C*3l8�30`n�E`�8�30�%� ◦ "I2�8�3{qs�%� ◦ 45/N"�8�2�!H"
�R� � ◦ <�>
@�3�v5& Y +*372�(^8_K�&%/0"I(�+.)HC.C*37/0376O+�37CF+^"IV +*376�2�Q;&%(
!G&�/Ngj+*-�"�8�3�8�3�!G&�8�37/N)�Q�2�)#C*C.&%6 Y 3�4�qsr�8;:=<
&%2 +*"I2�(=8�3

ω = ωr

4
rieme

/N"O8�3R<�>
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·�¸I¹,ºx»

δ1 = ωb1−ωa1

2ω1
= 10.05−9.85

20
= 0.01

δ2 = ωb2−ωa2

2ω2
= 20.2−19.8

40
= 0.01

δ3 = ωb3−ω3

2ω3
= 34−30.8

64
= 0.019

¼S½�¾0¿%ÀFÁ7Â�½ÄÃ�Å�ÆÈÇXÉ7Ê ºiº.ËF¸ Ê ÌIÉ Ë�Í É7Î�ÏNÐ7Ï0É7Î Ë*Ñ Î*Ê Í,ºhÒ�º Î�ÓÔÇ Ò%Ë�º.¹HË�Õ É |H21|
¸ Ê |H31|

»�Ö É}×OÊ ¹
ÇXÉ Ë ÏNÉ ºSÕ_Ø�¸%Ù º É7Æ ¹HË Ê�Æ�É�Ì Ò%Í É7Ê Ë Ç Í Ê�ÎSÇ Ë*Ñ7Ö7¹ Î.ÉZÉ7Æ^Ï ¸¯Ú É7Æ�Æ Ò Æ ºEÍ É7ÎEÛ ËFÑ Î.Ê Í,ºhÒ�º Î7Ü
·�¹_Í[Ø�Ò Ï ¸IË�º.¹ Î*Î.É7Ï0É7Æ º É7Î º Ç Ë*¸ Ç ¸IË�º.¹H¸ Æ�Æ�É ÍÞÝ Ó Í#Ò0ËF¹#ß%¹#Õ�¹,º.Ñ É º Ó ÍGÒ Ï Ò Î*Î.ÉRà »;Í É7Î Ö7¸ Ï0Ç ¸ Î Ò Æ º É7Î

Pjr

Õ Ê
ÌIÉ Öjº É7Ê Ë{Õ É�á ¸IË ÏNÉ

ψr

Ý[Ò ÌIÉ ÖJâ ÆOÊ�Ï Ñ7ËF¸�Õ É ÖxÒ Ç º É7Ê Ë É ºlË Ï ¸�Õ É Õ ÉtÌ ¹#Ù�Ë*Ò�º*¹#¸ Æ�àJÎ ¸ Æ ºlË*Ñ É ÍHÍ É7ÎPÉ º
Í É7ÎZÎ ¹#ß Æ�É7Î Õ É Í É7Ê Ë Î Ö7¸ ÏNÇ ¸ Î Ò Æ º É7ÎZÎ ¸ Æ ºaÕ�¸ Æ�Æ Ñ ÎZÇ Ò%Ë�Í É0Î ¹#ß Æ�É Õ É ÍGÒ Ç�ã Ò Î*É Ö7¸%Ë*Ë É7Î.Ç ¸ Æ Õ;Ò Æ º É%Ü ·�¹
ÍLØMÒ Ï ¸%ËFº*¹ Î*Î*É7Ï0É7Æ º É7Î º Æ ¸ Æ�Ç Ë*¸ Ç ¸%ËFº*¹#¸ Æ�Æ�É Í[»

Pjr
É7Î ºZÖ7¸ Ï0Ç Í É�ä ÉlÉ º Æ ¸ Ê�ÎZÆ�É Õ�Ñjº É Ë Ï ¹ Æ�É Ë*¸ Æ�Î Ò�¹ Æ�Î ¹

×OÊ�ÉZÎ ¸ Æ^Ï ¸�Õ Ê Í É%Ü
åæÆ�Éjç É º7» É7Æ Ö7¸ Æ�Æ Ò�¹ Î*Î Ò Æ ºNÍ É
Æ ¸ Ï Ù�Ë É Õ É^ÇXè Í É7ÎN×�Ê ¹=ÖxÒ%Ë*Ò%Öjº*Ñ7Ë*¹ Î*É7Æ ºNÍGÒ Î º.Ë Ê Öjº Ê Ë É »µ¸ ÆéÇXÉ7Ê º

º*Ë*¸ Ê Ì'É Ë=Í É7ÎSÇ Ò�Ë.Ò ÏNê º*Ë É7ÎSÏ ¸OÕ;Ò Ê�ä
É7Æ ¹HÕ É7Æ º*¹Hë�Ò Æ ºEÍ ÉZÏ ¸OÕ ê Í ÉaÓPá Ë.Ò�Öjº.¹H¸ Æ^Ç Ò�ËFº*¹ É ÍHÍ É Ý[ìiínî à�Ã

H(ω) =
N∑

k=1

Rk

ω − pk
+

R∗
k

ω − p∗k

ï ¹ Æ�Î ¹L»p¸ Æ Õ�Ñ7Ö7¸ ÏNÇ ¸ Î*É ÍGÒ á ¸ Æ Öjº.¹H¸ Æ Õ É º.Ë*Ò Æ�ÎFá5É Ë�º^ÝL¹HÕ É7Æ º.¹,ë;Ñ É�É7Æ}Ï ¹ Æ ¹ Ï ¹ Î Ò Æ ºlÍLØ É ËFË É7Ê Ë É7Æ º*Ë É ÍGÒ
ínðEí É ºwÍ É�×�Ê ¸�º.¹ É7Æ ºwÕ É Õ ÉEÇ ¸IÍ,Ú Æ�èIÏ0É�É7Æ

ω
àµÉ7Æ Ñ7Í#Ñ Ï0É7Æ º ÎÞÎ ¹ ÏNÇ Í É7Î7Ü�ñòÉ ºFº É Õ�Ñ7Ö7¸ Ï0Ç ¸ Î ¹Hº*¹#¸ Æ Í#Ò%¹ Î*Î.É

Ò Ç�Ç Ò%Ë*Ò�óHº.Ë É Õ;Ò Æ�Î Í É7ÎwÇAè Í É7ÎwÇ�É º
p∗

Õ Ê�Ï ¸�Õ ê Í É�Óaá Ë*Ò%Öjº*¹#¸ Æ�Ç Ò�ËFº.¹ É Í#Í É »�Í É7ÎòôaÇ Ë É7Ï ¹ É Ë ÎbÇ Ò%Ë*Ò Ï0ê º.Ë É7Î
Ï ¸�Õ;Ò Ê�äiÃ

p = −δk − jωk
Ü åæÆ�ÉjçAÉ º7» Î Ò Ç Ò�ËFº*¹ É Ë*Ñ É Í#Í É Ë É7Ç Ë*Ñ Î*É7Æ º É Í[Ø�Ò Ï ¸IË�º.¹ Î*Î.É7Ï0É7Æ º É º Î Ò Ç Ò%Ë�º.¹ É

¹ Ï Ò�ßI¹ Æ Ò%¹HË ÉNÆ ¸ Ê�Î Ë É7Æ�Î.É ¹Hß Æ�ÉNÎ.Ê ËaÍ#Ò Ç�Ê Í Î Ò�º*¹#¸ ÆõÆ Ò�º Ê Ë É ÍHÍ É Ò Ï ¸%ËFº*¹ É Õ Ê§Î Ú Î º ê7Ï0É%Ü÷öBÉ ËFÑ Î ¹#Õ Ê�Î
Rk

É7Î º Ê�Æ�Æ ¸ Ï Ù�Ë É�×�Ê ¹AË É7Æ Õ�Ö7¸ Ï0Ç º É Õ É Í#Ò á ¸IËFÖ É Õ Ê�Ï ¸�Õ É%Ü;ñ Ø É7Î º Ê�Æ Ö7¸ Æ Ö É7Ç º Ï Ò�º ã Ñ Ï Ò�º*¹ ×�Ê�É�×�Ê ¹
É7Î º Ê�Æ ¹ Æ Õ�¹HÖxÒ�º É7Ê ËSÕ É Í#Ò0Õ�Ñ á ¸%Ë Ï Ñ ÉZÏ ¸OÕ;Ò%Í É%Ü

H(ω → ωk) ≈ Rk

δkÅ�Æ�Ï ¸ Æ º*Ë É�×�Ê�É Í É ËFÑ Î ¹HÕ ÊÔÇ ¸ Ê Ë Ê�Æ�Ï ¸�Õ É�Ç Ò%Ë�º.¹HÖ Ê Í#¹ É Ëeø É7Î º Ç Ë*¸ Ç ¸IË�º.¹H¸ Æ�Æ�É Í�Ò ÊÔÇ ËF¸�Õ Ê ¹,ºtÕ Ê
Õ�Ñ Ç Í#Ò%Ö É7Ï0É7Æ º Ï ¸�Õ;Ò�Í Ó�ù Õ�Õ�Í_¹ Ç Ò�ËSÍ É Õ�Ñ Ç ÍGÒ�Ö É7ÏNÉ7Æ º Ï ¸OÕ;Ò%Í Ó ÍLØ É�ä Ö7¹,ºhÒ�º.¹H¸ Æ â Ã

Rk
ij =

PikPjk

2jωkÅ�Æ�ÇAÉ7Ê ºZË É7Ï Ò�Ë ×�Ê�É Ë ×�Ê�É ÍGÒ Ç Ò%Ë�º.¹ É ¹ Ï Ò�ßI¹ Æ Ò%¹HË É Õ É
H(ω)

Ö7¸ Æ º.¹ É7Æ ºZÕ É7Ê�ä ¹ Æ á ¸IË Ï Ò�º.¹H¸ Æ�Î�É7Î.Î*É7Æ�ú
º*¹ É ÍHÍ É7Î »�Í[Ø�Ò Ï0Ç Í#¹,º Ê Õ ÉZÉ ºSÍGÒlÕ�¹#Ë É Öjº.¹H¸ Æ_Ü
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�����	������� �!�#"%$��'&(�)$+*�&-,.&(/0$�&(1	243	&-56�#2879&
ψ1

3	1!:	2�&(7;�'&(247;��3	&;<=:?>�28$��'243	&(�42�&(*'>�$��'� �	�+��1	��@
, >��)$A&(�+B

|Pj1Pk1| = 2δ1ω
2
1|Hjk(ω1)|

P 2
11 = 2δ1ω

2
1|H11(ω1)| = 0.846

�	:	C?> ��&+�	D(E#>�$���,#& �
P11 = −0.920

|P21P11| = 2δ1ω
2
1|H21(ω1)| = 1.834

�?:	C?>���&+�	D(E.>�$A�F,.& �
P21 = −1.993

|P31P11| = 2δ1ω
2
1|H31(ω1)| = 4.633

�?:	C?>���&+�	D(E.>�$A�F,.& �
P21 = −5.036

G �#�F$

ψ1 =




−0.920

−1.993

−5.036




H &+7;I(79&+:J�#1	2K*'&+3	&(1�L��'M(7;&+79��3	&;B

ψ2 =




−2.289

−2.401

7.43




N $O:P� 1	2O*�&4$A28�#�����'M(7;&Q7;��3	&;B

ψ3 =




−4.221

3

−17.151
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\+]_^(`ba�cdce]gf(`ihja�kdfmlonpfqa_fmlrnts�nputlo^(npvi^(f(njup]_hxwqa�vya�kd`o]gfzw(vya$lyke{.^(nx|(np`r|(kes�}pv~npfmlynp`i`o]gce^�lyke]gf(`
{.^(k"`p��]�s3v~npfml1�if(]g^(`p����f�a_^(vya�kel�w(^jupkelonpvp�.���	�������m{.^(k"|(ke`ow�]_`on+|���^(f��qa_f(u�|���a�fqa_c���`on+h�].|qa_cen
wqa_vi�[���(]_cd]_�gvoa_w(�(kenj{.^(kKw�npvoh�ntlb^(f(nx|(}tlynpv~hxkefqa�lokd]_f�vya�w(kd|(nxntlrwqv~}pupkd`onx|(np`rhx]m|(np`rw(vo]_w(vonp`
|���^(f(n	w(ke��upn_�q��a_ke`�cenp^(v�a�w(w(vo]mu��(n	f���np`~l�wqa�`[�qa_�(k�ly^(npcecdn	u�a�v[cdnp^(v hx}tlo�(].|(n	u�a_voa_utlo}pvoke`on	cdn	up]gh¢¡
w�]_v~lonphxnpf£l�|���fqa�hxke{.^(n�|���^(f(n�`~lovo^(utlo^(von�wqa�v�|(np`�u�a_v?lynp`�|���kefmlonpf(`okelo}¤|(n�`~lovo^(utlo^(von�{.^(k�`o]gfml
|(np`	u��qa�hxw(`�|(n¢¥gnputlynp^(v~`	{.^(k¦lovya�|(^(kd`onpfml§��cda�¨©]_kd`�cdnp`	wqa�voup]_^(vo`�|(nªc���}pf(npv~�gken¢¥.kd�(voa�lo]gkevon¢ntl	`4a
w(vo]_wqa_�ga�lokd]gf��.��fj|(}pupv~kdvoa§lovo]_kd`Du�a�w�lynp^(v~`�«mcen�w(vonph�kdnpvt�mupcda_`o`okd{m^(n_�mnp`~l�cen�u�a�w�lynp^(vD�iup]_fml4a�utl�w(ken�¡
¬ ].}pcd}putlovoke{.^(n |(n l��w�n�a_upup}pce}pvo]_hx�tlovon w(^(kd`1]gf�|(}tlya_kecdcen�voab|(np^�®jl��w�np` |(n u�a_w�lonp^(vo`1`ya_f(`1up]gfmlya_utl
{.^(n¢`o]gf£l	cenp` ¥�ke�(vo]_hx�tlovonp`�cda_`onpvo` ntl	cenp`�u�a_h�}pvya�`	���qa�^�lynr¥�kelonp`o`on_��¯+f(n¢a_w(w(cekdu�a$lyke]gfB��u��qa�{.^(n
hx}tlo�(].|(n§np`~l�w(vo]_w�]_`o}pn	ly]_^�l�n�f�`ya_u��qa�fml��(kdnpf°`o^(v[{.^(n§f(]�lyv~n§w(v~kdf(upkewqa_cen§w(vo]_�(cd�ph�n§np`~l�|���]g��lon�¡
f(kdv�|(np`+|(}t¨©]gv~hx}pnp` �x�qa_^�lonrvo}p`o]_cd^�lokd]_f��3��f�¥gnpvovoaxwqa_v�c±ax`o^(kelonrup]gh�hxnpfml+np`~lykehxnpv�|(nrhxa_f(kd�pv~n
]gw�lokdhxa_cen§upntlolon§vo}p`o]gce^�lyke]gf��
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\+]_^(`xa�¥£]_fq`ª|���a���]gv~|´lynp`~lo}�c±aº`o]gce^�lyke]gf´|(kd`ow�]gf(ke�(cdn°a�^Wcda_��]gvoa�lo]gkevon��B`ya�¥£]_kdvªc���^�lokdcekd`ya�lokd]_f
|���a�upup}pcd}pv~]ghx�tlovonp`p�D»¦]g^(vja�up{.^(}pvokevxcdnp`j`oke�gfqa�^�®¼]_f½|(ke`yw�]_`yn°|���^(f(n°u�a_v?lyn�|���a_up{m^(kd`okelokd]_f½|(n°`yk&¡
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1����D,�> 17�.�4)+���Y'+)*��,-��)*/4�D���D�:�C12Z[���:��� ��E\FG�D8�����$&�C/]�=���:��� �^���C�Y'*)+��,-�.)+/��D$0��12�^34�D��,657��)+/_$7��/
�a`%����$�'*�J$7��/�'9�cbd�C/��D���=)*�C�e�Rfg1����M5734341�/4�ihd8�/=�.8Ij2k����Mbl�.�4)+��1��J>�1�)m$&��12�
34�Mbd��/�����/��C1e3�fg�C12Z%/�)+/
�7�.��3M'lfn���[Z%)+/��C�������:��� �M����/4����'S���cb��C��86�=)*�C�������:��� �M���c'+�o3��=/�1�86�=1�/���EmFG��3J�.3=34���qp�'9�.�C��3q��1r'*�
�#"%$&�����@�D���=,�/�)9�.1%`c12�4)+'*)+34,�3�hd�#"%$�)+> 1�������� �s�����t'*)+��,-�.)+/���3Iku$&��12Z[���[�s�a`2$�'+)*>�1���/B8����#"%$&�@����8��C�M;
$&��/��4������� ��Ewv��N�a`2$�'*)+>�1���/4�D)+8�)x'+�^8��C�:$0��/��4������� �@'*)+��,-�.)+/���E0�����q����3@H "�$0�.�=H�A�34��3@)*��$&��/��=��� �4��3
> 1��M'yfg�C�obl��)L���7����3�8��6���=�q�4H�A�34�M��3������M341�$�$&�C34��/@>�1��M'lfn����������������������� ����3����C12Z[��/]��$&���7�7�.� �
'+�:Z%)*p�/=���=)+���U�4/=�.��3�Z[��/434�_���^'+��$0��12�=/���E0z{��'+�D����1�3�$&��/4�:�6���Rfn)*�C����/4��/|'yfg�6}0�6���Rfn��12Z[��/��41�/4�_�6�����
b���/4�:�6�=1�/��{'+��/43�����3mZ�)+p�/4�.�4)+����3-ECv��J$&��12����� �7,�'*)+34��/m'yfg�������C�:�D�.�C���:��� �����{$�'*1�3=)*��1�/43�������)*A�/4��3�E
~��.��3u'+�($�'+1�$7�./�������3u,6�41�����3u���:'+�!34)+�q1�'+�!34��)*�u$7�./�1����!��)+�:)+� 12�=)*�C�:'+� 8-��'*����1:�:����1�'+�!�Rf��S�C1����
hd�6�S���C��8|����'9�
/4)*�C)*��)*�4,|�����7�a`2)*�C�RQ �u�]kIQ[3=��)*�S$7�./S1��D8�H7������������� �B�.p�/41�$2�4�|���|'+�_34��86�4)+���Nhl��)*��)<;
� 12�=)*�C�N'+��8-�.'+�q���q'yfg)+����/]�=)*�M�6�����C��8M�.1�3=34)\���M�u�]kaQ&3=��)*�����257�N$7��/@'lfn12�4)+'*)+3=���=)*�C�N�Rfn1��N8����6��8�)+��� �
���
8�����$�'*)9�.��8��
'+� 8-��'*�Dhl/�)+��)+��)L�=,
���
/4�.�����=)*�C�?k���z{~��C����E

���7���{�l� �i�{�@�m�2�]�u���O�@���]�����!�@�S� �]�{�@���@�R�r¡^�u�|��¢��G�
F�fn��>�17���=)*�C�J���!����12Z[���:��� �-Q���,�$�'+��8����:��� �

v(x, t)
Q��Rfn1����!$&��12�=/��!��)*���Rf���1�'+��/£;#¤s��/4����1�)+'*'+)2��3��

��,�8�/�)*�����N��,6�=��)*'+3@�7����3J�g¥|���C¦[§¨��Ew©\�C1�/�1����M$&�C12�4/4�q1���)*b��C/�����Q0'*��3�$7�./=�.��A6�4/4��3���Q0���6�@�ª34�C� �
8�����3����.� �=3�Q�'9�MZ%)*p�/=���=)*�C�i'+)*p�/4�
���
'+�:$&��12�=/��
��34�����C12Z[��/���,��
$7��/(«

m
∂2

∂t2
v(x, t) + EI

∂4

∂x4
v(x, t) = 0

hl����E+¬k
® Z[��8_�!Q7�:����1�'+�
�Rf��S�C1����:���o¯o©��%Q7��Q7)*����/��4)+�
���
'+�:34��86�4)+���i���

m4 �6���iQ��D�.3434�
���ij���E
�u�i$&�C3=�.� �

c =
√

EI
m

Q7���i�Cp2�4)+��� �
«

∂2

∂t2
v(x, t) + c2 ∂4

∂x4
v(x, t) = 0

hl����E	°�k
�����±34�C'*12�=)*�C�²���e8��6���=�±,�>�17���=)*�C�³�.12`´��,�/�)*ZC,���3�$7�./��4)+��'*'+��3K��3���8-��'*8�1�'+,��±���²34,-$7�./=�.� ��'*��3

