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Résumé

Nous donnons les grandes lignes d’une démonstration de la conjecture de Goncharov et Manin qui prédit que les périodes
relatives des espaces des modules 9 ,, des courbes de genre 0 avec n points marqués sont des valeurs zé&tas multiples. Pour citer
cet article : F.C.S. Brown, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
© 2006 Académie des sciences. Publié par Elsevier SAS. Tous droits réservés.

Abstract

Multiple zeta values and periods of moduli spaces ‘)510, n- We sketch a proof of the conjecture due to Goncharov and Manin
which states that the relative periods of the moduli space 91 , of Riemann spheres with n ordered marked points are multiple zeta
values. To cite this article: F.C.S. Brown, C. R. Acad. Sci. Paris, Ser. I 342 (2006).
© 2006 Académie des sciences. Publié par Elsevier SAS. Tous droits réservés.

Abridged English version

Let n =¢ 4 3 > 4, and let 9y, denote the moduli space of curves of genus 0 with n marked points. There is a
smooth compactification 97?0,,,, defined by Deligne, Knudsen and Mumford, such that the complement 97?0,,,\93?0,,, is
a normal crossing divisor. Let A, B C 97?0,,, \9MNy., denote two sets of boundary divisors which share no irreducible
components. In [8], Goncharov and Manin show that the relative cohomology group H 8(97?0, 2\A, B\B N A) defines
a mixed Tate motive unramified over Z.

Now letny, ..., n, € N, and suppose that n, > 2. The multiple zeta value ¢ (ny, ..., n;,) is
1
¢y, .. np) = Z W (1)
O<kj <<k, 1 Tt

Its weight is the quantity nj + - - - + n,, and its depth is the number of indices r. A very general conjecture [7] claims
that the periods of any mixed Tate motive unramified over Z are multiple zeta values. In the case of motives aris-
ing from moduli spaces My ,,, this says the following. Consider a smooth compact real submanifold X g C ﬁjto,n\A,
whose boundary is contained in B, and let w4 € .{25(9770, 2 \A) denote an algebraic form defined over QQ, with singu-
larities contained in A. In [8], Goncharov and Manin conjecture that the integral

Adresse e-mail : brown@clipper.ens.fr (F.C.S. Brown).
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is a rational linear combination of multiple zeta values and the constants (2i)*, which are of weight k.
Theorem 0.1. [ 1] The integral I is a Q[2ix ]-linear combination of multiple zeta values of weight < £.

This lends significant weight to the conjecture on the periods of all mixed Tate motives unramified over Z. The
rough idea of our method is as follows. The set of real points g , (R) is tessellated by a number of open cells X,
which can naturally be identified with a Stasheff polytope, or associahedron. We can reduce to the case where the
domain of integration in (2) is a single cell X,,. The key is then to apply a version of Stokes’s theorem to the closed
polytope X, C 97?0,,,(}1%). Since each face of X,, is itself a product of associahedra X, % Xp, we repeatedly take
primitives to obtain a cascade of integrals over associahedra of smaller and smaller dimension. In order to do this, we
need to construct a graded algebra L(p ,) of multiple polylogarithm functions on 9% , in which primitives exist.
At each stage of the induction, the dimension of the domain of integration decreases by one, and the weight of the
integrand increases by one. At the final stage we evaluate a multiple polylogarithm at the point 1, and this gives a
linear combination of multiple zeta values. This approach for computing periods works in much greater generality,
and our results should extend without difficulty to the case of configuration spaces related to Coxeter groups.

1. Introduction

Soient ny, ..., n, € N, et supposons que n, > 2. La valeur z&ta multiple ¢(n1, ..., n,) est la somme

1

(... np) = W
O<my<---<m, 1 r

Son poids est la quantité ny + - -- + n,. Soit Z le Q-espace vectoriel engendré par ces nombres. On démontre que
c’est une algebre filtrée par le poids [14]. Nous dirons que la constante 2inr est de poids 1.