Z.�./4)+��p�'*��3_«
v(x, t) = Y (x)F (t)�Rfn��1

Y (x)
∂2

∂t2
F (t) + c2F (t)

∂4

∂x4
Y (x) = 0
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Í%ÎCÏLÐ
c2 1

Y (x)

∂4

∂x4
Y (x) =

−1

F (t)

∂2

∂t2
F (t) = 0

ÑGÒ�Ó Ð Ò�Ô�Õ�Ò�ÓsÖ�×�Ø&Ò�Ù�Ö7Ú�Ù Ð Ö�Û Ð Ò�Õ�Ø�ÓsÒ Ð Ö�Ò@ÜyÝgÒ�Ó=Ø7Ú.Þ�Ò@Ó Î Ù Ð Ó4×�Ø7Ú�Ô�×�Ó�ß%ÜlÝn×�à�Û7Ú Ð=Ï*Î ÙtØ&Ò�Û Ðsá6Ð Ô�Ò@Ó=Ú Ð4Ï Ó]â
ã Ú ÏLÐ Ò
Ó Ï Ü+Ò�Ó�Ö�Ò�Û%ä�Þ Î.Ð ×�Ó�Ö�Ò
ÜlÝn×�à�Û7Ú Ð=Ï*Î ÙiÓ Î Ù Ð ×�åCÚ�Û%äeæ

−1

F (t)

∂2

∂t2
F (t) = ω2 ⇒ ∂2

∂t2
F (t) + ω2F (t) = 0

Ò Ð Ø Î Û�Ô�Ü*Ò�Ó Ï Ù ãdÎ Ô4Õ�Ú Ð4Ï+Î Ù�Ó�Ó=Ø7Ú Ð=Ï Ú�Ü*Ò�Ó�ß

c2 1

Y (x)

∂4

∂x4
Y (xω2) ⇒ ∂4

∂x4
Y (x) − λ4Y (x) = 0 çlè�è�é�êCë

ìuÙiØ Î Ó=Ú�Ù Ð
λ4 =

ω2

c2
=

mω2

EI
çlè�è�éní[ë

Î Ù ÎCî2Ð4Ï Ò�Ù Ð æ
ω = λ2

√
EI

m
çlè�è�é	ï�ë

Ñ�Ýn×�à Û7Ú Ð4Ï+Î Ù è�è�é�ê ÚoØ Î Û�Ô^Ó Î Ü*Û Ð=Ï*Î Ù ç Ó4ð�Ó Ð=ñ Õ:ÒtòYótÖ�Ö�Ü ë æ
Y (x) = Ceφx

à�Û ÏSÏ Õ:Ø Î Ó4ÒcØ Î Û�Ô
è4è�énê æ

φ4 = λ4

Ñ�Ýn×�à Û7Ú Ð4Ï+Î ÙiØ�Ô4×�Þ�×�Ö�Ò�Ù Ð Ò_Ú í Ô=Ú.Þ Ï Ù�Ò�Ó
æ
φ1 = λ, φ2 = −λ, φ3 = jλ, φ4 = −jλÑôÚ:Ó Î Ü+Û Ð4Ï+Î ÙiÓ�Ýn×�Þ�Ô Ï*Ð Ö Î Ù�Þ:æ

C1e
φ1 + C2e

φ2 + C3e
φ3 + C4e

φ4

Î ÛiÓ Î Û�Ó|Ü+Ú ã�Î Ô�Õ�Ò
Õ Ï Ò�Û%ä�Þ Î Ù�Ù�Û�Ò
Ö�Ò�Ó�Õ�×�Þ-Ú.Ù Ï Þ Ï Ò�Ù�Ó ç ìuÛ�Ü*Ò�Ô ë æ

Y (x) = A1cosh(λx) + A2sinh(λx) + A3cos(λx) + A4sin(λx) çlè�è�é�õCë
ö%ö7÷�ø{÷�ù úüû{ý�þGÿ�������� ÿ����Oý�þ���û	��
�þ��������ý@û�
�
����uþ����

� ÙYÓ=ÒDØ�Ô Î Ø Î Ó4ÒDÖ7Ú�Ù�ÓqÞ�ÒDÞ��7Ú�Ø ÏLÐ Ô�ÒDÖ�ÒcÕ Î Ù Ð Ô4Ò�Ô^Þ Î Õ�Õ:Ò�Ù ÐqÎ Ù Õ Î Ö�×�Ü Ï Ó4ÒcÜ*Ò�ÓqÖ�× ãdÎ Ô4Õ:×�Ò�ÓqÒ�Ù%â
Ö Î Õ:ÕDÚ.åC×�Ò�Ó|ò:Ø7Ú.Ô Ð4Ï Ô!Ö�Ò
ÜyÝg×�à�Û7Ú Ð=Ï*Î ÙiÖ�ÛiÕ Î Û��[Ò�Õ:Ò�Ù Ð ÖRÝnÛ�Ù�Ò
Ø Î Û Ð Ô4Ò�� Î Õ Î å ñ Ù�Ò éÑ�Ýn×�à Û7Ú Ð4Ï+Î Ù è�è�é�õ Ø&Ò�Û Ð Ô�Ò�Ø�Ô4×�Ó4Ò�Ù Ð Ò�Ô�Ü*Ò�Ó@Ö�× ãdÎ Ô4Õ:×�Ò�Ó�Õ Î Ö7Ú.Ü+Ò�Ó ç λ Ò�Ó Ð Ò�Ù ã Ú ÏLÐ

λi
Ø Î Û�Ô�Ü9Ú

ieme

Ô4×�Ó Î Ù7Ú.Ù�Þ�Ò ë ÖRÝgÛ�Ù�ÒBØ Î Û Ð Ô�ÒBÙ Î ÙqÒ�Ù�Ö Î Õ�Õ�Ú�å�×�ÒBÖ�ÒSÜ Î Ù�å�Û�Ò�Û�Ô\Ñ é�� Ú.Ö Î����oÎ ���! #"�Ø�Ô Î Ø Î Ó4ÒSÖ�ÒBÖ Ï � Ï Ó=Ò�Ô
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\@]L^=_a`cbed6fg_-hih-jlk8m6h-n&fgh-jpoqmires=j=ht]vuP]ejpoN\1wxh-j=^=b&fgfy]Pn&h-fgh-jpovzP\1w�]es�o6d6ht]P{=d6|-mN\1wxh-j=^=b&fgfy]Pn&h-fgh-jpovz
\@]g}-bejpo6~@j�s=~�oq_�_aoq]ejpo�]Pmqm6s=dW_-hC]es�j=~�u!hv]Ps�^=s�^=_a`>]es�o

LD

{�]edt�ldWh-\�]�oq~Bb&j=mY^=h�}-befl{�]�oq~B�=~@\B~Bo6_e�

Y1(x) = A11cosh(λix) + A12sinh(λix) + A13cos(λix) + A14sin(λix) �>�W� �R�e�
{�b&s=d

0 ≤ x ≤ LD

Y2(x) = A21cosh(λix) + A22sinh(λix) + A23cos(λix) + A24sin(λix) �>�W� ���&�
{�b&s=d

LD ≤ x ≤ L

� ����]g}-bejpoq~Bj�s=~Bo6_�^=h�\@]g^=_a`cbed6fg_-hC]es�j=~�u!hv]Ps�^=h�\1wxh-j=^=b&fgfy]Pn&h-fgh-jpo�h-mWoY^=b&j=j=_-h�{�]Pd�r

Y1(LD) = Y2(LD)

k��Y�8s�j=~Bu!hv]Ps�^=h�\1wxh-j=^=b&fgfy]Pn&h-fgh-jpovzE\�]Z{�h-jpoqh�^=h�\@]Z^=_a`cbed6fl_-h�h-mWo<^=~@m6}-bejpoq~Bj�s=hN�/b&j�{Eh-s�o
d6h-\B~@h-d�\@]�uP]e\Bh-s=d�^=h�\�]�{Eh-jpo6h�^=h-mZ^=h-s[��}-bPoq_-m�^=h�\1wxh-j=^=b&fgfy]Pn&h-fgh-jpoX�:\@]:dW~@ne~@^=~Bo6_�^=h
d6bPoJ]�oq~Bb&j�^=s�^=_a`>]Ps�o����t�L�& [z�¡¢be£�¤!�#¥�{�]Pd�r

Y ′
1(LD) − Y ′

2(LD) =
EI

KT

Y ′′
1 (LD) �>�W� ��¤&�

¦ ����h-mYflb&fgh-jpo6m��gn&]es=}�£=h�hao��g^=dWb&~�oqh�^=s�^=_a`>]Ps�o�m6bejpo�_-n&]es[�E�

EIY ′′
1 (LD) − EIY ′′

2 (LD) = 0

������h-mY}-b&jpo6dq]P~@jpo6h-mY^=h�}-~@mq]P~@\B\@h-fgh-jpo5��n!]Ps=}�£=h�hao5��^=d6be~Bo6h�^=s�^=_a`>]Ps�o�m6b&j!o�_-n&]es[�/�

EIY ′′′
1 (LD) − EIY ′′′

2 (LD) = 0

§ jgdWh-{=d6h-j�]Pjpo	\1wx_-¨�s�]Po6~@bej �W� ��©Lbejg{�h-s�o�hS�[{=d6~Bflh-dN\�]8`cd6_-¨ps=h-j=}-ht^=htd6_-m6bej�]ej=}-ht^=s ieme fgb�^=h
{�bes=dYs=j=h�{�b&s�o6d6h�j=bej�h-j=^=b&fgfy]Pn&_-h�{�]PdY\@]gdWh-\�]�oq~Bb&j�m6s=~BuP]Pjpoqhgr

ωio = ci

√
EI

m
�c�6� � �  &�

beª
ci
h-m6o�s=j=h�}-bej=m6oq]ejpo6h�¨ps=~�^=_-{�h-j=^«^=s«fgb�^=hymqbes=m�_ao6s=^=h�hao�^=h-m�}-b&j=^=~�oq~Bb&j=m�\B~@fg~Bo6h-m�^=hy\�]

{�bes�oqdWh �>¬ ]P�=\@hv]Ps �6� � � ���
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ÇµÈ&É=Ê=Ë�ÌqËBÈ&É=ÍYÎBË@ÏgËBÌ6Ð-Í Ñ¢È�Ê=ÐgÒ Ñ¢È�Ê=Ð�Ó
Ô=Ô

π2 4π2

Õ�Ö ×�Ø�Ù ÒvÚ Ó&Ó Ø�Ûe×eÜ
Õ Ô Ò Ù�Ø�×eÝeÜ Ü!Ý[Ø�Ý!Ù
Õ�Õ Ó&Ó Ø�×&Þe× Ú�Ò Ø Ú&Ó&Ó

ß)àeá ÎBÐ àeâ�ãWãJØ Òeä Ö Ð�å-È�Ðaælå-Ë@Ð-ÉpÌ
ci
Ê=Ð�Î1çxè-é â�à Ì6Ë@ÈeÉ ã6ãJØ Ò ÛXê ÔXë�È â=ì Ô â ë=ëEÈ ì Ì6è-Ðeä Õ ë�È â=ì�Õ É=å à ÍWÌ ì è-Ðeä

Ö ë�È â=ì Î@Ë á=ì Ð Ø
Õ É�ë�È&Í à É!Ì

ri
ÎBÐ ì6à Ì6Ë@È�Ð-ÉpÌ ì ÐXÎ àîícì è-é â Ð-É=å-Ð±Ê�ç â É=Ð±ë�È â Ì ì ÐXÍ à ËBÉ=Ð±ÐaÌgÎ àîícì è-é â Ð-É=å-Ð±Ê=ÐXå-Ð-Î@ÎBÐ

Ð-É=Ê=È&ÏgÏ àPï è-Ðeä=È&É�È á ÌqËBÐvÉ!Ì�Î>ç�ÐSð�ë ì Ð-Í6Í6Ë@ÈeÉ�Ê=Ð�Î à ë â Î@Í à Ì6Ë@ÈeÉ
ωi

ëEÈ â=ì Î à ë�È â Ì ì Ð�Ð-É=Ê=È&ÏgÏ àPï è-Ð ê

ωi = rici

√
EI

m

ñ ãWã�Ø Ò&ÒGò
ÇµÐ�é â Ë�ËBÉpÌ ì È�Ê â Ë�Ì�Ê à É=ÍYÎ1ç�ÐSð[ë ì Ð-Í6Í6Ë@ÈeÉ�Ê=Ð

λi

ä=Ê=È&É=É=Ð ê

λi =

√
rici
L

ñ ãWã�Ø Ò#Óeò
óLà Ê=Èyô�Ñ¢È&õ Ý&Þ�ö+ì è â ÍqÍ6Ë�Ì�Ê=È&É=å�÷�ËBÊ�Ð-É!ÌqË�ø�Ð ì Î@Ð-Í�Ê=è í>àeâ Ì6Í�Í â=ì Ê=Ð-Í�ëEÈ â Ì ì Ð-Í�Í6ËBÏ â ÎBè-Ð-Í�Ð-É â ÌqËBÎ@ËBÍ à ÉpÌ

å-ÐaÌ6Ì6Ð�Ê=Ð ì É=ËBù ì Ð�è-é â�à ÌqËBÈ&É�ë�È â=ì Ê=Ð â ð±ÏgÈ�Ê=Ð-ÍYÍ â å-å-Ð-ÍqÍ6Ë í ÍYÊ=Ð<ú�ÐSð�ËBÈ&É Ø
ó ÐLë=Î â Í-ä�û à ËEÐaÌ à Î)ôxû àeÛeÜPö ÈeÉpÌ ì è â Í6ÍqËE÷�ÐSð[Ì ìqà Ë ì ÐLÎ>ç�ÐaüEÐaÌiÊ=Ð-Íµå-È&É=Ê=Ë�ÌqËBÈ&É=ÍµÎBË@ÏgËBÌ6Ð-ÍiÐ-ÉZÍ6è-ë àeì6à ÉpÌ

Î@Ð-ÍYë àPìqà ÏlùaÌ ì Ð-ÍYÊ=Ð�Î1çxè-é â�à Ì6Ë@ÈeÉ ã6ãJØ�Þ[Ø=ý ËBÉ�Í6Ë�È&É�ë�Ð â ÌYè-å ì Ë ì Ð ê

Y (x) = Â1e
λx + Â2e

λx + A3cos(λx) + A4sin(λx), Â1 =
A1 + A2

2
, Â2 =

A1 − A2

2

ñ ãWã�Ø Ò × ò
Ö Ð-ÍCÊ=Ð â ð�ë ì Ð-ÏgË@Ð ì Í�ÌqÐ ì ÏlÐ-Í ì Ð-ë ì è-Í6Ð-ÉpÌ à É!Ì�ÎBÐ-ÍCÍ6È&Î â ÌqËBÈ&É=Í�å-Ð-ÉpÌ ì6à ÎBÐ-ÍCÐaÌCÎ@Ð-Í<ÌqÐ ì ÏgÐ-ÍCÐ-É�ÐSð[ëEÈ�þ

É=Ð-ÉpÌqËBÐ-Î@ÎBÐ-ÍYÎ@Ð-ÍYÍ6È&Î â ÌqËBÈ&É=Í àPâ ð±Î@ËBÏlË�ÌqÐ-Í Ø
ÿ È â Í�É=È â Í�Í6È&ÏgÏlÐ-ÍYÈ ì Ë@Ð-ÉpÌ6è-Í��&Ð ì Í â É=Ð�ÏlÈpÊ=è-Î@ËBÍ à ÌqËBÈ&É�Ê=ÐCÊ=è ícàeâ Ì�ë àPì å�õ à É ï Ð-ÏlÐ-ÉpÌ àeá=ì6â ë�Ì6Ð

Ê=Ð�Î1çxË@É=Ð ì ÌqËBÐ ñ ÐaÌYÊ=È&É=å�Ê=Ð�Î à�ì Ë ï ËBÊ=ËBÌ6è Õ�ã ò Ø
û È â=ì Ê=Ð-Í ì6à ËBÍ6È&É=ÍµÊ=Ð8Í6Ë@Ïgë=Î@ËBå-ËBÌ6è8ÐaÌiÊ=Ð8Í6Ë@Ï â Î à ÌqËBÈ&ÉZÐSð[ëEè ì Ë@ÏgÐ-ÉpÌ à Î@Ð5Ê=Ð8Ê�è ícàeâ Ì-ä/ôxû àeÛ!Ù#ö ÏgÈ�Ê=èSþ

Î@ËBÍqÐ-É!Ì�ÎBÐ�Ê=è í>àeâ Ì ñ�� Ë ï&â=ì Ð ãWãJØ Óeòië àPì�ê

EI(x) = EÎ0(1 − Ce−(
x−LD

σ
)2)

ñ ãWã�Ø Ò Ü ò
È��

LD

ä�ÇLä�ÐaÌ
σ
Í6ÈeÉpÌ ì Ð-Íqë�Ð-åaÌ6Ë��!Ð-ÏgÐ-ÉpÌ�Î à Î@Èpå à Î@ËBÍ à Ì6Ë@ÈeÉ Ê=Ð�Î1çxÐ-É=Ê=È&ÏgÏ àPï Ð-ÏgÐ-ÉpÌvä�Í6ÈeÉ ËBÏlë�È ì þ

Ì à É=å-ÐYÐaÌ�Í à Î àeìWï Ð â=ì å àeì6à åaÌ6è ì ËBÍ6Ì6Ë@é â Ð ñ à �!Ð-åiðgÏgÐ-Í â=ì èYÊ=Ð-ë â Ë@Í�Î>ç�ÐSð[Ì ì è-ÏgËBÌ6è ï!àPâ å�õ=ÐYÊ=ÐYÎ à ë�È â Ì ì ÐGò Ø
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¼�½*¾*¿RÀ�ÁGÂ�Ã#Ä%¿RÀ�ÅGÂ�Ã%Æ>Á�¾*¿jÇ7È�À�É�½�¿�Ê�É�¿R½*À�É�Â�Ê�½.Â�¿�Ë�Ì;Í�À�Á�Î}ÏJÉ�Ã#ÎO½*¾.Â$Â�¾�Ð�Ã%Ð�Ä#Ã%À�Ñ�Î�Ê�Å�Ò�Ã#¾�À�É�ÅF¾*ÁGÂE½*Ã�Â�¾*Î
Ä%¾*¿LÂ�Î�ÊdÓ�Ê�Á9ÔvÈ@ÕBÖWÊ�ÈS×$Ã#Ä%¾*À�É�Â�Ã\Ê�È�Ã#¿L¾.Â:Ê�Ä�Ø�ÖWÊ�Ù�ÚSÐGÛsÜ�¿�Á�ÎuÄ7ÕB¾bÔ>Â�Î�Ê�½.Â�Ã#À�É�È�¾}È�Ý.Þ7Ê�ÁGÂ�¿u¿�Á�ÎLÄ#¾*¿uÈ�Ý.ÞXÀ�Î�ßOÝ*¾*¿
ßOÀ>ÈJÊ�Ä#¾*¿OÅJÊ�Î}ßR¾*¿�Á�Î�¾^È�¾^Ä\ÊvÈ�Ã#ßO¾*É�¿�Ã%À�É�ÞXÎ�Ê�½.Â�Ê�Ä%¾^Ä#À>½dÊ�Ä#¾^È�Áà¿�Ã#Ñ�ÉJÊ�Ä�Î$¾*Å�Î�Ý*¿�¾*É�Â�Ê�É�ÂRÄ#Ê�Å�Î�¾*ßOÃ#á*Î$¾
È�Ý.Þ´À�Î$ßRÝ*¾�Ü�À�ÁvÅJÊ�ÎLÀ�ÁGÂ�Ã%Ä#¿L¿$Â�ÊSÂ�Ã%¿$Â�Ã%Æ>Á�¾�Â�¾*Ä¤Æ�Á�¾}Ä%¾[â>Á�Î$Â�À�¿�Ã%¿RÇXßR¾*¿�Á�Î$¾}È�¾[Ä#Ê�½*À�É�½*¾*É�Â�Î�ÊSÂ�Ã%À�ÉvÈ@Õ�Á�É�¾
È�Ã%¿$Â�Î$Ã#Ð�ÁGÂ�Ã#À�É�Ë¤Â�À�ÁS×pÀ�Á�Î$¿=¿�Á�Î=Ä#ÊeßOã*ßR¾�È�Ý.ÞXÀ�Î$ßRÝ*¾�È@ÕBÁ�É�¾!ÅFÀ�ÁGÂ�Î�¾�¾*É�½dÊ�¿$Â�Î$Ý*¾!¾*ÉRÅ�Ä%¾bÔGÃ%Ñ�Ä#Ê�¿�¿IØBÖNÊ�Ù�Ú�ÊSÛsÌ

ä>äJå7æ!å7æ ç[è$éêè4ë9ì{í�îWìðïpñòë9ó�ñ~ôWí>õ�ö~óJéø÷{ìðîNìúùIö=ûIó�èpì@ó

ü ÊNÂ�Î�Ê�É�¿$ÞXÀ�Î$ßRÝ*¾HÈ�¾�ýJÀ�Á�Î�Ã%¾*Î	Ê�ÉJÊ�Ä�þ9¿�¾�Ä%¾uÿ.½*À�É�Â�¾*É�Á�ÞXÎ$Ý*Æ>Á�¾*É�Â�Ã%¾*Ä�ÿ;È@Õ�Á�É[¿�Ã#Ñ�ÉJÊ�Ä7Ì��9¾*¿¤É�À�ß[Ð�Î$¾*Á�¿�¾*¿
Å�Î$À�Å�Î$Ã#Ý.Â�Ý*¿�Ä#Ê[Î$¾*É�È�¾*É�Â�Ê�ÈJÊ�ÅGÂ�Ý*¾L¼[Ä7ÕBÝ.Â�Á�È�¾LÈ�¾*¿�À�ÅFÝ*Î�Ê�Â�¾*Á�Î�¿�Ä%Ã#É�ÝdÊ�Ã#Î$¾*¿�¿$Â�ÊSÂ�Ã%À�É�ÉJÊ�Ã#Î$¾*¿*Ü9É�À�Â�Ê�ßRßO¾*É�Â
Ä#ÊOÈ�Ý*Î$Ã%Ó�ÊSÂ�Ã#À�É@Ì

ü Ê}Â�Î�Ê�É�¿$ÞXÀ�Î$ßRÝ*¾eÈ�¾:ýJÀ�Á�Î�Ã%¾*Î�È@ÕBÁ�É�¿�Ã#Ñ�ÉJÊ�Ä�Þ$Ç´Â�Ë�¾*¿�Â��
∫ +∞

−∞
f(t)e−jωtdt = F(f)

ü Ê!Â�Î�Ê�É�¿�Þ´À�Î$ßRÝ*¾;È�¾HýJÀ�Á�Î$Ã#¾*Î+¾*¿$Â�Á�É�¾;Î�¾*Å�Î$Ý*¿�¾*É�Â�ÊSÂ�Ã%À�ÉlÑ�Ä#À�ÐJÊ�Ä#¾;È�Ál¿�Ã#Ñ�ÉJÊ�Ä7Ì��WÀ�É�½;¾*Ä#Ä%¾;É�¾HÅF¾*Î$ßR¾.Â
ÅJÊ�¿WÈ@ÕBÊ�ÉJÊ�Ä%þ9¿�¾*ÎNÄ#¾l½*À�ßRÅFÀ�Î$Â�¾*ßR¾*É�ÂNÞXÎ$Ý*Æ>Á�¾*É�Â�Ã#¾*Ä,Ä%À>½dÊ�Ä7ÜUÉ�Ã,Ä#Ê�Î$Ý*Ñ�Á�Ä#Ê�Î$Ã%Â�Ý�Ä%À>½dÊ�Ä%¾�Ì ü ÊE½*À�É�È�Ã%Â�Ã#À�ÉjÈ�¾
½*À�É�Ó�¾*Î�Ñ�¾*É�½*¾}¿�Á�ÎuÄ#Ê�Â�Î�Ê�É�¿$ÞXÀ�Î$ßRÝ*¾}È�¾}ýJÀ�Á�Î$Ã#¾*ÎLÉ@ÕBÃ%É�È�Ã#Æ�Á�¾}Æ>Á�¾}Ä%¾}Å�Ã#Î$¾}À�Î$È�Î�¾}È�¾}¿�Ã%É�Ñ�Á�Ä#Ê�Î$Ã%Â�Ý�Ì��~É
Å�Î�Ê�Â�Ã#Æ�Á�¾�ÜU¿�Ã�Ä�Õ�À�É�Ã%É�Ó�¾*Î$¿�¾[ÅJÊ�ÎW¾bÔG¾*ßOÅ�Ä#¾�Ä�Õ�À�Î$È�Î�¾�È�¾*¿WÈ�À�É�É�Ý*¾*¿NÂ�¾*ßOÅUÀ�Î�¾*Ä%Ä#¾*¿}Ç7Ä%¾�Å�Î�¾*ßOÃ#¾*ÎWÈ�¾.Ó>Ã#¾*É�Â
Ä%¾eÈ�¾*Î$É�Ã#¾*Î�¾.Â�½�ÌMËbÜ�À�É�À�ÐGÂ�Ã#¾*É�È�Î�Ê}¾bÔ�Ê�½.Â�¾*ßR¾*É�Â!Ä%¾eßRã*ßO¾e¿�ÅF¾*½.Â�Î$¾�Ì��~É�½*À�É�¿�Ý*Æ�ÁJ¾*É�½*¾�Ü�Ã%Ä@¾d¿$Â!È�¾.Ó�¾*É�Á
Ã%É�È�Ã#¿�ÅF¾*É�¿�Ê�Ð�Ä%¾!ÅFÀ�Á�Î~½*¾*ÎpÂ�Ê�Ã#É�¾*¿;Ê�Å�Å�Ä#Ã%½dÊ�Â�Ã#À�É�¿=È�¾!Î$¾*Å�Î�Ý*¿�¾*É�Â�¾*Î~¿�Ã%ß�Á�Ä%Â�Ê�É�Ý*ßR¾*É�Â=Ä#¾!¿�Ã%Ñ�ÉJÊ�Ä�¾*ÉOÂ�¾*ßOÅ�¿
¾.Â!¾*É^ÞXÎ$Ý*Æ>Á�¾*É�½*¾�Ì

ä>äJå7æ!å
	 � ôWñ=ï��í>ì ëGì+é��Lí���õ�ó�÷���ûNì{ô���ì

ü ÕMÊ�ÉJÊ�Ä�þ9¿�¾�¿�ÅF¾*½.Â�Î�Ê�Ä#¾�½*Ä\Ê�¿�¿�Ã#Æ>Á�¾�¾*¿$Â[ÐJÊ�¿�Ý*¾�¿�Á�Î�Ä#Ê`Â�Î�Ê�É�¿$ÞXÀ�Î$ßEÊSÂ�Ã%À�É�È�¾�ýJÀ�Á�Î�Ã%¾*Î*Ü�½�Õ�¾*¿$Â��4¼���È�Ã#Î$¾
¿�Á�Î;Á�É�¾IÈ�Ý*½*À�ßOÅUÀ�¿�Ã%Â�Ã#À�É�¾*ÉEÀ�É�È�¾*¿;ßRÀ�É�À>½�Ò�Î�À�ßEÊSÂ�Ã%Æ>Á�¾*¿;Ý.Â�¾*Î$É�¾*Ä#Ä%¾*¿dÌ���¾.Â�Â�¾WÊ�Å�Å�Î�À�½�Ò�¾IÂ�Î�À�ÁGÓ�¾IÁ�É�¾
Ä%Ã#ßOÃ%Â�Ê�Â�Ã#À�É�ÉJÊ�Â�Á�Î�¾*Ä%Ä#¾OÈ�á*¿:Ä%À�Î$¿eÆ>Á�¾RÄ%¾*¿e¿�Ã%Ñ�ÉJÊ�Á9Ô�Ê�ÉJÊ�Ä%þ>¿�Ý*¿e¿�À�É�ÂeÉ�À�É�¿$Â�ÊSÂ�Ã%À�É�ÉJÊ�Ã#Î$¾*¿�Ç´ÞXÎ$Ý*Æ>Á�¾*É�½*¾*¿
Ý.Ó�À�Ä%ÁGÂ�Ã�Ó�¾*¿*Ü>Â�Î�Ê�É�¿�Ã�Â�À�Ã#Î$¾*¿dÜ9Î�Á�ÅGÂ�Á�Î�¾*¿*Ü9ßRÀ>È�Á�Ä#Ê�Â�Ã#À�É�¿*Ü�Ì%Ì#ÌMËbÜG½*¾LÆ�Á�Ã�¾*¿$Â�Ð�Ã%¾*É�¿�À�ÁGÓ�¾*É�Â�Ä%¾L½dÊ�¿�ÈJÊ�É�¿�Ä%¾*¿
Ê�Å�Å�Ä#Ã%½dÊ�Â�Ã#À�É�¿*Ì��uÊ�É�¿:È�¾}Â�¾*Ä%Ä#¾*¿e¿�Ã%Â�Á�ÊSÂ�Ã%À�É�¿*Ü{Á�É�¾OÈ�¾*¿�½*Î�Ã%ÅGÂ�Ã%À�É�Å�Ä#Á�¿eÅU¾*ÎpÂ�Ã%É�¾*É�Â�¾O½*À�É�¿�Ã%¿$Â�¾R¼^Î�¾*Å�Î$Ý��
¿�¾*É�Â�¾*Î�Á�É�¿�Ã%Ñ�ÉJÊ�Ä+¼}Ä�ÕBÊ�Ã%È�¾eÈ�¾eÈ�¾*Á9Ô�Ó�Ê�Î$Ã\Ê�Ð�Ä#¾*¿!½*À�ÉS×pÀ�Ã%É�Â�¾*¿���Ä#¾uÂ�¾*ßRÅ�¿!¾.Â!Ä\Ê[ÞXÎ�Ý*Æ�Á�¾*É�½*¾�Ì
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lOU�wG[-q�q7XGgBr7^Oq:n�j5X�n�^�rE�W^Od)U�mOq�^Ogsr7X8r�[-wGg3r�^OfZd)q��
x
U�mOysT)^Og)lO^�h)T �p� [/U�d%j
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« X¬r�U7X8g)q�x�w�U�fZmO^v^OgwGg)h)^OV-^�r�r7^Oq1U�^Of?d)VtX8lO^®V-X#q�[-gFT)q�w8¯°h)^vhR^vV-X¬r7U�XGg)q�x
wGU�f?mO^®h)^®YRwGT)U�[/^OU1dRXGU
T)g)^�x+X8fZ[/V-V/^±h)^¢r7U�XGg)q�V-X8r�[-wGg)q�^�r�h)[-V-X8r7X8r�[-wGg)q�h�²³T)g)^±f?´OfZ^¢x
w�g)l�r�[-wGgµ�oV+²¶wGg)h)^OV-^�r�r7^Ga « ^Oq�dRX8U7X8fZ·�r�U�^Oq
h)^=r�U7X8g)q�VtX�r7[/w�gvTv^�rEh)^ph)[/VtX�r:X�r7[/w�gvq¸q�w�gsr¸V-^Oq¸h)^OT�evXGU�]�T)fZ^OgBr7q¸h)^=VtX�r�U7X8g)q�x�w�U�fZmO^=^Ogvw�g)h)^OV/^�r�r�^Oq¹a
� ²³^Oq�r¸T)g)^pU�^Od)U�mOq�^Ogsr7X8r�[-wGgvr�^OfZd)q��ºmOl � ^OV/V-^=yFT)^=V5²³w�gvd>^OTLr¢XGq�q�[/fZ[/V-^OUE»�T)g)^=U�^Od)U�mOq�^Ogsr:X�r7[/w�g3r�^OfZd)q��
x
U�mOysT)^Og)lO^Ga

« X®r�U7X8g)q�x
w�U�fZmO^�^Og{w�g)h)^OV-^�r�r7^OqW^Oq�rWh)m�¼Rg)[-^�dRX8U��

Wf(u, s) =

∫ +∞

−∞
f(t)

1√
s
ψ∗(

t− u

s
)dt

w�½¾V+²¿X8r�w�f?^{h)^{�RXGq�^
ψ
^Oq�rZT)g)^Àx
wGg)l�r7[/w�g¾h)^{fZwoÁ�^Og)g)^zgsT)V-V/^Gc¢lO^Ogsr�U�mO^zX8T¾u�w�[/q�[-gRX8]�^{h)^zÂ^�r

h�²¶mOg)^OU�]�[/^�¼Rg)[/^Ga « XÃx
XGf?[-V/V-^�h)^�uB^Ol�r�^OT)U�q=^Oq�rpw��Lr�^OgFT)^1dRX8U�r7U�XGg)q�V-X8r�[-wGgÀ^�rph)[/VtX�r:X�r7[/w�g#h)^1V5²¶X8r�w�f?^
h)^��RXGq�^?�

ψ(u,s) = 1√
s
ψ∗( t−u

s
)

« XZx
wGg)l�r7[/w�gÄd)U�mOlOmOh)^Ogsr7^Ã^Oq�r�lO^Ogsr�U�mO^vX8T�uBwG[-q�[-gRX8]�^Ãh)^3T�c<lOwGfZf?^3V5²¶X8r�w�f?^3h)^vYRwGT)U�[/^OU�x�^Og)´�r7U�mGa
S�[±V-^µlO^Ogsr7U�^¬h)^Zx
U�mOysT)^Og)lO^¬h)^

ψ
j
w�g)h)^OV/^�r�r�^¬mOV/mOfZ^Ogsr7XG[/U�^on�^Oq�r

η
c�V-^µlO^Ogsr�U�^µh)^µx
U�mOyFT)^Og)lO^¬h)^

VtX?x
wGg)l�r7[/w�gkh)[-V-X8r�mO^Ã^Oq�r�^Og η
s

a « ²³mOl¹XGU�rÅrÁ�d>^i^Ogkr7^Of?d)q�^Oq�r�d)U�wGd>w�U�r7[/w�g)g)^OV�»ZqOa « ²³mOl¹XGU�rÅrÁFd<^i^Og
x
U�mOysT)^Og)lO^À^Oq�r®[-gsu�^OU�q�^OfZ^OgBr®d)U�wGd<wGU�r�[-wGg)g)^OVp»ÆqOa « XÄ¼R]GT)U�^ _�_�a¶ÇÄfZwGgsr7U�^ÀT)g)^À[/V-V/T)q�r7U�X8r�[-wGgÈh)T
d)U�[/g)lO[-d>^�h)^OqW�<w8É-r�^OqWh�²¿ÊÅ^O[-q�^OgF�>^OU�]La
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å�æ�ç�è¢éoé�ê-ë¾ìEí�î�ï/ð)ñOï-ò>ó�ô)óOõWö>÷Gø/ù7óOõWô)óiú�óOï/õ�óOðFö>óOî�û

ü�ý�þ®ÿ ñ��)ó����-óOõ¢ò�� ý õ��Rð)óOõ���÷Gð?ò<ó ý ù
	�óOðsù��Gõ�õ�óOî	=ò�� ý õ¢ô)óHö>÷Gø/ù7óOõ¢ô)óÅúÅóOï-õ�óOðFö>óOî�û'ñ��Gù�ó��'ñ��Gù�óHñ��Gî
���Ãî ÿ õ�÷�� ý ù7ï/÷�ðµù�ó��Zò>÷�î�ó����/ó�óOõ�ù��ZóOï����/ó ý î�ó�������ù7î��Gð)õ��
÷Gî�� ÿ ó�óOð¬÷�ð)ô)ó��/ó�ù�ù�óOõ��iô)÷�ð)ñ ý ð)ó�î ÿ õ�÷�� ý ù�ï-÷Gð
ù�ó��Zò)õ �!�
î ÿ�"Fý óOð)ñOó "Fý ï�ô ÿ ò>óOð)ôzô)ó#�%$ ÿ ñ��)ó����/ó�õ��&��ó�õ�ñ����/÷�ûGî��'�(�?ó�ô)$ ý ðzõ�ï/û�ð*�'��óOõ�ùÅô ÿ �Rð)ï�ò*�Gî

PWf(u, ξ) = |Wf(u, s)|2 = |Wf(u,
η

ξ
)|2

+�ð3ñOó "Fý ïFñO÷Gð)ñ¹óOî�ð)ó��,�Åù�î��8ð)õ��
÷�î�� ÿ ó�óOð3÷�ð)ô)ó��/ó�ù�ù�ó=ñO÷Gðsù7ï/ð ý ó�� ý ð)ó�÷Gð)ô)ó��-ó�ù�ù7ó�óOõ�ù ý ð)ó���÷�ð)ñ�ù�ï-÷Gð
ô)$ ÿ ð)óOî�ûGï-ó-�Rð)ï-ó{ó�ù?ô)ó.�?÷/BóOð)ð)ó{ð ý ���/ó��10 ý ù�î�óÀõ2�Æö>÷Gø/ù7óÀô)ózú�óOï/õ�óOðFö<óOî�û��3���ò)î�÷�ò)î�ï ÿ ù ÿ ���ò�� ý õ
ô)$³ï��?ò>÷�î�ù2�8ðsù7ó�ô)$ ý ð)ó�÷�ð)ô)ó��/ó�ù�ù�ó�óOõ�ù
�/ó�ð)÷��3ö)î�ó�ô)ó�õ�óOõ��Z÷��ZóOðBù7õWð ý �/õ#4

∫ +∞

−∞
tkψ(t)dt = 0

ò>÷ ý î
0 ≤ k ≤ n

�5�6�µð ý ���/ï/ù ÿ ô)óOõ7�Z÷��ZóOðsù�õ�ô)$ ý ð)ó3÷Gð)ô)ó��-ó�ù�ù7óÃò>óOî��?ó�ù�ô)$8�8ð*���9/�õ�óOî7�,�µî ÿ û ý ���Gî�ï/ù ÿ
�/÷Fñ��'�-ó�ô)$ ý ðzõ7ï/û�ð*�'�%�

:�ð ù�� ÿ ÷Gî�;��?óÆñ��8î��8ñ�ù ÿ î�ï-õ�ó<�-óOõÀ÷Gð)ô)ó��-ó�ù�ù7óOõ=� ð>�?÷��?óOðsù7õ#ð ý �/õÀó�ù.� ô ÿ ñOî�÷�ï/õ7õ��8ð)ñOóÆî��Gò)ï/ô)ó
ñO÷��(�?ó#�-óOõWô ÿ î�ï�? ÿ óOõ

niemes ô)$ ý ð)ó@��÷�ð)ñ�ù�ï-÷GðA�?ô ÿ ñOî�÷�ï/õ�õ2�8ð)ñOó�î��8ò)ï-ô)ó(BDCE����F�F'G%�
H óOî�ù2�8ï-ð)óOõ��8ò)ò��-ï/ñ��8ù�ï-÷Gð)õH÷�ðsùHô)ó@�?óOï����-ó ý î�õHî ÿ õ ý �/ù��8ù�õ���?BóOñ ý ð)ó'÷Gð)ô)ó��-ó�ù�ù7óI�(;Oî�ó "Fý $8��?BóOñ ý ð)ó
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ψ(t) =
2

π1/4
√

3σ
(
t2

σ2
− 1)e

−t2

2
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ψ(t) = ejωote
−t2
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�����������R�����m���#���U©*�����������
Ψ(ω) =