Soitn > 4, et soit Ny , I’espace des modules des courbes de genre 0 avec n points marqués. Il y a une compactifica-
tion lisse 9710,,1 due a Deligne, Knudsen et Mumford [4] telle que 97?0,,,\9710," soit un diviseur a croisements normaux.
Soient A, B C 97?0,”\9320, » deux ensembles de diviseurs qui se rencontrent en codimension 2. Soit X C 97?0,”\14 une
sous-variété réelle compacte lisse de dimension £ dont le bord est contenu dans B, et soit w4 une {-forme réguliere
sur My ,, a coefficients dans Q dont les singularités sont contenues dans A. Le théoréme suivant a été conjecturé par

Goncharov et Manin [8].
Théoreme 1.1. [1] La période fX w est un élément de ’anneau Z[2ir], de poids au plus dim X.
Quelques résultats partiels dans cette direction ont été obtenus par Terasoma [13] (voir aussi [12]).
2. Eclatements partiels de ’espace des modules My, n, et intégrales des périodes
Soit n > 4, et soit S = {s1, ..., s,} un ensemble a n éléments. Notons My s 1’espace des modules des spheres de
Riemann avec n points marqués par les éléments de S. C’est la variété
Mo.s = {(zx)seg: zs € P!, deux a deux distincts}/PSLz,

ol PSL; agit par transformations homographiques sur P!. C’est une variété affine de dimension £ =n — 3. Une
structure diédrale § sur S est une identification des éléments de S avec les sommets (ou les c6tés) d’un n-gone
régulier. Notons (S, §) ce polygone, D(s 5 son groupe de symétrie diédrale, et xs s I’ensemble de ses cordes. Nous
dirons que deux cordes {i, j}, {k, !} € xs.s se croisent si elles possedent un point d’intersection a I’intérieur de (S, ).
A chaque corde {i, j} € xs,5 on associe une coordonnée diédrale qui est le birapport (symétrique en i et j) :

(zi —zj+1)(@i+1 — 2j)
(zi —2j)@it1 — 2j41)

uij=[i+1]j+1j]1=
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ol nous identifions I’indice i et le point s; pour 1 < i < n. C’est invariant par I’action de PSL; et définit une fonction
uij Mo, s — P'\{0, 1, cc}. On obtient de cette maniére un plongement affine :
Wiji. jyexs.s - Mo,s —> A=)/,

Notons 9)”(8 g la cloture de Zariski de son image. Nous démontrons dans [1] que c’est un schéma lisse défini sur Z,

et que ’on a une inclusion My s C zmg s C 97?0,5. Le complémentaire ‘)ﬁg <\Mo, s est un diviseur a croisements
normaux, dont les composantes irréductibles sont les D;; = {u;; =0} ou {i, j} € xs.5.

2.1. Points réels et associaedres

Considérons I’ensemble des points réels My s(R). A chaque structure diédrale § on associe une cellule
Xs5= {0 <u;j <1: pourtout {i, j} € XS,S} C Mo, s(R).

C’est une composante connexe contractile de 9t _s(R). L’ensemble des X s 5 lorsque § parcourt I’ensemble des n!/2n
structures diédrales sur S donnent un pavage de la variété réelle My s(R). La cellule fermée

Xs,5={0<u;; <1: pourtout {i, j} € xs.5} C img,s(R),

est une variété a coins, et c’est un modele algébrique de I’associaédre ou polyedre de Stasheff. Ses facettes F;; =
X 5,5 N {u;; = 0} sont indexées par les cordes {i, j} € xs 5, et deux faces Fj; et Fy; se rencontrent si et seulement
si {i, j} et {k, [} ne se croisent pas. Si I’on coupe le polygone (S, §) le long d’une corde {i, j}, il se décompose en
deux sous-polygones (S, 1) et (S2,8) avecr + 1 et n —r 4 1 cotés. On peut déduire directement des coordonnées
diédrales qu’il y a une décomposition des diviseurs et des facettes :

~ gy 5 N = -
Djj =My, x M. cequiimplique que  Fij = Xg,.5, X X556, 3)

En itérant, on déduit que les sommets de X 5 sont indexés par les triangulations de (S, §).
2.2. Intégrales des périodes

11 existe une unique (a multiplication pres par un scalaire rationnel) £-forme réguliere ws s sur 9o s qui n’a ni
poles ni zéros le long des diviseurs D;;, pour {i, j} € xs,s. Elle est invariante par I’action du groupe Ds s).

Proposition 1. Soit o = (o) (i, jyexs s Un ensemble d’indices, on o € Z. L'intégrale

Is () = / [] =« s “

{i,jtexs.s

converge si et seulement si o;; = 0 pour tout {i, j} € xs,s. Dans ces conditions, I’intégrand est continu sur le domaine
compact X s, et l'intégrale est réelle et positive.