√
(2)e

−(ω−ω0)2
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�
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ψ(u,s) = 1√

s
ψ∗( t−u

s
) = 1√

s
ejωo(

t−u
s
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log2(s) ≥ 1
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LÌ�Õ�Ê�Ò-Écé+Ì�Ê�Ñ�óRÒHänÑ�Õ�Ï�É!Ò É(Ó�Ó1É
É!Ê�Ó�Ò Ì;Ï�×!Ô�Î-ç�×!É

nieme Ï3ä4Ð�Õ�É@Ø�Ì�Ð�Ê�Ê�Î É!Õ�Õ�É�ðGÒ É!Ê�é!Ñ�Ð�Ô��>É!Ê�Ï�É@ËWÌ�ÍGÎ-ËWÌ)Ê�Ñ�ÕZÓ�é!Ñ�Õ�Õ�É[Í�É!Ê�É(Ó_é!Ñ�ÕZÓ1Î-ÕJÐ�É!ÕZÓ
 Ð�Ê�ãJÐ3ä
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Î Õ�Ï�Î-ãJÐ�É=Òmä4Ñ�Ô�Ï�Ô�É=Ï�É!Ê_Ê�Î Õ�Ø�Ð�Ò.Ì�Ô�Î�Ó1×!Ê_Î-Ê�Ñ�Ò-×!É!ÊXî

log2 |Wf(u, s)| ≤ log2 A + (α +
1

2
) log2 s
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JrVbN'G"ZlH�[�L+S n N'Z�HbGBL+T�h	P�S~T�w	x�y'U.PeT5P�S�J.VbL�S�TIL+Z�Z+h�[5JrVWN'G"Z�H�[�L�S n N'ZlH9G�L�TIhqP�S�T3w	x��b�at���giP<`aJrVW[IHbS�T5^'P
��L+J'[�Y�K'L+T��

α
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¼�¼�½;¾E¿$À&Á'Â(Ã�Ä+Å5Æ'ÇqÂ�ÈIÉ9Ã�ÂÊÇ3ËEÇ3Ì.Â�ÆrÁ]Å�Ã�Í�Ì�É�Ä�Î7Ï2ÁbÈkÄ�Ð É9Ì�É�Ä»ÑaÅ<Ç=Æ'Ç3Å&Æ'Ò3Ó�Ï@È�ËEÒ�Ç3Å Ô9¾

Õ�ÕjÖ(×DÖdØ Ù	ÚÜÛ"ÝBÞàß�á â�ÝÊã©áåäIæ'Ú©çrè�Ú©é¨ß

êìë�í'î+ïRð�ñ'ò�î+óWñ~ôdõ�ëböe÷Iëbø+ðqð�ò�÷"ù'ñ�ö�óWñ'ö�ð�úa÷5ïRë9÷�û'ü�ï_ë�÷Iî+ý2ù'ðqí'üeþ�ð�ø+óWú'úrüqíjëbñ'ò"ø+ð�ò&ë9ñ'ñ'ü�ð�ò	ÿ��������
�5ð�ô(ë�	�óWñ±ð�ï]ú'î�õ�î+ý2ù'ð�
¬óWñ±úrð�ùa÷]ëbò�ò�î+ïRî�ø+ð�õ	ø�ë�í'î�ï]ð�ñ'ò�î�óbñ²ôdõIë9öe÷3ë9ø�ðEí�iù'ñ'ð����bù'õ�ð���ù'ñ'ðEï]ð�òIù'õBð
í'ð,ø�ë�ô(ë�	�óWñfí'óWñO÷\ð�ø+ø�ð=ó2ö�ö�ù'úrð=ø��ið�òIújë9ö�ð���êìë]í'î+ïRð�ñ'ò�î�óbñ�í�iù'ñ'ð,í'õBóWî�÷Ið=ð�òB÷,ÿ�
jø�ë]í'î+ïRð�ñ'ò�î�óbñ�í�iù'ñ
ö�ëbõBõ�üvð�òB÷��\ðe÷¬ølë\í'î�ï]ð�ñ'òIî+óWñqí�iù'ñ'ðvö�óWù'õ��rðvî�õBõ�ü��bù'ø�î���õBðvð�òB÷�î+ñO÷�ð�õ�ï]ü�í'îlë9î�õBð�
@újë9õ¬ð��að�ï]ú'ø�ð ÿ�
 ����!�ø�ù'ò
ølëCö�óbù'õ"�rð]ð�òB÷=î+õ�õBü��Wù'ø+î#��õBð]ðe÷=ëbö�ö�î+í'ð�ñO÷Iü�ð�
�ú'ø+ù'ò=ð�ø+ø�ð%$eö�óbùaþ�õ�ð�$	í'ð�ø�ëCòIù'õ¨ô(ë9ö�ð]ò�ù'õ&ø+ð&�bõIë9ú'û'î�ý2ù'ð�

ú'ø�ù'ò\ò3ë]í'î�ï]ð�ñ'òIî+óWñfôdõ�ëböe÷Iëbø+ð�ð�òB÷\ü�ø�ðeþ�ü�ð��('pð�ò\ó��*)Bðe÷IòDôdõ�ëböe÷Iëbø+ò ú'õ�ð�ñ'ñ'ð�ñ�÷ í'ð,ø��iî�ñO÷�ü�õ"+e÷ ø+óWõBò�ý2ù'ð,ø�ð�ò
ïRó9÷Iî�ôdò5ó��'ò�ð�õBþWü�ò5ò�ðqõ�ü�ú(�e÷Ið�ñO÷,�_÷Ióbùa÷Ið�ò"ø�ð�ò"ü�ö�û'ð�ø�ø+ð�ò.-róWñ�í'î+÷5ý2ù�ið�ø�ø+ð�ò5óbñO÷5ø�ë�ú'õ�óbú'õ�î+üe÷Iüqí�®ë9ùa÷Ió0/
òIî+ïRî+ølë9õ�î�÷Iü�
�óWù_î+ñOþbë9õ�î�ëbñ'ö�ð\í�iü�ö�û'ð�ø�ø+ð��*!�ëbõ©ð��að�ï]újø+ð\ù'ñ'ð\ø�î��Wñ'ð\í'ð\ö�1b÷�ð ð�òB÷�ù'ñ2�róbñ�ð���ð�ïRú'ø+ð í�iù'ñ
ó��*)Bðe÷"ôdõ�ëböe÷Iëbø ú'õ�ü�ò�ð�ñO÷"íjëbñ'ò"ølë_ñjë9÷�ù'õ�ð�3.ö�ûjë9ý2ù'ð4�jë9î�ð	ë�ò�ð�ò5�jëbî+ð�ò"óWù�ö�ëbú'ò"ú'ø+ù'ò5úrðe÷Iî�÷Iò"ðe÷5ëbî+ñ'òIî
í'ð=ò�ù'î+÷�ð�ë9ífî�ñ��jñ'î�÷Iù'ï6�

7 ñ'ð=í'ü8�jñ'î�÷Iî+óWñfò�î+ïRú'ø+ð=í'ð=ølë�í'î�ï]ð�ñ'òIî+óWñXô1õIë9öe÷3ë9ø�ð:9��,;±óWù<;'õIëböe÷Iëbø=�"î�ï]ð�ñ'ò�î�óbñ<;��?>pð�òB÷@-

log(p)

log(q)

ë�þWð�ö=ý�ô(ë9öe÷Ið�ù'õkí�®ë��Wõ�ëbñ'í'î+ò�òIð�ï]ð�ñO÷�
'úfñ'óbï.�'õBð=í'ð&ôdõ�ëböe÷3ë9ø�ð�òDó��a÷Ið�ñ2ù'ð�ò��
A ù'õ7ølë5���Wù'õBðCB"BD�+ÿWÿ�
Wóbñ]î+ø�ø�ù'òB÷�õ�ðkø+ðkö�ëbò�í'ù.Ejó2ö�óWñ<9�'póbù'õ"�rðküe÷�ù'í'î�ü�ðkújë9õ�F©óbñHG ó2ö3û]ð�ñXÿI������>�


ø�ð\ò�ð��Wï]ð�ñO÷vî+ñ'î+÷�îlë9ø�ð�òB÷võBð�ïRú'ø�ëbö�ü\újë9õJ�që9ùa÷IõBð�òví'ð\ø+óWñK�bù'ð�ù'õ\ÿIL�MN�2êìë,í'î+ïRð�ñ'ò�î�óbñRôdõIë9öe÷3ë9ø�ð\ð�òB÷vø+ó��
�OL�ø�ó��:M�P	ÿ�
Q��RN�S!©õBð�ò�ý2ù'ð&÷�óWù'òDø�ð�òDó��N)Bðe÷�òkôdõ�ëböe÷3ë9ø�òDóbñO÷\í'ð�òDí'î+ïRð�ñ'ò�î+óWñ'òDñ'óWñfð�ñO÷�î#��õBð�ò��

T#U8VXW T�Y�VZW[W

T#\�VXW�W�W T#]0VZW_^

`5acb?dfeIe0g[h(hji�ø�ë]ö�óbù'õ"�rð=í'ð?F©óWñ<G óOö�û
'í'ð,í'î+ïRð�ñ'ò�î+óWñXô1õIë9öe÷3ë9ø�ð=ø+ó����OL�ø�ó���M



k0l mZnSo�prq�s�tvuxw"w5y{z?|Ks[q#}�~�s�n����It"q_�K|*uD~,��� o0�So�}��K~�u@�KuD~,�K�D����t�����uD~����*�No�}_uD~

�=���K���K���K���"�����&���O� �=���K���K���K�������K�"�(�
����� �����
����� �������
 # �   � # 
1
3
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3

n
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= 1
3

n ����¶·���K�8�¨´����¹§K�J£©¢½£����K���K���K�»�����¨´��H°��
¾
= 4

3

n  Z¿ �{�����"´#���O�4£#¢<�����K�����2�=���0Àc�=���Á§K�2£#¢%Â����K���2��´J§K���"�"���K�  X¸ �{�����¨´��:¢��O�4£©¢<§K����´Ã�¨�:§K�
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¸ �%�8Ä��8�½���8���¨�@§K����´Ã�¨�@�����@Å

log(
¾
) = Dlog(1/

¼
) + b

���

elog( Æ ) =
¾
= eDlog(1/ Ç )+b

¾
= elog(1/ Ç )Deb

¾
=

¼ −Deb ∼ p−D
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DS = log3(4) = 1.2619
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log( = ) = log(
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) + log( ' )
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D = DS − 1
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N ′ = N − 1
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DK =
log(N ′)

log(N ′) + log(d/L)
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d = max(dist(i, j)) = max(dist(1, i))
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L =
N ′∑

i=1

dist(i, i + 1)
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DH = lim
ε→+∞

−Ln(N(ε))

Ln(ε)

� �5���
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ε
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DH = lim
ε→+∞

1 − Ln(L)

Ln(ε)

DH ≡ 1 +
Ln(L)
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N(ε) = L/2ε
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LEi =
√

(yi − yi−1)2 + (1/(N − 1))2
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Lj =

j+arrondi(N/2)∑

i=j−arrondi(N/2)

LEi
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Dj ≡ 1 +
Log(Lj)

Log(2(N − 1))
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N�OQPSRUTAV�RUOHW.THXYV9R[ZU\.]URU\�THOHR[^`_'V9\aX�ZUR4b�cMTdX�^`_�e�R�fhgHRUW�^`_
iAX�^j_`k�c;Zl_MTmingHR[ko_`Zl_�\aV9RpV.RU^jPHWrq
]UZ0sHRUk�k�R#RUOtTAV9X�k�X�W9_MO;Vhkvuw_Mk�e�cM\.XYV9sH^xRzy|{�}d}~gHR[}d_�k�k�_�V[bv��X�eMTH\.R��A�;f��

�����z�%���'���m�,� k�X�eMOHR#gHR#^`_
iAX�^j_xgHTtW.Zl_�k�cMe�\._M^x^jR

� OA��Oxc�OxP�RUTAV�V.\9_�ZURU\%k�RUW%^`_
iAX�^j_zgHRhZUc;R��`ZUX�RUO�V�g�uwcMOHgHRUk�R�VaV9RUW�bCRUOjk�c�e���f�gHR�ko_zk�X�eMOHR�_MTAV.c�TH\
gHT�gH]���_MTAV�RUO��CcMOHZ�V9X�c�O�gHR4k�uw]UZ0sHRUk�k�R�bCk�cMe;�Ab�W>faf[P�c�TH\�RUWaV9X�^jRU\�kvu R�iAP�c�W9_�O;V�gHR¢¡£X�PHW.Z0sHX�V.¤4P�_M\�ko_
PSRUO�V9R#gHR#ZUR�VaV9R#gH\ac�XYV9R`b���X�e�TH\aR¦¥.¥>��§�¨�f0�

©�ª�« ©�¬�«

���!�z���l�'�v�A®�¯� WaV9X�^`_'V9X�c�O4PH\._�V.X�°;THR�gHR�k�uwR�iAP�cMW9_MO;V±gHR�¡²X�PHW.Z0sHX�V.¤�gHRUW±gHRUTmi`W.X�OHeMTHko_�\.XYV9]UW±³A��§xb�_�f
R�V�³m�2¨´b�µ¶f

¥!ZUXv·£c�O¸RUW.V.X�^xRjk�RUWpgH\.cMX�V.RUW[P�_�\j¹
y = 0.14x − 3.4

R�V
y = 0.71x − 6.1

��º�uwRUWaV�»tgHX�\.Rj°*THR
kvu R�iAP�c�W9_�O;VjRUWaVxPHk�THW��¶_�µHk�R¢PScMTH\xk�RUW�¼M_�k�RUTH\aWxX�^jP�c�\rV>_�O;V9RUW�gHRt¡£X�PHW.Z0sHXYV9¤¸bCP�RUV.X�V.R´W.X�OHe�THko_�\.XYV9]�f
_�¼�RUZ#P�c�TH\�ko_�PH\.RU^xX�½U\aRp³A��§l¾jP�cMTH\�³m��§#R�V�P�c�TH\�ko_�W.RUZUc�OHgHRp³m�2¨*§pP�c�TH\h³A�¿¨m�

}Q_MX�O;V9RUO�_�O;VU·ScMOdP�RUTAV�W.R�gHRU^j_MOHgHRU\�°*THRUk�k�R�RUWaV�k�uwX�OAÀ�THRUOHZUR�gHTdP�_M\._M^x½�V9\aR�ºÁb
C|x − LD|α

g�_MOHWhk�_xgHRUW.ZU\.X�PAV9X�c�O´V.sH]Uc�\aX�°*THR#g�u THOHR#W.X�OHeMTHko_�\.XYV9]�f±g�_MOHWhk�uwRUWaV9X�^`_'V9X�c�OtgHR#k�_xW.X�OHe�THk�_M\aX�V.]M�
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ËaÞ¢ÓUÌ>ÒhÞ4Ô*×mÆ�ÑÖÌ>Ò

ß%à.áHâHã�äMåHæhâHä�åHç#è�é#æ9ã�ê�å�ë�è£æ.áHãYìMë�å;à[ívî�ã�êMáHï.é¦ðað>ñ�òló�ô�õ

f2(t) = 0.5|t− 0.3|0.1 + |t− 0.8|0.7
íCð.ð>ñ�ò�ö�ô

÷%ø ëMùxúHè�ãYà9áHâHépâHépèoëxæ9ã�åHê�áHè�ëMïaã�à.ûpéUæaà�ã�çUã£âHã�ìmã�æ.ûUépú�ëMï�ü�ú�ä�áHïhèoëjúHïaéUùjã�ýUï.épæ.ã�åHêMáHèoë�ï.ãYà9ûþíCé�à�ú�ë�æ�è�é
à!ÿmú�é��2ô0ñ

�������
	�	������� æ.ã�êMå�ëMèÉà��HûUäMï.ã��*áHé
f2(t)

� ånë�å�ëMèYÿmæ9ëMå;àhèoë�çUäMá�ï���é#è�äMê�� è�ä�êxä�åtéUæaà.ã�ùjé#è�éUæhé��Aú�ä�æ9ë�å;à9æhâHé ÷ ã�úHæ9ç��Hã�à! `ívî�ã�êMáHï.é¦ðað>ñ�òlö�ô0ñ

�������
	�	�"�$#���� æaà.ã�ùjë�à.ã�äMåtâHé#èoë�úHï.éUùxã�ýUïaé#æ9ã�åHê�áHè�ëMïaã�à.û

% å4ì�äMã�à çUè�ëMã�ï.éUùxéUå;à&�*áHé�ï.ã�éUå¢å ø ë�ç'��ë�åHê�û�úSäMáHï±è�é�úHïaéUùjã�éUï âHû)(CëMáAà+*AéUå4ï.é�ì�ëMåHç'�Hé�è�é�æ.éUçUäMåHâ
ëdè�é¢ù-,Uùjé¢é��múSäMæ9ëMå;àtí".mñ�ò0/Fú�äMáHï-.mñ�ò21;ô[ù`ë�ã�æ�è ø ä�ïaâHä�åHåHûUé43dè ø ä�ïaã�êMã�åHé´ëdç'��ëMåHêMû®í5�61Hñ71�ú�ä�áHï8�
/mñ91�ô�ñ;:�ã�åHæ.ã²è ø ë�ùjúHè�ã�à.á�âHépâHé#èoëjæ.ã�åHê�áHè�ëMïaã�à.ûpê�äMáAì�éUïaåHépè ø ä�ïaâHä�åHåHûUé83xè ø ä�ïaã�êMã�åHépâ�ë�åHæ�è ø éUæaà.ã�ùjë�à.ã�äMå
úHï.ë�à.ã<�;áHé#âHé ÷ ã�úHæ.ç'�Hã�à! Mñ
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Z
[!\U]U^<_a`Ubdcfe�^<`g[�h2`;e�`H[0iJj�k9^�`Nl;\Uh2`Um2hn]Uhn]Uh2\�o8b!^�`Upq\Uj<ear�^�[!s2bt[�r�u2bdvUr!_$m'wUh2b2xyzhnb!^<pa`;eajHb!_q\Ubds)[!\U]Uh
h2b![8{�|}^�pq\Ur�h�~!~�x@���g���

f3(t) = 0.5|t− 0.7|0.7 + 0.5|t− 0.8|0.7
{P~�~'x��a�q�

�������
����<�;��� b!^�pq`;e�j�[!wUs2_qr�^<�$\Uh
f3(t)

e��qh2m�]Uh2\�o4b!^�`Upq\Uj<ear�^�[!s2b�[!r!u2b�vUr�_$m'wUh2b

� e�r!h2vUr�s2b!h2`H[�e[�^�_q`�[�h2c-v;b��6s2m'wUh2j�j<h�{"|d^<pa\Ur!h�~!~�x����g{"eq�!��b!\Urt\U`Uh�s2m'wUh2j<j�h�c�eo�]Uh��J����`Uh�v�h2r�c�h)[
v;eab&]�k9h2b�[!^<c-h2r&j<e b!^�`Upq\Uj<ear�^�[!saiNj�h2b¡]Us)¢Pea\N[!b¡s)[�ea`g[¡v£h)[!^�[!b¡^�j�¢Pea\N[&¤2_$_qc-h2r¡e�\N[�_a\Ur&]Uh2b¥[�r�u2b&v£h)[�^¦[�h2b
s2m'wUh2j<j�h2b8{�par�e�`U]Uh2b�¢§r!s2�$\Uh2`Um2h2b��'x