Ecrivons la mé&me intégrale en coordonnées simpliciales. Par la triple transitivité de PSL,, nous pouvons placer

les points marqués z1 en 1, z> a ’infini, et z3 en 0. Prenons comme coordonnées ¢ = z4, ..., ty = 75, et identifions
Mo, s(C) avec le complémentaire d’une configuration d’hyperplans affine :

Mo,s(C) = {(t1,....te) €C: 1; 0, 11 t; #1;, pour | <i < j <L} (5)
Avec ces coordonnées (f1,...,), on vérifie aisément que le domaine Xgs correspond au simplexe ouvert
{(t1,....t0) eRE: 0 <t] <tr <--- <1ty < 1}, etil s’ensuit que les intégrales Is s(or) s’écrivent :

Iss5(ar) = / []s a—w" ] -9 dn---au, (6)

O<ty<-<tg<l ! 1<J

ou les indices a;, b;, ¢;;j € Z sont des combinaisons lin€aires explicites des indices a;; et 1. Certaines sous-familles de
ces intégrales ont été considérées par divers auteurs (voir la bibliographie de [6]).
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Théoreme 2.1. L’intégrale Is s(o) est Q-combinaison linéaire des valeurs zétas multiples de poids < £.
Le Théoréme 1.1 peut s’en déduire par un argument de résidus en théorie de Hodge [1].
3. La construction bar sur 9, s et primitives

Notons O(IMo,s) = Qlu;;, ui_jl, {i, j} € xs.s] ’anneau des fonctions régulieres sur My _s. Nous pouvons formel-
lement rajouter des primitives successives a cette algebre en utilisant la construction suivante. Soit w;; = du;j/u;j la
dérivée logarithmique de la coordonnée diédrale u;;, pour {i, j} € xs 5. Ensuite, pour tout m > 2, soit V;, le Q-espace
vectoriel engendré librement par les symboles

Z ajlwe,|---|we, ], oulesc; € xs;s5, etay € Q,
I=(ct,....cm)
qui satisfont a la condition suivante pourtout | <k <m —1:

D a1 ® -+ ® (e Aw,,) @+ Qwg, =0€ H' (Mo.)®* ™D @ H*Mo.5) ® H' Mo 5)®" 7D, (7)
1

ol H"(Emo,g) désigne la cohomologie de de Rham. On pose Vo =Q, et V| = @CGXS 5 Qw1 = Hl(imo,s). Considé-
rons I’espace vectoriel gradué : '

By 5) = OMo.5) @ D Vin- ®)
m>=0

On démontre que c’est une algebre commutative pour le produit de mélange que 1’on note m [1]. C’est une version de
la construction bar étudiée par Chen [3,9]. Soit maintenant £2 i (MM, s) I'ensemble des i-formes régulieres sur My s,
et posons 2/ B(Mo,s) = B(Mo,5) ®oomy 5) 2 (Mo,s). On définit une différentielle d : V,, — 2'(Mo,5) ®q Vin-1
par la formule

d Z al[wc1|"‘|wcm]= Z aje, [wcz|"'|wcm]~
I1=(cy,..., Cm) I1=(c1,....c;m)
Elle se prolonge, via la formule de Leibniz, en une application d : 2/ B Mo.s) = QB (M, s) pour 1 <i < L. 11
découle de la condition (7) que d> = 0. Nous avons donc un complexe de de Rham :

0—> BMo.s)-% 21BNy 5) —5 22BNy 5) L - L 2 BOy.5) — 0,

dont le groupe de cohomologie en degré i sera noté HISR(B(EDTQ,S)).
Théoreme 3.1. HS, (B(Mo5)) = Q, et Hiyp (B(Mo,5)) = 0 pour tout i > 1.
4. Régularisation canonique des polylogarithmes multiples

On appellera fonction multivaluée sur My s toute fonction holomorphe définie sur un revétement universel
de My s. Nous voulons définir une réalisation de I’algebre B(9y s) par des fonctions multivaluées. Pour régula-
riser leurs singularités logarithmiques a I’infini, on considere leur série génératrice qui sera solution d’une certaine
€quation différentielle. Pour la définir, soient §;;, {i, j} € xs,s, des symboles qui satisfont a §;; = §;, et considérons
la forme différentielle formelle :

.QS’(;: Z Sija)ij.
{i.j}exs.s

L’intégrabilité de cette forme s’écrit d 25 5 = §25,5 A §25,5. Cela équivaut aux relations quadratiques

[8i—1j +8ij—1 —8i—1j—1 — 8ij, Ok—11 + Ski—1 — Sk—11—1 — O] =0, pourtouti, j k,l €S, (&)
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ol ’on pose §;; =0 et §;; =0 lorsque i et j sont consécutifs. On définit ensuite %S,S(C) comme étant I’anneau des
séries formelles non-commutatives en les §;; a coefficients dans C, modulo les relations (9). On peut donc considérer
I’équation différentielle suivante :

dL = s 5L, (10)

ou L est une fonction multivaluée sur My s a valeurs dans B 5(C).