¨ `Ss)[!\U]U^©e�`H[+j©eBm2_a\Ur!ª£h j�_qp�6j<_ap«]Uh j"k7h2b�[�^�cfe[�^�_q`S]Uh¬yz^<vUb!m'wU^¦[�¤4{�|d^<pa\Ur!h~!~�x����g{�ª®����i�_q`��g_a^�[
m2j©e�^<r�h2c�h2`H[}]Uh2\�o8m2_qc-v�_ar�[!h2c�h2`H[!b¥�\U`¬e�\�o¯v£h)[�^¦[�h2b}s2m'wUh2j�j<h2bd_q° j�h2b}]Uh2\�o¯]Us)¢Pea\N[!b}_q`H[}\U`Uh¥v£h2`H[!h
m2j©e�b�b!^��$\Uh±h)[f\U`�e�\�o�vUj�\Ubfpar�e�`U]Uh2b�s2m'wUh2j<j�h2b�_q°²j�h2bf]Uh2\�o³b�^�`Upq\Uj<ear�^�[!s2b�j<_$m0e�j<h2b�b!h±r!hµ´�_q^�pq`Uh2`H[
];ea`Ub j<hBm2¶q`UhB]�k9^�`Nl;\Uh2`Um2hB]Uh«j<e�b!^<`Upa\Uj©e�r!^¦[�sax}·�^�`Ub!^¥j"k7h�oNv£_qb�e�`H[¬]Uh)��^�h2`H[¬`Us2pqe�[!^�¢�h)[¬`UhBr�h2l;u)[!h
vUj<\Ub ]U\D[�_a\N[ j©e¸b!^�`Upq\Uj<ear�^�[!sax�¹}ear8m2_q`H[!r!hºm2h)[ h�oNh2c�vUj�hB]Us2c-_q`H[!r!hºh2c�vU^�r!^��$\Uh2c-h2`H[ �$\Uhº`;_�[�r�h
m'wU_q^»o¼]�k9s)[!\U]Uh4e�\�oD[�r�u2b¬v£h)[!^�[!h2b¬s2m'wUh2j�j<h2b r!h2`U]½j�k9h2b�[�^�cfe[�^�_q`½]Uh«yz^<vUb!m'wU^�[!¤¾{�h)[¬]U_a`Um«ea\Ub!b!^¥]Uh
j"k7_qr�]U_q`U`Us2hÀ¿¬j"k7_qr�^<pa^<`Uh��¥vUj<\Ub�m2_q`Ub!^�b�[�e�`H[�hax

¨ `NÁ;`�i®v£_a\Ur�m2_q`Um2j�\Ur!hai®_q`±�ae-h2b�b�e0Âgh2r�]UhÀc�_a`H[�r�h2r�j"k7^<`Nl;\Uh2`Um2hÀ]Uh8j<e�m2_q\Ur�ªU\Ur!hÀpqs2`Us2r�e�j<hÀ]U\
b�^�pq`;e�j£b!\Ur�j"k7s)[�\U]Uh�]Uh2bnb�^�`Upq\Uj<ear�^�[!s2b2x�¹�r�h2`U_q`Ubn\U`º`U_q\N�qh0ea\ºb!^<pa`;eaj;[�wUs2_ar!^��$\Uh {"|d^<pa\Ur!hÃ~�~'x��q�N{"eq�!�
�$\U^$b!^�c \Uj�hn\U`Uhn]Us)¢P_qr�c�s2hnb!^�c�vUj�h�{PvUr!h2c-^<h2rtc�_$]Uh��z]�k9\U`Uhnv£_q\N[!r!hnv;e�rdj�k�eJ´�_q\N[}]�k7\U`8[�h2r�c�hnb!^�`$\Ub¥�

f4(t) = 3sin(3t) + 0.5|t− 0.7|0.1 + 0.5|t− 0.8|0.7
{P~�~'x������
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Uö2ñ<ñ�ö2ø8ÿ���
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���������Uÿ�������

ß<à�á ß�â�á

ã�ä�å�æ
ç�çè©é®é�ì}ø!û<óaü;ðañËý�
Uþ2òaô!û��$ùUö
f4(t)

ð��qö2ï�ùUüUö�ý�ö2üU÷;ð�üUï2ö�ø�û�ü$ùUø8ÿ�ð �¥ö)ý�ø!òqü±ø!ï0ð�ñ<òaóqô!ðaõ-õ�öfÿ���
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Uû�ý�)

α
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JLKNMPO�QDR�SUT�T�VXW�Y"Z�[�\7]�R�S_^7QDSa`�bcSed�]�fgZ_K#]�fg[�\2hDSed+iPK�R�K�Z�j�]�R�Sed+\$bcSed�]+k#K�`gK�lD`�S_^mQ$bXK#QonpiqS�]�fr]�Sed
set�u Se`g`�Sed�v�dew'x�y z{S�]|hDS+iD`gQDd}^mQDS+`�b~Sed�]�fgZ_K#]�fg[�\�hDSed}hDSeQon�f�\DhDf t K�]�SeQDR�d t�u K#\DO�S�` s O�jeR�SeZ_Se\7]}d�Se`g[�\
`�K t [�QDR�lDQDR�S�V

�|�:���|�@���������`�bcSed�]�f�ZaK�]�f�[�\2hDSed�f�\DhDf t K#]�SeQDR�d�h$bcf�Z_iq[�R�]�K#\ t S�hDSad�f�\DO�QD`gK�R�f�] s \$b~Sed�]�k#K#`�K#lD`gSa^mQDS
d�QDR{hDSed�iqS�]�fr]�Sed set�u Se`g`�Sed

� f�\Dd�f�iq[�QDR�`�KBiDR�SeZ_f�jeR�S�d�fg\DO�QD`�K#R�fr] s `�b s ^mQPK�]�f�[�\�`�fgd�d s S�iq[�QDR�QD\DS set�u Se`�`gS�Z_K�n�hDSN�BSed�]N�

y = 0.19x − 3.5
S�]�i�[�QDR�`�K0d�S t [�\DhDS��

y = 0.68x − 6.1
V�J4bcf�\7] s R���]'hDS t [�\D\PK��g]�R�S�`�K0� [�\ t ]�fg[�\

]�Se\DhPK#\ t SESed�]{hDSEiq[�Q=k [�fgR¡lDfgSe\0Sed�]�fgZ�SeR¡`gSed�d�fg\DO�QD`�K#R�fr] s d t [�Z_Z�SEhPK�\Dd¡\D[�]�R�SEiDR�SeZ_f�SeR�S¢noSeZ_iD`�S�V
£ Se]�]�S�iPK�R�]�f�S�iDR�K�]�f�^mQDS�\D[�QDdEKaZ_[�\ ]�R s ^mQDS�`gK_k�K#`gSeQDR}hDS�`�bcS¢n=iq[�d�K#\7]|hDS�J�fgiDd t�u fr]�¤

α
[�Q¥`gS

��K t ]�SeQDR4h$bcf�\7]�Se\Dd�fr] s � v�[�R�hD[�\D\ s S�¦�`�b~[�R�fgO�fg\DS@z§h s iqSe\DhDSe\7]¨hDS�`gK�i�[�d�f�]�fg[�\_hDS{`�K�d�fg\DO�QD`�K#R�fr] s hPK�\Dd
`gS�d�f�O�\PK#`S�]©hD[�\ t�ª hPK#\Dd©\D[�]�R�S�K�iDiD`�f t K�]�f�[�\ ª `�K'iq[�d�fr]�f�[�\ahDQ_h s ��K�Q=]©hPK�\Dd¨`�K'i�[�Q=]�R�S�V7JLS t�u K�iDfr]�R�S
d�QDfrk#K�\7]©d�SeR�K'QD\ah s lDQ=]«hDS�R s i�[�\Dd�S}K�Qon�^mQDSed�]�f�[�\Dd��¬«®	¯�¯�°�±P²q³q´�µ�¶�· ´�°}¸�¹ ·º¯|³P®�´�²¼»�±�½�°E¶�¾�¶mµ ¿�»�¾o²
À ¾o´B¶m° À °�Ám°¢¯|³q¸g° À °�Á¢³Pµ¢´�· ¯�°¢±D²¼»�¾�ÁÂ°¢²�Ã_½�®�¯�¯�°¢±P²'Ämµ¢±�µ¢´�»#¸%· À °¢´�¸�»�Å�»#¸�°¢¾o´B¶m°�±Æ® À · ±q¶#·Ç½�»�²È°�¾o´ À Ã
²È°¢±q»�±D²�½�®	¯|³q²È°�¶m°+²:®�¾o²È° À ¸�° À ¸%· ¯�· ²Ç»�²�·Ç®�± À °�Á�³¸%·Ç½¢· ²:µ�° À ¶�»�± À ¸�¹ »�±q»�¸�É À °'¯_»�²�ÊDµ¢¯_»�²�·�Ëe¾°¡Ì

�@����ÍL��ÎP��Î Ï�ÐmÑÐ7Ò	ÓÔ�Õ�Öe×mÒa×oÑÂØLÙ@Õ�Ô�Õ�ÖeÓÑ�ÙaÔ ×mÖ�Ò	ÐoÖe×7ÓPØLÚÜÛL×BÑL×oØLÒ	ÝqÑ×mÖ

J�S¡]�SeR�Z_S�O s \ s R�K#`gf�d�SeR t [�\7kofgSe\ ]4lDf�Se\�¦E\D[#]�R�S{iDR�[�lD`�jeZ_S�V�Þ}\DS�hDSedßd�[�`�Q=]�f�[�\Ddß`gSedßiD`�QDd4f�\7] s R�Sed�à
d�K#\7]�SedáSed�]§h$b~Q=]�f�`gf�d�SeRá`�SedáR s d�S�K#Qon�hDS«\DSeQDR�[�\DSedeV	T:`gdáZ�S�]�]�Se\7]áSe\�K@k#K#\7]á`�K�\D[�]�fg[�\�h$bcK�iDiDR�Se\7]�f�d�d�K#O�S ª
t [�Z�Z_S�Se\¥`gS t ]�QDR�S�iq[�QDR|`�SedESe\=��K�\ ]�deV £ b~Sed�]�QD\DS�iDR�[ tes hDQDR�S t [�O�\Df�]�f�k�S�^mQDfáhD[�fr]E��K�f�R�S�Se\¥d�[�R�]�S
^mQDS�`�b~fg\DhDfrkof�hDQaR s K#`gf�d�S ª hDS�Z_K�\Df�jeR�S}K#Q=]�[�\D[�Z�S ª QD\DS�]�K t�u S�hD[�\D\ s S�Vmâ�\_iPK�R�`gS}K#`g[�R�d©hDS t K�iPK t f�] s
hDS'O s \ s R�K�`�fgd�K#]�fg[�\2v�¦�iPK�R�]�f�R�h$b~S¢n=SeZ�iD`gSed�z�hDSed�R s d�S�K�QonNhDS'\DSeQDR�[�\DSedeV
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Ó:ÊDÆTÔ	ÊDÈ?ËIÇ:ÆTÇ:Ð�Ë:Õ Ö Î�Ð6ÉIÎ$Í�ÏmÔ	ÊDØjËKÈ?ÇnÇ:É?Ënÿ*ÌBÊDØ6ë6Í�Ç:Æ,Ç:Ð�Ë�ÉIØ6Ô6Ô	Ê-ÈhËKÝ:Ç�ÉIÎ$Í�ÏmÈIÎ�æ-Î�Ì6Î�ËIÝnÌ6Ç�Í�Î�ÏDÎ�ÉIÊ-Ð �
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�gÇ:É?Ë

Î�Ðjî#Ý:È?Î�Ç:Ø6È?Ç<Þ�� � î�Î�Ðjî#Ý:È?Î�Ç:Ø6È_ÞwöjÕ	�
�^Ñ\Ì6ÊDØ6ë6Í�Ç:Æ,Ç:Ð�ËûÇ:Ð6Ó1ÏNÉ?ËKÈ?Ý:Ç�ÉIÎ
α
Ç:ÉIË_ÉIØ6Ô	Ý:ÈIÎ�Ç:Ø6ÈûÞ��%öDö � î$ÉIØ6Ô	Ý:ÈIÎ�Ç:Ø6È

Þ,öjÕõÚ��^Õ ñ Ð�Ô6È?Ê-Ô	ÊDÉKÇ:ÈIÏ,Ø6Ð6Ç8ÏNÐBÏDÍOí*ÉIÇwÌ6ÇwÓ:ÇQËIËIÇwÍ�Î�ÏDÎ�ÉIÊ-Ð�Ó:ÊDÆTÆ,Ç8ÏDÔ6Ô6Í�Î�Ó1ÏfËKÎ�Ê-Ð�ÏNØ�Ó^ãBÏDÔ6ÎOËKÈ?Ç8ôjÕ
Ä�ÏDÎ�Ð�ËKÇ:ÐBÏNÐ�Ë_ß�Ø6Ç�Í�ÏwÆ,Ê�Ì6Ý:Í�Î�ÉKÏNËIÎ�ÊDÐTÐ6Ê-Ø6ÉûÏwÏNÎ�Ì6Ý<ÞnÓ:Ê-Æ,Ô6ÈIÇ:Ð6Ì6È?Ç�Ó:Ç�Ô6ã6Ý:Ð6ÊDÆTä:Ð6Ç�ÊDÐ,áNÏwÇ:ÉIÉKÏ1í\Ç:È

Ì6ÇwÍ�êõÇvé*Ô6Í�Î�ß�Ø6Ç:È�ÔBÏNÈ�Í�Ï�ËIã6Ý:Ê-È?Î�ÇwÌ�ê ñ Í�æ-ÏDÓwÉIØ6È�Í�Ç:É�Ô	Ê-ØjËIÈIÇ:É�BÇvéjÎ�ë6Í�Ç:É8Ù ñ�� Ú��NÜ§Õ
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ËIÈIÝ:ÇDÑ6ß�Ø6Î�ØjËKÎ�Í�Î�ÉIÇ8Í�Ç:É�Ó:Ê-Ð6Ì6ÎOËKÎ�Ê-Ð6É�Í�Î�Æ,Î�ËIÇ:É<Ó:Í�ÏDÉIÉIÎ�ß�Ø6Ç:É:Õ
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Yi(x) = D1(cos(λix) + cosh(λix)) + D2(cos(λix) − cosh(λix))

+D3(sin(λix) + sinh(λix)) + D4(sin(λix) + sinh(λix))
� óIó{ÕMÒ-Ò��

�Ç:É�Ó:Ê-ÆWë6Î�ÐBÏNÎ�ÉIÊDÐ6É<Ì6Ç
Di
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�(ÊDØ6È4Ø6Ð6ÇRÔ	Ê-ØjËIÈIÇRÌ6ÊDØ6ë6Í�Ç:Æ,Ç:Ð�Ë4Ç:ÐBÓ1ÏNÉ?ËKÈ?Ý:Ç � Í�Ç:É4ÈKÏDÎ�Ì6Ç:Ø6ÈIÉ4Í�Î�Ð6Ý1ÏNÎ�È?Ç:ÉoÇQË4Ì6ÇRÈIÊNË{ÏfËKÎ�Ê-Ð�ÉIÊDÐ�ËoÎ�Ðjâjå
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CED*F�GIHJHLKNMPORQTS7U�VXW=Y7ZX[7\XZ^]7Z_U`VXa�b�[Pc$[7\XZ^deZX[fd1b�[7\Ag%h	b�[f]7Z_iNckj$c�i	ZXY7UE]7Y5U`ZXa�a%b�U`g8]7Z^U�b$g+cLg%h	b�[fl
m c�nIZAgo\Xb�p�qrb�U`g�ZXpsZX['go]7Z�itc�U�h	u�h	]7h	g�V�]7Z�ithtc�h	a�b�[vZX[wd1b�[7\Ag%h	b�[v]7Z�itc�dxU�VXW=Y7ZX[7\XZ�[7b�U�psc�i	hta�VXZ m1y n

[7htZXa+n{z7i	ZXa|\Xb�[7]7h	g�htb�[7aoith	psh}g%ZXaoaX~�VX\XU`h	j�ZX['g��





x = 0 x = L

Y (x) = 0 Y (x) = 0

Y ′(x) = 0 Y ′(x) = 0

�e[vY.g�hti	hta%c$['g|\XZXao\Xb�[7]7h	g�htb�[7aoith	psh}g%ZXaoq�b�Y7Ui�~�VXW=YPc$g�htb�[����+�����=zPb�[vb y g�htZX['g��

Yi(x) = Hi(cos(λix) − cosh(λix) + Ri(sin(λix) − sinh(λix))

cJj�ZX\
Hi
]7VAg%ZXU`psh	[7V�qPc$U�iNc�[7b�U`pkc$ith	a+cLg%h	b�[�]7Z�i/~�c$psq7ith}g%Y7]7Z�]7Z�\��Pc$W=Y7Z�p�b=]7Z�ZAg

Ri
]7b�[7[7V

qPc�U��

Ri = − (cos(λix) − cosh(λix)

(sin(λix) − sinh(λix))
b��

λi ≈ (2i+1)π
2L

zPcJj�ZX\�hN�_��z���z	�t�	�tz�[
� [�q�ZXY.g�[7b�g�ZXU�W=Y7Z�]7ZXY��5]7ZXa�\Xb�[7a`g+c$['g%ZXa�]�~�h	['g%VXu�U%cLg%h	b�[�]7Z�i�~�VXW=YPcLg%h	b�[ ���+������a�b�['g�[=Y7iti	ZXa

m
D1
ZAg

D3
n{�

��b�Y7Usq7U`ZX[7]7U�ZvZX[�\Xb�p�q.g%Zvi	ZXakh	psq�ZXU�d1ZX\Ag%h	b�[7as]�~�ZX[7\Jc$a`g%U`ZXpsZX['gs]Pc�[7asiNc�psb=]7VXi	hta%cLg%h	b�[�zeb�[
qrZXY.goVAg%Y7]7h	ZXUoitc�q�b�Y.g%U`Z��PZ{��h y i	Z�c3j�ZX\�]7ZXao\Xb�[7]7h}g%h	b�[7aoi	htpsh}g%ZXaoVXitc�a`g�htW=Y7ZXa mx� u�Y7U`Z����+���.�3n{�
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º©»*¼�½e¾J¾L¿NÀÂÁÄÃ ÅrÆ�Ç.È%É`Ê�Ë3Ì�ÊXÍ�Î7ÊXÏoÍXÆ�Ð7Î7Ñ}È%Ñ	Æ�Ð7ÏoÒ	ÑtÓ�Ñ	È�ÊXÏoÔJÒtË�Ï`È�ÑtÕ'Ç7ÊXÏ

Ö Æ�ÓsÓ�ÊEÎ7ÔXÍXÉ�Ñ}ÈIÎPË$Ð7ÏIÒtËØ×PÙ�Ç7É�Ê^Ú
kTR

ÊAÈ
kθR
Ú
kTL
ÊAÈ

kθL
Ï�Æ�Ð'ÈIÒ	ÊXÏTÉ%Ë$ÑtÎ7ÊXÇ7É�ÏTÒ	ÑtÐ7ÔJË$ÑtÉ`ÊXÏ�ÛxÈ%É�Ë�Ð7Ï�Ü

Ì�ÊXÉ�Ï�ÊXÏ+Ý ÊAÈeÎ7ÊÉ�Æ$È+ËLÈ%Ñ	Æ�Ð�É�ÊXÏ�Å�ÊXÍAÈ%Ñ}Ì�ÊXÓ�ÊXÐ'ÈßÞ�Ù�Ë�Ç7Í�à7ÊÊAÈßÞ�Î7É�Æ�Ñ	È�ÊÎ7ÊoÒtË�ÅrÆ�Ç.È%É`Ê�á'â8ÇPË�Ð7Î�ÍXÊXÏeÉ`ÊXÏ�Ï%Æ�É`È�Ï
Ï�Æ�Ð'È|ÍXÆ�Ð7Ï`È+Ë$Ð'È%ÏoÊAÈ|ÅPË$É%Ë$ÓsãAÈ�É�ÔXÏoÍXÆ�ÓsÓ�Ê�Ç7Ð7Ê�ÍXÆ�Ó_ä7Ñ	ÐPË�Ñ	Ï%Æ�ÐvÎ7Ê�åXÔXÉ�Æ�ÊAÈ|Î�æ�Ñ	Ð.×PÐ7Ñ�Ú7ÑtÒÂÊXÐvÉ`ÔXÏ�Ç7Ò	È�Ê�Ò	ÊXÏ
ÍXÆ�Ð7Î7Ñ	È�ÑtÆ�Ð7ÏoÑtÐ7Ñ}È%ÑtË�Ò	ÊXÏoÑtÎ7ÔJË$ÒtÊXÏØÛ/Æ�ÇvÍXÒNË$Ï�Ï�ÑtÕ=Ç7ÊXÏ+Ý�á
ç Æ�Ç7ÉèÎ7ÊXÏ É�Ë�Ñ	Ï�Æ�Ð7Ï�Î7ÊéÏ�Ñ	ÓsÅ7Ò	Ñ	×PÍJËLÈ%Ñ	Æ�Ð^Ï`ê�Ó^ä�Æ�Ò	ÑtÕ'Ç7Ê�ÚLÆ�Ð^Î7ÔA×PÐ7Ñ	È�ÒtÊXÏ�É`ÑtÙ�ÑtÎ7Ñ}È%ÔXÏ Ë$Î7ÑtÓ�ÊXÐ7Ï%Ñ	Æ�Ð7Ð7ÊXÒ	ÒtÊXÏéë

β1 =
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[D1, D2, D3, D4]
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N�O λL P"QIRTSVU�W�XIY"Z;[�P"\�]"P^UA_�`3abP"\�Qc` N \�\�P"S�S3PdPeR C = cos(λL) f Ch = cosh(λL) f S = sin(λL) f
Sh = sinh(λL) gh \ N�i R�`3P"\jRkS	lmY"Z;[nU@Rc` N \L]oUAXcUA]eRcY"XI`3QIR�`3Z;[�P-P"\Lp N Q�UA\jR det(A) = 0 qM]"P"S�S3PDrs]"`tYeR�UA\jRkR�X�u"Qk] N avp�S�`wr
Zj[�Y"P�f N \xSVUyX�Y"Y"]"XI`�RK] N abavPE]"P"]"`{z

ãβ1β2β3β4 + b̃β1β3(β2 + β4) + c̃β2β4(β1 + β3) + d̃(β1β2 + β3β4)

+ẽ(β1β4 + β2β3) + f̃(β1β3) + g̃(β2β4) + h̃(β1 + β3) + k̃(β2 + β4) + l̃ = 0 |�}�}�g�~����
N�O ã f3g�g3g�Q N \�R5_�P"Q1W N \�]eR�` N \�Q1RcXI`3� N \ N abYeRcXI`3Zj[�P"QE_�PbSVULW�XIY"Z;[�P"\�]"PvUA_�`3abPo\�Q�` N \�\�P"S�S3Pb_ N \�\�Y"P"Q

]"`�_�P"Q�Q N [�QEz
ã = 1 − CCh b̃ = (λL)3(SCh + CSh)

c̃ = λL(SCh− CSh) d̃ = (λL)4(1 + CCh)

ẽ = 2(λL)4CCh f̃ = −2(λL)6SSh

g̃ = 2(λL)2SSh h̃ = −(λL)7(SCh + CSh)

k̃ = (λL)5(CSh− SCh) l̃ = (λL)8(1 − CCh)� lmY"Z;[nU@Rc` N \�}�}�gC~���X�P"p�XIY"Q�P"\jRcP1[�\�P1W N X�avP1��Y"\�Y"X�U�S�PE_�PES	lmY"Z;[nU@Rc` N \x]oUAXcUA]eRcY"XI`3QIR�`3Z;[�P1p N [�Xd[�\�P
p N [�RcXIP-_�l��{[�S3P"X�r��kP"X�\ N [�S3S�`&g�� N avabP-\ N [�QkS	l�Uo� N \�Qk_�Y�����_�`�R"fM[�\�P-] N a i `�\nU�`�Q N \L_�P"Q βi _�P+�AU�S�P"[nX� Y"X N�N [�`�\��n\�`�] N XIX�P"Q�p N \�_���_�P"Q�] N \�_�`�R�` N \�Q�S�`3ab`�R�P"Q�]"S3U�Q�Q�`3Z;[�P"Q"g���U�X5PD��P"avp�S�P�f�X�P"p�XIP"\ N \�Q�SVU
p N [�RcXIPE_ N [ i S�P"avP"\jRKP"\�]oU�QIR�X�Y"Pbz�S3P"Q βi Q N \jRK`3]"`�`3\��n\�`�PeR^S	lmY"Z;[nU@Rc` N \x}I}�gC~��yP"QIRKX�Y"_�[�`wRcP5�Jz

ã = 1 − CCh = 0 |�}�}�g�~����
��PeRIRcPJY"Zj[nUAR�` N \�P"QIRb]"P"S�S3PJ]"S3U�Q�Q�`3Zj[�P"avP"\jRy[�Rc`�S3`�Q�Y"PJp N [�X�S&l�Y"Z;[nUAR�` N \�]oUAXcUA]eRcY"XI`3QIRc`�Z;[�PJ_�l�[�\�P

p N [�RcXIPEP"\�]oU�QIR�X�Y"PDrsP"\�]oU�QIR�X�Y"P�gh S3��U�]dPeR�U�S � hE¡�¢�£A¤ p�X N p N Q�P"\jRT[�\�PdQ N S�[�Rc` N \vp N [�X{`3_�P"\jR�`��nP"X{S�P"QT] N \�_�`wRc` N \�Q{S3`�av`wRcP"Q��1QcUo� N `3X
P"QIR�`3abP"X1S3P"QE] N Pe¥¦]"`�P"\jRcQ βi �JpnU�X§Rc`�X1_�P"Q1W�XIY"Z;[�P"\�]"P"QEa N _nU�S�P"Q"g¨��PeRIRcPvUA\nU�Sw©MQ�Pb`�\j��P"X�Q�Pb`�avp N Q�P
P"\ªW�U�`wR5S�P"QE«xp�X�P"ab`3u"XIP"Q1W�XIY"Z;[�P"\�]"P"QE_nU�\�QES&l�Y"Z;[nU@Rc` N \¬]oUAXcUA]eRcY"XI`3QIRc`�Z;[�Pb��Y"\�Y"XcUAS3P�f�]"PbZ;[�`{`�\�_�[�`�R
[�\xQI©;Q�R�u"avPE_�l�Y"Z;[nU@Rc` N \�QK\ N \xS�`3\�YoUA`3XIP"QK_�P1��UAX�`3U i S�P βi g h \xptP"[�R^p N Q�P"XdS3PEp�X N�i S�u"avPEpnUAXEz

f(β1, β2, β3, β4) = 0 |�}�}�g�~���
h \ª\�PyptP"[�R1p�X N [���P"X�S	lmPD��`�QIRcP"\�]"Py_�P�Q N S3[�R�` N \�Q1p N Q�`�R�`���P"Q1p N [�X�X�Y"Q N [�_�X�P�]"PyQI©MQIRcu"abP�g ®^\�P

UAp�p�S3`�]oUAR�` N \¯_�P°]"PeRIRcPªW N X�a�[�S3P°UA[±p�X N�i S�u"avP¬_�P�²�]"��[�`3XIP³�m²�]´ ¢ � ¤ Q�P"XcUµp�X N p N Q�Y"P°_nUA\�Q�S�P
]�¶nU�p�`wRcXIP5·�g
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Ô�ÕLÖ5×�Ø"× ÙvÚ�ÕjÛcÜIÝ+Þ	ßm×�ÕjÛcÝ"ÜIàeÛÐá�â+Þ3Ö5ÙvÚ;á�Ý"Þ�×3ãcÖAÛ�×3Ú�Õ½änÖAÜ�Ý"Þ3Ý"Ùbâ"ÕjÛcãTånÕ�×3ãÐätÚ�æ�ÜÐÙb×3â"æMçvØ"Ú�Ùbä�Ü�â"Õ�á�ÜIâ
Þ3âyØ"Ú�ÙvätÚ�Ü§Ûcâ"Ùbâ"ÕjÛ1á�ßmæ�Õ�âyätÚ�æ�ÛcÜIâyâ"Õ�á�Ú�ÙbÙ¦ÖAè�Ý"âyâeÛ1ätÚ�æ�Ü�Ú�é�Û�â"Õ�×3Ü�á�â"ã1ã�×3è�Õ ÖAæMçµê�á�Ýeë�Ú�Ü�ÙbÝ"â"ã)ì+á�â
ã�í;ÕjÛcî�ï"ã�â�ð;Ô�Õ¦ÖEánÖAÕ�ã�æ�Õvä�ÜIâ"Ùv×�â"Ü{Ûcâ"Ùbä�ã�ä�ÜIÝ"ã�â"ÕjÛcÝKæ�Õ�âKÝ"ñ;æ�×wò�ÖAÞ3â"Õ�Ø"âKÙ¦Ö@Ûcî�Ý"ÙvÖAÛ�×3ñjæ�â^á�âKÞ3ÖEÞ3Ú;ØoÖ�ó
Þ3×�ã�Ö@Ûc×�Ú�ÕLá�â-á�Ýeë	ÖAæ�Û�ã�æ�Ükæ�Õ�â-á�Ýeë�Ú�Ü�ÙbÝ"â�Ø"Ú�ÙvÙbâ-Þ&ß�×3á�â"ÕjÛ�×�ånØoÖ@Ûc×�Ú�ÕLá�â-ã�×3Õ�è�æ�ÞVÖAÜ�×wÛcÝ"ãkã�æ�Üká�â"ã�ã�×�è�ÕnÖAæMç
ôõ ð õ â"ãkä�Ü�×�Õ�Ø"×3ätâ"ãkÙvÖAÛ�înÝ"ÙvÖAÛ�×3ñjæ�â"ãk×3Õ�Õ�Úò�ÖAÕjÛ�ã1ê�Û�ÜcÖAÕ�ãIë�Ú�ÜIÙvÝ"â-â"ÕLÚ�Õ�á�â"Þ3âeÛIÛcâ"ãkâeÛ�Ö�ÕnÖAÞ�í;ãcâ+á�â-ãc×�ÕMó
è�æ�Þ3Ö�ÜI×�Û�Ý�ö á�×3Ùbâ"Õ�ã�×3Ú�Õ¬ë:ÜcÖAØeÛ�ÖAÞ3âbâeÛ5Ø"Ú�Ùvä�Þ�âDç�×�Û�ÝbÞ3Ú;ØoÖAÞ3âì�ã�Ú�ÕjÛ�ÖA×3Õ�ã�×{âDçMä�Þ3×�ñ;æ�Ý"ã5â"Õ¬á�ÝeÛcÖ�×�Þ>ÛcÚ�æ@÷IÚ�æ�Ü�ã
ánÖ�Õ�ãKæ�Õ�é�æ�ÛKá�ß�ÖAä�ä�Þ3×�ØoÖAÛ�×3Ú�Õ�øyÕ�Ú�Û�Ü�â1ä�Ü�Ú�é�Þ3ï"Ùbâ�ð Ô�Õ�ÖbÖAæ�ãcã�×�ÙbÚ�ÕjÛ�Ü�Ý1Þ&ß�×3ÕjÛ�Ý"Ü�àeÛKá�ß�æ�ÕxÞ�×3ã�ãcÖAè�â1ÕnÚ�Õ
Þ3×�Õ�ÝoÖ�×�Ü�â�ätÚ�æ�Ü-â"ãIÛ�×3Ùbâ"Ü-Þ	ßmÝeÛcÖAÛ�Õ�Ú�Õùâ"Õ�á�Ú�ÙbÙ¦ÖAè�Ý�ð$ú^Ú�Û�Ü�â�ÙvÝeÛ�î�Ú;á�â�æ�Ûc×�Þ3×�ã�â�Ø"âeÛ�Ú�æ�Û�×3Þ�Ø"Ú�ÙbÙvâ�æ�Õ�â
ò�ÖAÞ3â"æ�Ü�Ö�÷§Ú�æ�Û�Ý"â�öjätÚ�æ�ÜTá�×3ãIÛc×�Õ�è�æ�â"ÜTÞ�â^á�Ýeë	ÖAæ�Û�á�æ¦é�ÜIæ�×�ÛÐÖA×3Õ�ã�×nñ;æ�â^ätÚ�æ�ÜTâDçMÛcÜ�Ö�×�Ü�âKá�â"ã�×3Õ�ë:Ú�ÜIÙ¦Ö@Ûc×�Ú�Õ�ã
ä7â"Ü§Ûc×�Õ�â"ÕjÛ�â"ã�ã�æ�Ü�Þ3â"ã�Ø"Ú�Õ�á�×wÛc×�Ú�Õ�ã�Þ�×3Ùb×�Û�â"ã"ð�û�âÐÞ�×3ã�ãcÖ�è�âÐã�Ú�æ�ã�â"ÕjÛ�â"Õ�á�é�×3â"Õ�ã�æ�Ü�ñjæ�âÐÞ3âÐÙvÖAÛ�ÝoÜI×VÖAæ�á�ßmÚ�Ü�×»ó
è�×�Õ�â½â"ãIÛ�î�Ú�ÙvÚ�è�ï"Õ�â½âeÛ�ãcÖ�Õ�ã�á�Ýeë�Ö�æ�Ûoð õ Ö�Õ�ã�Þ	ßmÝeÛ�æ�á�â½á�ßmæ�Õ�ã�æ�×wòM×�á�ßmæ�Õ�â½ãIÛ�Ü�æ�ØeÛ�ænÜIâ�ö�Ú�Õ�ätÚ�æ�ÜIÜcÖA×�Û
æ�Ûc×�Þ3×�ãcâ"ÜdÞ3Öbá�Ýeë�Ú�Ü�ÙbÝ"âEá�âEÞ&ß�ÝeÛ�Ö@Û+øyÞ&ß�×3Õ�ãIÛ�ÖAÕjÛdÛ^Ø"Ú�ÙvÙbâEÜ�Ýeë�Ý"ÜIâ"Õ�Ø"âEätÚ�æ�ÜKÞ	ßmÝeÛcÖAÛ^øyÛ�ü ô ð

õ ß�ÖAæ�ÛcÜIâ"ã�Ú�æ�Ûc×�Þ3ã�ä7â"Ü§ë�Ú�Ü�ÙvÖ�ÕjÛ�ã�á�âvÛ�ÜcÖA×�Û�â"Ùvâ"ÕjÛ�á�æ�ã�×�è�ÕnÖ�ÞTâDç�×3ãIÛ�â"ÕjÛ½ý�Ô�Õ/ätâ"æ�Û�Ø"×�Û�â"Ü�Þ	ß�þÐÿ õ
ê&þTÙbä�×3ÜI×3ØoÖAÞÐÿ�Újá�â õ â"Ø"Ú�ÙvätÚ�ã�×wÛc×�Ú�Õ�ö¨Ú�æ õ Ý"Ø"Ú�ÙbätÚ�ã�×wÛc×3Ú�Õ ÿ�Ú;ánÖAÞ3â½þTÙbä�×3ÜI×3ñjæ�âìEñ;æ�×Tá�Ý"Ø"Ú�ÙbätÚ�ã�â
ÛcÚ�æ�Û�ã�×�è�ÕnÖAÞ{â"Õ°æ�Õ�âvã�Ú�ÙvÙvâbá�ßmæ�Õ¬Õ�Ú�Ù�é�Ü�âyånÕ�×Tá�âbØ"Ú�ÙbätÚ�ãcÖ�ÕjÛ�â"ã"ö á�âbÛ�íMätâ � ÿ�ó��>ÿ°ö�ÖAä�ätâ"Þ3Ý"â"ã
ÙvÚ;á�â"ã"ð��{ßmþÐÿ õ â"ãIÛkâ"ÕjÛ�×3ï"ÜIâ"Ùvâ"ÕjÛÐä�×3Þ�Ú�Û�Ý"â-änÖAÜÐÞ3â"ãÐá�Ú�Õ�Õ�Ý"â"ãÐâeÛoö;Ø"Ú�ÕjÛcÜ�Ö�×�Ü�â"Ùbâ"ÕjÛ�ø�Þ3Ö5ÛcÜ�Ö�Õ�ãIë�Ú�Ü�ÙbÝ"â
á�â��nÚ�æ�Ü�×�â"Ü Ú�æ�ÖAæMç1Ú�Õ�á�â"Þ�âeÛ�Ûcâ"ã"öoØ"âeÛIÛcâTá�Ý"Ø"Ú�ÙvätÚ�ã�×�Û�×3Ú�Õ5Õ�âTÜIâ"ä7Ú�ã�âTã�æ�Ü¨Ö�æ�Ø"æ�Õ�â{ë�Ö�Ùb×3Þ�Þ3â{á�â{ë�Ú�Õ�ØeÛc×�Ú�Õ�ã
ê	Ú�Õ�á�â"Þ3âeÛIÛcâ^Ùvï"ÜIâ�ö3ð�ð3ð�ìTá�ÝeånÕ�×�â-Ö5ä�ÜI×3Ú�Ü�×	ð��{ß�þ�ÿ õ ä7â"æ�ÛÐàeÛ�Ü�âKòMæ�â+Ø"Ú�ÙvÙbâ+Þ	ßmÝ"ñ;æ�×wòAÖ�Þ�â"ÕjÛÐá�â+Þ	ß�ÖAÕnÖ�ÞwíMã�â
â"ÕxØ"Ú�Ùbä7Ú�ãcÖ�ÕjÛ�â"ãKä�Ü�×�Õ�Ø"×3änÖAÞ3â"ãKÙvÖ�×�ã^á�Ý"á�×�Ý"â5Ö�æMçJãc×�è�ÕnÖAæMç�Õ�Ú�ÕxÞ3×�Õ�ÝÖA×3ÜIâ"ã"ð

ú+ÚAÛcÜIâkÛcÜIÚ�×�ã�×3ï"Ùbâ�änÖ�Ü§Ûc×�âdä�ÜIÝ"ã�â"ÕjÛcâ"Ü�Ö�á�Ú�Õ�Ø�Õ�Ú�Û�Ü�â�ä�ÜIÚ;Ø"Ý"á�æ�Ü�â�á�â�á�×3Ö�è�Õ�Ú�ãIÛc×�Ø�ã�æ�Ü>æ�Õ�â�ãIÛcÜIæ�ØeÛcæ�ÜIâ
âDç�ätÝ"Ü�×�Ùvâ"ÕjÛcÖ�Þ�â�á�â�Û�íMätâ�ätÚ�Ü§Ûc×�ñ;æ�â�ð��¨â"ã-×3Þ�Þ3æ�ãIÛ�ÜcÖ@Ûc×�Ú�Õ�ã�ã�Ú�ÕjÛ�×3ã�ã�æ�â"ã�á�â�Õ�Ú�Û�Ü�â�Þ3Ú�è�×3Ø"×�â"Þ�á�â�ÙbÚ;á�Ý"Þ3×»ó
ã�Ö@Ûc×�Ú�Õ�âeÛEá�ß�ÖAÕnÖ�ÞwíMã�âyá�Ýeò�â"Þ�Ú�ä�ätÝyã�Ú�æ�ã5ÿ�Ö@ÛcÞ3Ö�é�ð õ âyä�Þ�æ�ã"ö�Ú�ÕªØ"Ú�ÙbänÖ�ÜIâ"ÜcÖLÞ3Ú�ÜIã1á�ßmæ�Õªétâ"Õ�Ø)î�ÙvÖ�Ü
	