Théoréme 4.1. Pour tout sommet v de I’associaédre X s, soit F,, I’ensemble des faces qui rencontrent v. Il y a une
unique solution L, 5(z) de I’équation différentielle (10) telle que

LU,B(Z):fv,S(Z)eXp< > Suloguu)s

{i.j): FijeFy

out fy.s(2) est holomorphe dans un voisinage ouvert de v dans ﬁﬁg’s(C) et fys(v) =1.

L’énoncé est bien défini parce que les relations (9) entrainent que les &;; qui interviennent dans le membre de droite
commutent. Ce théoreme se démontre dans [1] par un théoreme de Fuchs généralisé a plusieurs variables complexes
et redonne des résultats analogues de Drinfeld et Kapranov [5,10] pour 1’équation de Knizhnik—Zamolodchikov [11].
Les coefficients de la série L, 5(z) peuvent se calculer explicitement en coordonnées simpliciales (5). Ce sont des
polylogarithmes multiples [2,7] :

L1n1 ,,,,, n,.(tiz,--., W ,tz,-) = Z I m;l' s

m
O<my<--<my 1

ou les indices iy, ..., i, sont compris entre 1 et £. Il apparait aussi des fonctions logarithmes log#;. On en déduit
facilement que la monodromie de L, s(z) s’exprime explicitement en fonction des valeurs z€tas multiples et de la
constante 2irw, et que la limite régularisée de L, s(z) en tout sommet w de X s est une série a coefficients dans
I’algebre Z des valeurs z€tas multiples.

Soit L% (Mo, s) la O (Mo, s)-algebre engendrée par les coefficients de la série L, 5(z) solution de I’équation diffé-
rentielle (10). C’est une algebre différentielle de fonctions multivaluées sur 9% s. Dans [1] on construit la réalisation
régularisée qui est un isomorphisme d’algebres différentielles graduées :

~ 8
pv,s: B(Mo,s) —> L"° (Mo, s).
Cette application envoie le symbole [w;;] sur logu;;, pour tout {i, j} € xg 5. On définit maintenant :
LS (Mo.5) = Z@ LV (Mo, s).

C’est une algebre différentielle filtrée, dont 1I’anneau des constantes est Z. Elle ne dépend pas du choix du sommet v
par les remarques ci-dessus, et sa cohomologie est triviale par le Théoreme 3.1.

Théoreme 4.2. sz(smo, s) satisfait (en particulier) aux propriétés suivantes :

(1) La sous-algebre des éléments de poids 0 dans L‘SZ(EDI(), s) contient O(Mp ).
(ii) Toute L-forme de poids k a coefficients dans L‘SZ(E)JT(),S) a une primitive de poids au plus k + 1.
(i) Si f € L%(fmo,s) est de poids au plus k, sa limite régularisée en un diviseur D;; = Emgfsl X zmg?sz est une
somme de produits de fonctions fi f> de poids total au plus k, ont f; € LSZ’Z (Mo, s;), pouri =1,2.

5. Esquisse de démonstration du Théoreme 2.1

Partons d’une ¢-forme f € .Q(L‘Sz(im(),g), de poids au plus k. On sait par (ii) qu’elle possede une primitive P dans
.Q(’lL‘%(SJIo, s) de poids au plus k + 1. Par une version adaptée de la formule de Stokes,

fr=] =5 [

v N i,jle -
Xs.5 X5, JYEXs.s Fyj
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Or, nous savons par (iii) que la restriction de P a une facette F;; = X, 5, X Xs,,5, se decompose en une somme de

produits Y Py, Py, o0 Py, € L‘;(EDTO’ s;) pour i = 1,2. Chaque intégrale dans la somme a droite se décompose en
une somme finie :

/P|F > / mI/ ma-

mip,mjy —
Xs1.8) X51 31

Il reste a calculer I’intégrale des formes P,,; de poids au plus k + 1 sur des associaédres X s;,8; qui sont de dimension
< £ — 1. On procede par récurrence. A chaque étape le poids de I’intégrand croit, mais la dimension du domaine

d’intégration décroit. A la derniere étape il nous reste des constantes dans Z de poids au plus € + k. Le Théoreme 2.1
s’obtient en appliquant cet argument aux intégrales / (o).