Õ;æ�ÙvÝ"ÜI×3ñ;æ�âvÞ3â"ã�Ùbâ"×3Þ�Þ3â"æ�ÜIâ"ã�ÙvÝeÛ�î�Ú;á�â"ã�á�â¦Þ�Ú;ØoÖAÞ3×�ã�Ö@Ûc×�Ú�Õ°énÖ�ã�Ý"â"ã�ã�æ�Ü�Þ	ß�ÖAÕnÖ�ÞwíMã�â¦â"Õ/Ú�Õ�á�â"Þ3âeÛIÛcâ"ã"ö¨ÞVÖ
á�×3Ùbâ"Õ�ãc×�Ú�Õ½ë:ÜcÖAØeÛ�ÖAÞ3â-Ú�æLÞVÖ�Ø"Ú�æ�ÜIé�æ�Ü�â+á�â-ÞVÖ�á�Ýeë�Ú�ÜIÙvÝ"â�ð�ûdÖAÜÐãc×tÞVÖ�ñ;ænÖAÞ3×wÛcÝ-á�â-Þ3Ö�á�Ýeë:Ú�ÜIÙvÝ"â-á�Ý"ätâ"Õ�á
á�æ�é�ÜIæ�×�Ûyá�âJÙbâ"ã�æ�Ü�âJâeÛyá�âLÞ&ß�Ý"Ø)înÖ�ÕjÛ�×3Þ�Þ3Ú�Õ�ÕnÖ�è�âJá�â"ãyá�Ú�Õ�Õ�Ý"â"ã"ö�ÞVÖùá�ÝeÛcâ"ØeÛ�×3Ú�Õ�á�âLá�Ýeë	Ö�æ�Ûyá�Ý"ätâ"Õ�á
â"ÕjÛc×�ï"Ü�â"Ùbâ"ÕjÛdá�â1Þ3ÖyÞ�Ú;ØoÖAÞ3×�ã�Ö@Ûc×�Ú�ÕJâeÛKá�â�Þ&ß�×3Ùbä7Ú�ÜIÛcÖ�Õ�Ø"â�á�æ�á�Ýeë	ÖAæ�Ûoö�âeÛdØ"â1ätÚ�æ�ÜkÛcÚ�æ�Ûcâ"ãdÞ�â"ãdØ"Ú�Õ�ånè�æMó
ÜcÖ@Ûc×�Ú�Õ�ã>Þ3×�Ùv×wÛcâ"ã{ätÚ�ã�ãc×�é�Þ3â"ã"ð�þ{Õbâ��7âeÛoö�×�Þ�â"ãIÛ{ä�Þ3æ�ã�ë	ÖAØ"×3Þ�âdá�â�á�ÝeÛcâ"ØeÛ�â"Ü>æ�Õbá�Ýeë	ÖAæ�Û{×3ÙbätÚ�Ü§Û�ÖAÕjÛ{ä�ÜIï"ã{á�â
Þ&ß�â"Õ�ØoÖ�ãIÛcÜIâ"Ùvâ"Õ�Û�ñ;æ�ß�æ�Õ�ätâeÛ�×�Û-á�Ýeë	Ö�æ�Û-ä�Ü�ï"ã-á�â�Þ&ß�âDçMÛcÜIÝ"Ùv×wÛcÝ�Þ�×3é�ÜIâ�á�ß�æ�Õ�â�ä7Ú�æ�ÛcÜIâ�ð$ú+ÚAÛcÜIâ�ÙvÝeÛ�î�Ú;á�â
á�ßm×�á�â"ÕjÛc×wånØoÖAÛ�×3Ú�Õ�á�âJá�Ýeë�Ö�æ�Û�Ûc×�â"ÕjÛyá�Ú�Õ�ØLØ"Ú�Ùbä�ÛcâJá�âLØ"âJä�Ü�Ú�é�Þ3ï"ÙbâJâ"Õ�â"ã�ãcÖoíjÖAÕjÛyá�âJè�Ý"Õ�Ý"ÜcÖAÞ3×�ãcâ"Ü
ä7Ú�æ�ÜdÛ�Ú�æ�ãKÞ�â"ãKØoÖ�ãKätÚ�ã�ã�×3é�Þ�â"ã"ð
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I

¥�ÀË�S¬
I = bh3

12

�Z§
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>@?BA4C�D9D�D1EGFIH�JLK8MON�P�Q*RTSUP�SUVXWYN�P�SUZ,[\Q*]^[�]^VXQ^_5N�`baT_,c\`*d9efS9ghQ^i*[�Q^`kj,c�l)]^P�Q^_hN�Q^`k_,K'N�SUN�c\K'_,`

mnSo[\K5i9S'[�c\`�SUN�c\K'_pj,MIj,]Yq:SUMONrg'SUP�c�Q^P�So[�Q�[�K8_,stj,Q�[GSoRuK8MON�P�Q�RuK8M,Prj,Q^Mwvxi^K8_,j,cyN�c�K8_,`r[\c�VXcyN�Q^`
z|{ mL}�~,��_,i9SU`�N�P�]^Q4��_,i9SU`�N�P�]^Q'�,���IQYNk��_,i9SU`�N�P�]^Q*m�c�Z,P�Q'�,��m��,mnS�N.SUc\[�[\Q�j,M�j,]Yq:SUMONbQ^`�Nbi^K8_,`�N�S'_5N�Q
QYN�[\Q�_,K'V�Z,P�Q�j���]^[�]^VXQ^_5N�`LQ^`�NL`�MO�X`�S'_5NLRuK8M,PLK'ZON�Q^_,c�PLj,Q�ZuK8_,`LP�]^`�M,[yN.S1N�` z����4�'� }��Um�Q^`LR,P�K'R,P�c�]YN�]^`
j,M�VXSUN�]^P�c\S'Mwv�`�K8_5N�� �*�'�'��� J�SO�

ρ = 7850kg/m3 ��QYN�[\S�s8]^K'VX]YN�P�c�Q�j,Q@[\S�R)K'MON�P�Q@Q^`�N�Z �4� � �'�h�
V��,� �4� � � d � V���m �4� �	� � V��

>@?BA4C�D�D�D1E\� H�¡�S'P�cGS1N�c�K8_¢Q^_�q;P�]^£�M,Q^_,i^Q¤j,M¢R,P�Q^Vrc\Q^P�VrK�j,Q¤j���M,_,Q¤RuK8MON�P�Q¤i^K8_5N�Q^_TS'_hN�M,_¢j,]Yq:S'MON
RTS'P�S'VrWYN�P�S'Z,[\Q*S'Mwv�i^K'_,j,c�N�c\K'_,`k[\c�VXcyN�Q^`kj,c�l)]^P�Q^_5N�Q^`*~T��� z Sh}��TQYN���m z Z�}

m�Q^`¤s'P�SUR,�,c\£5M,Q^`¤j,QX[\S¥aTs'M,P�Q§¦�¦�¦.��¨�VXQYN�N�Q^_5N¤Q^_t]Ygwc�j,Q^_,i^QX£�M,Qr[�Q^`¤i^K8_,j,cyN�c�K8_,`*[\c�VXcyN�Q^`*K8_5N
M,_,Q*c\_O©TM,Q^_,i^Q*RTSUP�N�c\i^M,[�c\W^P�Q4`�M,Pb[GSª[\K5i9S'[�c\`�SUN�c\K'_�j,M�j,]Yq:S'MON^�

« c�_,`�c�[\S¬RuQ^_5N�Q¢j,Q¢[\S¬j,]Yq;K'P�Vr]^QS¬M,_,Q¢c�VXRuK8P�N.SU_,i^Q¢`�c�s8_,cyaTi9SUN�c�g8Q¢`�M,P�[\S¬[�K�i9S'[�c\`�S1N�c�K8_ j,M
j,]Yq:S'MON^�uJ�S'P�Q�vwQ^VXR,[�Q'��[GSraTs'M,P�Q®¦�¦�¦.�	¨XVrK8_5N�P�Q¤£�M,Q¤[\Srg'SUP�c\SUN�c\K'_¢Q^_¢q;P�]^£�M,Q^_,i^Q�S'M,s'VXQ^_5N�Q�S�g8Q^i
[��¯c\VrR)K'P�N�S'_,i^Q�j,M�j,]Yq:SUMON�VXS'c�`�gUS'P�c\Q�`�Q^[�K8_�[\S¤[\K5i9S'[�c\`�S1N�c�K8_�j,M�j,]Yq:S'MON^����_0QYl)QYN�R)K'M,P�M,_,Q�VX°^VrQ
N.SUc\[�[\Q@j,Q@j,]Yq:SUMON9��c\[)Q^`�N�RTS'P�Q�vOQ^VXR,[�Q@R,[\M,`�q:SUi^c\[�Q@j,Q@[\Q@P�Q^i^K'_,_TSU±�N�P�Q�²�[:��Q�vwN�P�]^Vrc�N�]@Q^_,i9S'`�N�P�]^Q@i9S'P
[GS�g'SUP�c\SUN�c\K'_XQ^_rq P�]^£�M,Q^_,i^QkQ^`�N�R,[\M,`�s'P�SU_,j,Q'�5m�Q^`�j,]Yq;K'P�Vr]^Q^`�]YN.SU_5N�[\c�]^Q^`�²*[\S�q;P�]^£5M,Q9_,i^Q'�8K'_XR)Q^MON
`9��SUN�N�Q^_,j,P�Q¤²ri^Q*£5M,Q*_,K8`kc\_,j,c�i9SUN�Q^M,P�`kc�`�`�M,`kj,Q^`kj,]Yq;K'P�Vr]^Q^`bg'SUP�c�Q^_5Nkj,Q*[GSªVX°^VrQ¤VXS'_,c�W^P�Q'�
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Û�Ü'Ý,Þbß,à^á,ÝOâ�ã^Þkä^ãYâ�â�ã*åTæUÞ�â�ç\ã*Ü'è�é'æªÞ�ã^ßTàYêTè,ç�Þkè,Ü'ëkå,Þ�ç�è,ä^ç\åTæUì\ã^ëkè,ÜUâ.æ1â�ç�Ü8è,ë*í
îðï�ñ æUä^ò�Ý,ç\ë�çyâ�ç�Ü8è�ãYâbì ñ æ'èTæUì�ó�ë�ã4ôXÜ�ßTæUì\ã4åuã^Þ�ôXãYâ�â�ã^è5âbß ñ Ü8áOâ�ã^è,ç\Þ

YE õ ì\æ�ß,àYö;Ü8Þ�ôXà^ã*÷�øOåuà^Þ�ç�ôXã^èwù
â.æUì\ã�ú;å,Þ�ã^ôrç\ã^ÞbôXÜ�ß,ã�û�ü

îðï�ñ æ"ý�Ý,ë�â�ã^ôXã^è5â�æ9éhã^ä*ì\æªö;Ü'è,äYâ�ç�Ü8è¢æUèTæ'ìyó�â�ç\ò�Ý,ã*ß,ã*ì\ærß,àYö Ü8Þ�ôXà^ã*ß,Ü8è,è,ã
YL

ú ï ç\ë�ë�æ'þ'ã�û�ü
îðï ã^ëbâ�Þ�æ'è,ë�ö;Ü'Þ�ôrà^ã^ëkã^è�Ü8è,ß,ã^ì�ãYâ�â�ã^ë�ú;ÿ æ�é8ã^ì\ãYâ�ë.û ß,ã

YE
ãYâ

YL
ë�Ü8èhâ�Þ�ã^ë�å)ã^äYâ�ç�é8ã^ôXã^è5â

WYE

ãYâ

WYL

ü � è ß,àYêTè,çyâ�æ'Ý,ë�ë�ç
WSM = |WYE −WYL| õ ìGæ�ä9æUÞ�â�ã�ß,ã^ë�ë�ç\è,þ'Ý,ìGæUÞ�çyâ�à^ë�ß,ã^ë@ß,Ü8è,è,à^ã^ë

ö;ã^è��Yâ�Þ�à^ã^ë�ú:åuÜ'Ý,ÞkàYéwçyâ�ã^Þbì\ã^ëkã��)ãYâ�ëkß,ã*áuÜ8Þ�ß,ë.û�ü
îðï æIì\ç�þ8è,ãtß,ãtô�æ"øOç\ôXæIã�øwâ�Þ�æUç�â�ã^ë¢ß,ã

WYE

åuã^Þ�ôrãYâ¢ß,ãtä9æ'Þ�æ'äYâ�à9Þ�ç\ë�ã^Þtí
α

ì ñ ã�øOåuÜ8ë�æUè5â¢ß,ã
ï ç\å,ë�ä��,çyâ	�*ãYâ�
 ì�ã*ö;æ'äYâ�ã^Ý,Þkß ñ ç\è5â�ã^è,ë�ç�â�à'ü

îðï æ ì\ç�þ8è,ã$ß,ã$ô�æ"øOç\ôXæ ã�øwâ�Þ�æUç�â�ã^ë�ß,ã
WSM

åuã^Þ�ôXãYâ¥ß,ãoä9æUÞ�æUäYâ�à^Þ�ç\ë�ã^Þ$í
αM

ì ñ ãYøwåuÜ8ë�æ'è5â
�¢Ü�ß,ç�êTà*ß,ã ï ç�å,ë�ä��,ç�â�*ãYâ

AM
ì�ã4ö:æUäYâ�ã^Ý,Þbß ñ ç�è5â�ã^è,ë�çyâ�à��¢Ü�ß,çyêTà'ü

Û�Ü'Ý,Þ�ë�ç�ô�Ý,ì�ã^Þ�Ý,è,ãoæ'ä^ò5Ý,ç\ë�ç�â�ç\Ü'èðß,ã$ß,àYö;Ü'Þ�ôrà^ã õ è,Ü'Ý,ë¥ÝOâ�ç�ì\ç�ë�Ü8è,ë¥ìGæ ôXàYâ�,Ü�ß,ã$ß,ã^ë¥à^ì�à^ôXã^è5â�ë
êTè,ç�ë^üOÛ�Þ�ã^è,Ü'è,ë ì ñ ã�øOã^ôrå,ì\ã@ß ñ Ý,è,ã@å)Ü'ÝOâ�Þ�ã�÷�è,ä9æUë�â�Þ�à^ã�ùB÷�è,ä9æ'ë�â�Þ�à^ã@ß,ã@ì�Ü8è,þ8Ý,ã^Ý,Þ ï���� ô õ ß,ç�ë�ä^Þ��Yâ�ç�ë�à^ã
ã^è à^ì�à^ôXã^èhâ�ë�êTè,ç�ërú�� ������� û�ü ï�ñ æ'èTæUì�ó�ë�ã�ßOówèTæ'ôrç\ò�Ý,ã�ß,Ý ë�ó�ë�â�^ôXã

det(K − ω2M) = 0
åuã^Þ�ôrãYâ

ß ñ ã�øwâ�Þ�æUç\Þ�ã*ì\ã^ëbö;Þ�à^ò�Ý,ã^è,ä^ã^ë�ú;éUæ'ì�ã^Ý,Þ�ëkå,Þ�Ü8å,Þ�ã^ë.û ãYâkôXÜ�ß,ã^ë�ú éhã^äYâ�ã^Ý,Þ�ëkå,Þ�Ü'å,Þ�ã^ë.û�ß,ã*ìGæªå)Ü'ÝOâ�Þ�ã'ü

@ç�è,ë�ç�ã^è ä��TæUè,þ8ã9æUè5â�ì\à^þ��^Þ�ã^ôrã^è5â�ì\æ��TæUÝOâ�ã^Ý,Þ�ß,ã0ì ñ à^ì\à^ôrã^è5â��� õ Ü'è ö:æUç�â�é'æUÞ�ç�ã^Þ�ë�Ü'è ç\è,ã^Þ�â�ç�ã

ãYâ@ì\Ü�ä9æUì\ã^ôrã^è5â@ìGæ�ßTàYö Ü8Þ�ôXà^ã�ä��TæUè,þ8ã'ü"!wÝ,Þ@è,Ü'â�Þ�ã�ã�øwã^ôXå,ì\ã¥ú�#�ç�þ8Ý,Þ�ã%$$�$.ü ��� û õ ã^ì\ì�ã�ä��Tæ'è,þ'ã�ë�çLåuã^Ý
ò5Ý ñ Ü'è�è,ã*å)ã^ÝOâkß,ç\ë�â�ç\è,þ'Ý,ã^Þkì\ærß,àYö;Ü'Þ�ôrà^ã*ã�øOåuà^Þ�ç�ôXã^è5â�æ'ì�ã

YE
ß,ã*ì\ærß,àYö;Ü'Þ�ôrà^ã*ì\ç�ë�ë�à^ã

YL
ü

&('*),+�Ë�Ë�Ë1Ì�-/.1032@àYö;Ü8Þ�ôXà^ã*ã�øwå)à^Þ�ç\ôrã^è5â�æ'ì�ã*ë�ç\ô�Ý,ì\à^ã¤æ9éhã^ä*Ý,è�ß,àYö;æ'ÝOâkì\Ü�ä9æUì\ç�ë�à54
LD = 1.5

ô

� è¥åuã^ÝOâ ã^è,ë�Ý,ç�â�ã�ß,à^á,ÝOâ�ã^Þ�ì ñ àYâ.æUåuã � ß,Ý�ß,çGæUþ8è,Ü'ë�â�ç\ä@ò�Ý,ç)ã^ë�â ì�ã@â�Þ�æUç�â�ã^ôXã^è5â ß,ã^ë�ß,Ü8è,è,à^ã^ë ò5Ý,ã
ì ñ Ü'è�éwç�ã^è5â�ß ñ æ'ä^ò5Ý,à^Þ�ç�Þ^ü
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`badcfe�g	hjikc5cfa�el�hjgc5mon�p\q�a�r�ghsq�admshje	etfc
YL u q�l�v u q�lxwyq�hsv�r�n�mjrfl�mscfv�monzr�n�v�gc5{�cfe|ehja�}�l�msn�v�hjgtfe

WSM = |WYE − WYL| ~�� hs}�l�vc�������j��� ~ n���(nDw�cfr WYE = CWT (YE) ~�� hj}�l�v�c�����S�j��� ~�� ���(c�g
WYL = CWT (YL) ~G� hs}�l�vc�����S�j��� ~ n�����y`ba u cflxg�v�cfi�n�v�Yl�cfv�n�l���c8��gvtfizhjgtfe�mjcfe3c��Pc�g	e3{�c � q�v�{
~ mjc�r�n�msrfl�m�{�cfe,rfq/c��krfhscfaYgeb{��:q�a�{�cfmsc�g�g	cfebel�vbl�a�el u�u q�v�gbg��tfq�v�hs�/l�cfizcfaYg,hjax�_a�h�cfe�g � q�v�a�t�e	l�vmon�msq�a�}�l�cfl�v�{�l>e	hj}�a_n�mZ�

�s��� �j���
�(�*�,�_ � D V¡�¢£¢k¤�¥ vn�a�e�p\q�viztfc¦cfa�q�a�{�cfmsc�g�g	cfe�rfq�aYg	hja/l�c@{�cfe�{�q�a�a�tfcfe�mjhseetfcfe

YL ~ ny��c�g�{�cfe�{�q�a�a�tfcfec8� u tfvhjikcfaYg	n�mjcfe YE ~�� ���Y§b�¨cfeg@l�a�c�v�c u vtfecfaYg	n�ghsq�a�©�g	cfi u e�ª«pHvtf�/l�cfa�rfcy©b¬�cfa�n � erfhseec u q�hjaYg	e�{�cmon�{�t�p\q�v�iktfc,rfq�vv�cfe u q�a�{_n�aYg®�mon�msq�a�}�l�cfl�v¯{�c,mon u q�lxgvc ~ iU��°�cfa<q�v{�q�a�a�tfc�±²q�}y³�{�c,m��:tfr���cfmjmsc��
`ba u cflxg¯{�tfeq�v�i�n�hse u v�q/rftf{�cfv¯´mG�¨t�gSn u cb{�cbmjq/r�n�mjhse	nVg	hjq�aµc�g�lxghsmjhsecfv¶a�q�g	v�c,n�mj}�q�vh·g	��izc u q�l�vc8��g	vn�hjvc�msn¸mjhs}�a�c�{�c�i�nJ�xhsikn ~�� hj}�l�v�c ����S�s�D³ ~\� ����®§¶c�ggc¹t�g	n u c u cfvizc�g>{�cLw�n�mjhs{�cfvºmon�msqVª

r�n�mjhse	n�ghsq�a»{�l¼{�t�p�n�lxg u msl�eµp�n�rfhjmscfizcfaYg<�/l��¨cfa»lxghsmjhse	n�aYg<mG�¨c8��gv	n�r�g	hjq�a¼{_cfeºmshj}�a�cfeº{�c�iknV�xhji�n
{�hsv�cfr�g	cfizcfaYg®el�v�mscfe�{�q�a�a�tfcfe�c8� u tfv�hsizcfaYgSn�mscfef�

�s�8� �·���
�(�*�,�� � D V¡�¢�½»¤ §�n�v�gc�{�cfe�ehja�}�l�msn�v�hjgtfe,¾À¿�Á ~ n��(c�g�mjhs}�a�cz{�c�iknV�xhji�nµc8��g	vn�h·g	c ~ r�n�v�vt�wycfvÂg��
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70GPa, 2700kg/m3 �5ïAõYúYúSó!éBíAî8ð�ïAõYúYú+ó"é¥íKî8ð!þ6�Dô � ó"ê�í�ïAõYé�ñÕòt�'ë!õ'éBðo}�}�}�þD~� � òF�IýqõYð
y�ó"ôYë{ð]í�ò�ñÌó!ôqí�õ.íKêrñ�êrïKîZõYôYð��`ò!êrûYñ�ðZéBî8ïKó!ñ�õ.íAê�ó!ôFïAú'ò�íAêÕò�ñ�ð � ~F�uúSó!ê�ô�íKï�ïAõYé.�!þ�3dü��tA�y�òFEF3�I<þ

ÿ�÷0ð��_úSð8é¥í�ú+ð8õ.í�ò!ô'ò�ñ�
XïAð$é�ìYê�éBð8ù]íKð8ü{ð8ôqí�ù8ð]íAíAð�ù8ó"õYéBûSð�ð8ô�ìYêrïKò!ôqí ú'ò!é ð��_ð8üoúYñ�ð�ýXõYð�ñ�òoñ�ê�ò!êrïKó!ô
ìYð½ñW÷0ð��_íAéAî8ü{êríAî½ìYéBó"ê�íKð½ìYð�ñÕòÖú+ó"õ.íAéAð�ð8ïBí�üoó!ê�ôYï�éBê�ë!ê�ìYð�ýXõYð½ù8ð8ñrñ�ð�ìYð½ë�ò�õYù��Yð!þ8��÷¢ò�õ.íKéBð½ú'ò!é¥í+�
ìYð8õ�Îù��'ò!ôYë!ð8üoð8ôqíAï{ìYðVù8ó"õYéBûYõYéAðVúSð8õ � ð8ôqí{ø]íAéAðVê�ôqíAð8éAúYéBî]íKî8ïuù8ó"ü{üoðVñÕòPúYéBî8ïAð8ôYù8ð�ìYð�3��8ó"ôYð8ï
ð8ôYìYó"ü{ü�ò�ë"î8ð8ï � ò�õ.íKó!õYé�ìYð�E.þ���ð]í�E.þ��!ü9�Hþ#ÿÌð8ï�ò!õ.íAð8õYéAï�ñ�óqù$ò!ñrê�ïAð8ôqí�ù8ð8ú+ð8ôYì'ò�ôqí�õYôÖïAð8õYñ�ìYî��Wò!õ.í
ò!õ.íAó"õYé\ìYð'E.þ��\�Zü��'ò � ð8ùZúSó!õYé�ù$ò�éKò�ù]íKî8éBê�ïBíAê�ýXõYð c/h = 0.5 ïAõYé WD = 3cm

� ïAó!êrí�ì�}Q��E.þ��|3��F�?þ
�Dô�éAð8üoò!éBýXõYðDïAõYé�ñ�ò��'ë"õYéBðm}�}�}�þD~� � û���ýqõYðDñ�ò�ñ�êrë"ôYð�ìYðDüoò��.êrü�ò � ð8ô�ó"éAò!ôYë!ð���ïKð�ïAêríAõYðDûYêrð8ô

ò!õ��ò�ñ�ð8ôqíAó"õYéBï#ìYð7�FE�E üoü ð]í#ýXõ�÷0êrñ{
�ò ìYð8ï×ð��:ð]íAï#ìYð�û+ó"éBì�þH�*ð8ñ�ò ê�ôYìYõYê�í#ì�÷0õ.íAê�ñrê�ïAð8é×õYô�ò!ñrë"ó!éAê�í��Yü{ð
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α
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0 < α < 1
Ñ�ß
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WY E
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×�Ë�Ì�ÏFÙ�Ç�½�Â�Ë�Í�¿)×tÐ�ãéË�Ï�Ù�Â�Äðä�ä�ä�ß�å{æ9Ð®Õ�Ñ�Ñ�ßñBÌ�Ä4Ô+½�ÂQÍ�Ä4¾�Ä)×7Ã=½�È\Ë�Ã9½'×�Ä)Ù�Ë�Ç�Ç�¿)×7ÉÊÄ)Ù\Í7ÉÊÄ+Â�Ã=Ä�Í�Í�Â�Ä4¾uÖ�½HÍ�Í�¿)ÌKÙ�Ä)Â
Ç�Ä)×@Ç�Ë�ÏFÌ�Ä)×@¾�Ä.Ã=½�È\Ë�Ã9½ÅÉM½�Â�½�×�Ë	Í�Ä)×)ß
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³�´�µ�¶�·�¸L¹�³	º°»	³�¼�º�¹�·�½)¾�³�¿UÀ5Á�¾ÃÂ2µO³&½B·Y½B³�Ä"Å�º�·�Å�½�·�À"ÁÆÅ�¹½BÀ"¹�º°¾�³�¶�Å�¿UÀ5Á�»&½�·�À"ÁÇ¶�·�È�È�É	³iÊ�ËHÌ�À"¹�È�ÅFÄsÀ"Á�È
¹½�·�¶�·�È�ÉR»	³&½�½�³�º�É	È�À"¶�¹½�·�À5Á�µOÀ5¹�º+Í&½Bº�³�µ�º�À[»8Î�³�¾�³�¶2Ï:É	»8ÎSÅ�Á[½�·�¶�¶�À"Á�ÁSÅ"Ð"³�¹½B·�¶�·�È�É�µSÅ�ºWÑcÀ5¹�ÒXÅ°³&½WÅ"¶"Ó}³	Á
³&ÔA³&½	Õ�·�¶�Èp¹½B·�¶�·�È�³	Á[½qÖ5×0µOÀ"·�Á[½�Èq¾�³CØ�³	È�¹�º�³CÈ�¹�ºq×�Ë�Ù�ØÚØ�Å"·�Èp·�¶�È�Å�¹�Ð5Ø�³	Á[½B³	Ás½�Å�º�½�·�ÛS»	·�³	¶�¶�³	Ø�³	Á[½p¶PÅ
º�É	È�À5¶�¹½B·�À5Á0ÅFÄs³	»+¹�Á�³=·�Á[½�³	º�µOÀ"¶PÅX½B·�À5Á�µSÅ�ºKÈ�µ�¶�·�Á�³	È3Ü�¹�È�¸L¹}Ï:Ý�Ù"Þ5×RµOÀ5·�Á[½BÈ}ÓS¶�Å�µ�º�É	»	·�È�·�À5Á�¾�³=¶2Ï�Å�ÁSÅ"¶Yß�È�³
³	Á�À"Á�¾�³	¶�³&½�½B³	ÈK³	È�½\Å"·�Á�ÈB·�Å"¹�Ð"Ø�³	Á[½�É	³"Ë

à Åp¸[¹SÅ"Á[½�·�ÛS»FÅX½B·�À5Á�¾�³	Èr¾�É&¿UÅ"¹½�È�¾�À"Á�Á�³�¾�³	Èrº�É	È�¹�¶Y½�ÅX½BÈrÈBÅX½B·�È�¿UÅ"·�È�Å�Á[½�È!Â2³	º�º�³	¹�º�Èr¾}Ï:·�¾�³	Á[½B·YÛS»FÅ�½�·�À"Á
·�Á¿UÉ	º�·�³	¹�º�³	ÈcÝ 10% ÊHµOÀ5¹�º\¶�³	È!á�³�´�³	Ø�µ�¶�³	È�É&½�¹�¾�·�É	È	Ë à ³Wº�É	È�³FÅ�¹Z¾�³WÁ�³	¹�º�À"Á�³	ÈcÅ�¾�À5Á�»W¼�·�³	Á0º�É	¹�È�È�·
ÝRÐ5É	Á�É	º�Å"¶�·�È�³	ºH¾SÅ"Á�ÈK¶�³	Ècá�»FÅ"ÈpÂU»&¿�½�Å�¼�¶�³FÅ�¹�â�â�â�Ëãá"Ê�Ë

ä ÁCº�É	È�¹�Ø�³"Õs¾SÅ"Á�Èh¶�³K½BÅ"¼�¶�³FÅ�¹C»	·V¾�³	È�È�À5¹�È	Õ[¶�³	È|á+³&´�µOÉFº�·�³	Á�»	³	Èh³	Á�½B³	º�Ø�³\¾�³\º�É	È�À"¶�¹½�·�À"Á}Õ[µ�º�À�½BÀXå
»	À"¶�³K³�´µO³	º�·�Ø�³	Á[½�Å�¶yÕ5µSÅ"º�Å"Ø�æ&½Bº�³\¾}Ï:Å"ÁSÅ�¶�ßLÈB³K³&½�º�É	È�¹�¶�½BÅ�½�È�À5¼½�³	ÁL¹�Èh³	Á�»	À"Ø�µSÅ�ºBÅ�·�È�À"Á�ÅFÄs³	»K¶2Ï:³�´�µA³	º�½FË
ç Á�»	À"Ø�µSÅ�ºBÅ�·�È�À"ÁèÅFÄs³	»C¶�³	Èpº�É	È�¹�¶�½BÅ�½�Èq¾�³C¶PÅ0¼�·�¼�¶�·�À5Ð"ºBÅ�µ�Î�·�³Zé:ê�Å5×5á�Õ�Ñ!Å5×�Ö"ërÁ�À�½Bº�³�Ø�É&½BÎ�À[¾�³�È	Ï:³	È�½
ÅFÄ5É	º�É	³�Å"¹�È�È�·xÛVÅ�¼�¶�³�Å�¹'Á�·YÄs³FÅ�¹?¶�ÀL»FÅ�¶�·�ÈBÅ�½�·�À"Á'Ø�Å"·�È=¼A³FÅ�¹�»	À5¹�µ?µ�¶�¹�ÈWº�À5¼�¹�È�½B³�Å�¹'Á�·YÄs³FÅ�¹?¸L¹SÅ"Ás½B·ìå
ÛS»FÅX½B·�À5Á}Ë ç Á�³&ÔA³&½FÕAê�À"Á�Ð�³&½+Å�¶�é*êcÅ"×sáuë3Á�³qµ�º�À"µOÀ5È�³	Á[½c¸L¹}Ï:¹�Á�³q»	À"º�º�É	¶PÅX½B·�À5Á�³	Á[½�º�³q¶2Ï:³�´�µAÀ"ÈBÅ"Á[½c¾�³
à ·�µ�È�»8Î�·�½�íR³&½+¶yÏ*·�Ø�µAÀ"º�½BÅ"Á�»	³R¾�¹�¾�É&¿UÅ"¹½�Â2µOÀ5¹�º!¹�Á�³RµOÀ5È�·Y½B·�À5Á�¾�³R¾�É&¿2Å�¹½+¾�À5Á�Á�ÉR³&½+¾�³	È+º�É	È�¹�¶�½BÅ�½�È
·�È�È�¹�Èq¾�³�È�·�Ø�¹�¶�Å�½�·�À"Á�É	¶�É	Ø�³	Ás½BÈWÛSÁ�·�È�Ê�Ë�ÑcÀ5¹�ÒXÅ0³&½�Å�¶�ÄsÀ5Ás½qµ�¶�¹�Èp¶�À"·�Áî³&½q·�¾�³	Á[½�·�ÛS³	Á[½p¶�³�¾�É&¿UÅ"¹½�Ý
µSÅ�º�½�·�ºK¾}Ï*¹�Á�³W¶�À"·oµOÀ5¶Yß�Á�ï"Ø�·�Å"¶�³W³	Á[½Bº�³W¶�³=¿2Å�»&½B³	¹�ºK¾}Ï:·�Á[½B³	Á�È�·�½�ÉWðñ³&½�¶�Å�µ�º�À"¿©À5Á�¾�³	¹�ºK¾�¹0¾�É&¿2Å"¹½	ËSâò¶�È
³	È�½�·�Ø�³	Á[½�¹�Áè¾�É&¿2Å�¹½�¾�³)ó�×sôÚÅ�¶�À"º�È�¸[¹�³�¶yÏ*·�Ø�µOÀ5º�½�Å�Á�»	³�º�É	³	¶�¶�³�³	È�½�¾�³°Ù5×�ô�Ë�âò¶�È�³�´µ�¶�·�¸[¹�³	Á[½�»	³
¼�·�Å"·�ÈHµSÅ�º|¹�Á�³!³	È�½B·�ØCÅX½B·�À5Á?Â2³�´µOÉ	º�·�Ø�³	Á[½�Å�¶�³iÊr³	º�º�À"Á�É	³!¾�³+¶2Ï:³�´�µAÀ"ÈBÅ"Á[½H¾�³ à ·�µ�È�»8Î�·Y½Bí!³&½H¾�¹�¿2Å�»&½B³	¹�º
¾}Ï*·�Ás½B³	Á�È�·�½�É=¸L¹�·�ÅR½�³	Á�¾SÅ"Á�»	³WÅ�Å"¹�Ð"Ø�³	Á[½�³	ºK¶2Ï:·�Ø�µOÀ5º�½�Å�Á�»	³=¾�³=¶PÅRÈ�·�Á�Ð"¹�¶PÅ�º�·Y½BÉ"Ë

ç Áq»	À5Á�»	¶�¹�ÈB·�À5Á}ÕX¶�·�Ø�·�½�³	º�¶�³r¼�º�¹�·Y½xµO³	º�Ø�³&½3¾}Ï:À"¼½B³	Á�·�º�¹�Á�³�»FÅ�º�½�³�¾�³	È3È�·�Á�Ð5¹�¶�Å"º�·�½�É	È3ÈBÅ�½�·�È�¿2Å�·�ÈBÅ"Ás½B³"Õ
Ý!»	À5Á�¾�·Y½B·�À"Á�¸L¹�³H¶yÏ*À5Á�ÈBÀ"·�½n³	Á�ÎSÅ�¹½B³Hº�É	È�À"¶�¹½�·�À"Á�È�µSÅX½B·�Å"¶�³"Ë5ðc·�Á�È�·�¶�Å+¾�É&¿UÀ"º�Ø�É	³K¾�³Kê�À"Á�Ð=³&½hÅ"¶�ÅiÄ5³	»
¹�Á�³cº�É	È�À5¶�¹½B·�À5Á�¾�³!ÙsáLËãóWµAÀ"·�Á[½�È�õ�ØöÁ}Ï:³	È�½|µSÅ�È�È�ÅX½B·�È�¿2Å"·�ÈBÅ"Á[½�³cµOÀ5¹�º�Á�À�½Bº�³cØ�É&½�Î�ÀL¾�³"Ë�÷�·O¶PÅq¶�·�Ð"Á�³c¾�³
Ø�ÅX´�·�Ø�Å)³�´·�È�½B³�È�¹�º=»	³	È=º�É	È�¹�¶Y½�ÅX½BÈ	Õ}À5Á?µO³	¹½WÈ�³�¾�³	ØCÅ�Á�¾�³	ºWÅFÄs³	»�¸[¹�³	¶�¶�³�º�É	È�À5¶�¹½B·�À5Á?¶�³	ÈpÅ�¹½B³	¹�º�È
¶2Ï:À"Á[½KÀ5¼½�³	ÁL¹�³CÂ2ÈBÅ�Á�ÈK¾�À5¹½�³pÅFÄ5³	»=¹�Á�³=·�Á[½�³	º�µOÀ"¶PÅX½B·�À5ÁVÊ8Ë
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Ninterp 5 /�����/���� 6 3	4+7 8 ��9�� :,'����<;
Ninterp = �+�*� :,��� > 4 > 8 ��9�� :,'����?; > 4	3 8 ��9��,: '����<;
@BA����+�,/���:,�+' 8 9C�	: 'D���<E��F; 3 >�GIH J 3	7$.�/����#�*A����	� /���: �	' 8 9K�	: 'D���<E��F; 5 /�����/���� 6 J 3+7	7$.�/����#�*A����	� /���: �	' 8 9K�	: 'D���<E��F; = �+�*� :,��� >1L 3 4NM	M
= ��O+��'�'P	(	�%Q�@2Q�� H 6
@BA�R�A�����'�S�� 6 J
T S?U����,� ��� 7�VXW 7�V JZY
�)����/�"��[R���A�\D/���'�S��

4.3416 ≤ 4.73
8 ∼ ]�] ;

2.3 ≥ 1.87
8 ∼ ^)_ ;

c/h 7 G`H 7 G 3
c/h

:,"���'D��:,aPA 5 /�����/��*� 6 7 GIH
dI 7 G,J�>	H 7 G 3 LDH
dI

: "���'N��:baPA = �	���,: ��� 7 G,J�>	> 7 G 3+M
5dc :,�B"��#�feg�ih�9K���*� >[j��	'���� J%j��	'��
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"��+'�'��x"����F��A���/��b�<1�������*���y9��*�qS?U����F"��xS���/�hz"��{$&�	'�(|���}��2���}-.�+/�01~���}	��Gsrs��9C��'�"P�'D�y�,�
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Ä�ÅÇÆ�È�É�Ê�ÅÇË�Å�É�É�ÅÇÌ�Å�Ë�É�Í Î	ÏÐÅ�Ì*É�Ê�ÑIÒ�ÏPÒ	ÓbÔ�Ì�Å�Õ!Ê�Å�Ì!Ì*É�Õ*È�Ë�É�È�Õ*Å�Ì�Ö×Ë�Î+Ø!Ù�Ó ÅiÚ�Í,É�ÛoË�Õ*Î+Í,Ì�Ì�Ò	ÏDÉ�Å	Ü)Ý&Î	È�Ì

Û�É�È�Ê�Í Å�Õ*Î+Ï�Ì�Ê�Î+Ï�ËoÅmÏzÙ�Õ�Å�Ø!Í Å�Õ�Ó,Í Å�ÈzÈ�Ï�ÅxÙKÎ+È�É�Õ�ÅoÅ�Ï�ËmÒ	Ì*É�Õ*Û�Å{ÒmÞ+Å�ËxÈ�ÏßÊ�Û�à�Ò	È�ÉFÓ,ÎqËmÒ	Ó,Í Ì�Û	á)Ù�È�Í,ÌFÈ�Ï
ÙKÎ	Õ*É�Í âqÈ�Å#Ê�Î	È�Æ�Ó Å�Ø!Å�ÏDÉBÅ�Ï�Ê�Î+Ø!ØFÒ�ã+Û	Ü

ämäZä1å�æ�å ç�åfè é�êKë�ìmí�î{îqïñð+òPó�ìmí�ôDî¯îqïöõø÷Çù
Ä�Å}Ù�Õ�Å�Ø!Í Å�ÕuÅiÚ�Å�Ø!Ù�Ó Å}ÅiÚ�ÙKÛ�Õ*Í Ø!Å�ÏDÉ<Ò�ÓsÅ�Ì*É[È�Ï�Å}Ì�Í Ø!Ù�Ó Å}ÙKÎ+È�É�Õ�Å}Å�ÏÐú{û�üþý¬úxÅ�Ê�Í,È�Øÿû�Å�Ï�Ì�ÍbÉ²Ô

üñÍ,ÆCÅ�Õ�á�ÆKÎ	Í ÌÇÕ�Å�Ë�Î	Ï�Ì*É�ÍbÉ�È�Û~Ö ÆPÒ	Ì�Å×Ê�Å � Æ�Õ*Å�Ì��}Ê�Å���Ü��	� Ø Ê�Å×Ó,Î+Ï�ã	È�Å�È�ÕoÒmÞNÅ�Ë È�Ï Ê�Û�à�Ò	È�ÉÇÌ�Í,É�È�Û
Ò�È�É�Î	È�Õ&Ê�Å
��Ü�����Ø Ê�ÑgÈ�Ï�Å�Ó�Ò�Õ�ã	Å�È�Õ.Ê�Å�uØ!Ø Ì�È�Õ��yØ!Ø Ê�Å�Ù�Õ*Î	à�Î+Ï�Ê�Å�È�Õuý�Ê�������Ü������iÜCÄ�ÒyÌ�Å�Ë�É�Í Î	Ï
ËmÒ�Õ�Õ*Û�ÅxÅ�Ì*ÉyÊ�Å

0.025 × 0.025m2 ÜÃÄ�ÅxØ�ÎDÊ�È�Ó ÅxÊ�Ñ��ÃÎ	È�Ï�ã|Å�Ì*ÉyÙ�Õ*ÎqË���ÅxÊ�Å��������|ú���Ò|ÒmÞ+Å�ËxÈ�Ï�Å
Ê�Å�Ï�Ì�ÍbÉ�ÛyÊ�Å
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Õ�Ò	Ù�ÙKÎ	Õ*É2Ö!Ó Ò!Õ*Û�à�Û�Õ�Å�Ï�Ë�Å	Ü
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YL = 0.255cosh(3.719x) − 0.255sinh(3.719x) − 0.175cos(3.719x) + 0.869sin(3.719x)
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