Remarque 1. Pour que I’argument marche, il faut controler les singularités. La regle est que les fonctions a intégrer
n’ont jamais de poles sur le domaine d’intégration, mais peuvent avoir des singularités logarithmiques le long du
bord. 11 faut utiliser le fait miraculeux suivant : si P est la primitive d’une forme f* qui a des singularités logarith-
miques sur dX 5, et si P n’a pas de poles, alors P se prolonge continument sur X 5 tout entier. Cela peut se voir
immédiatement sur ’exemple f = logxdx sur {x: x > 0}, qui est singulier en 0. La primitive P = xlogx — x est
alors continue en 0.
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FRANCIS C.S. BROWN

Multiple zeta values and periods of moduli spaces 9 ,(R) .

ABSTRACT. We prove a conjecture due to Goncharov and Manin which states
that the period of the moduli spaces 9, of Riemann spheres with n marked
points are multiple zeta values. We do this by introducing a differential algebra
of multiple polylogarithms on 9% , and proving that it is closed under the
operation of taking primitives. The main idea is to apply a version of Stokes’
formula iteratively to reduce each period integral to multiple zeta values.

We also give a geometric interpretation of the double shuffle relations, by
showing that they are two extreme cases of general product formulae for peri-
ods which arise by considering natural maps between moduli spaces.

ABSTRACT. Nous démontrons une conjecture de Goncharov et Manin qui prédit
que les périodes des espaces de modules My ,, des courbes de genre 0 avec n
points marqués sont des valeurs zétas multiples. Nous introduisons une algébre
différentielle de fonctions polylogarithmes multiples sur 9 ,, dans laquelle il
existe des primitives. L’idée principale est d’appliquer une version de la for-
mule de Stokes récursivement pour réduire chaque intégrale de périodes a une
combinaison linéaire de valeurs zétas multiples.

Nous donnons également une interprétation géométrique des double rela-
tions de mélange pour les valeurs zétas multiples. En considérant des ap-
plications naturelles entre les espaces des modules, on déduit des formules
de produit générales entre leurs périodes. Les doubles relations de mélange
s’obtiennent comme deux cas particuliers de cette construction.
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1. INTRODUCTION

Let n = ¢ +3 > 4, and let My ,, denote the moduli space of curves of genus
0 with n marked points. There is a smooth compactification MMy ,,, defined by
Deligne, Knudsen and Mumford, such that the complement

ﬁo,n\mO,n

is a normal crossing divisor. Let A, B C ﬁo,n\imo,n denote two sets of boundary
divisors which share no irreducible components. In [G-M], Goncharov and Manin
show that the relative cohomology group

(1.1) H (M., \A, B\BN A)

defines a mixed Tate motive which is unramified over Z.
On the other hand, let ny,...,n, € N, and suppose that n,, > 2. The multiple

zeta value ((nq,...,n,) is the real number defined by the convergent sum
1
(12) C(?’Ll,...,’l’br) = Z R L .
A
0<ki<...<kg,

Its weight is the quantity n1 +...+n,, and its depth is the number of indices r. We
will say that the period 2im has weight 1. A very general conjecture [Gol] claims
that the periods of any mixed Tate motive unramified over Z are multiple zeta
values. In the case of the motives (1.1) arising from moduli spaces, this says the
following. Consider a real smooth compact submanifold Xpg C ﬁo,n of dimension /,
whose boundary is contained in B and which does not meet A. It represents a class
in Hy(Mo.n, B). Let wa € QY(IMy,,\ A) denote an algebraic form with singularities
contained in A. In [G-M], Goncharov and Manin conjecture that the integral

(1.3) I/XBwA

is a linear combination of multiple zeta values, and proved that every multiple zeta
value can occur as such a period integral. In this paper, we develop some general
methods for computing periods and prove this conjecture as an application.

Theorem 1.1. The integral I is a Q[2wi]-linear combination of multiple zeta values
of weight at most £.

This theorem thus lends significant weight to the conjecture on the periods of
all mixed Tate motives which are unramified over Z.

The rough idea of our method is as follows. The set of real points My, (R) is
tesselated by a number of open cells X,, which can naturally be identified with a
Stasheff polytope, or associahedron. We can reduce to the case where the domain of
integration in (1.3) is a single cell X,,. The key is then to apply a version of Stokes’
theorem to the closed polytope X, C ﬁq“R). Since each face of X,, is itself a
product of associahedra X, x X, we repeatedly take primitives to obtain a cascade
of integrals over associahedra of smaller and smaller dimension. In order to do this,
we need to construct a graded algebra L(9 ,,) of multiple polylogarithm functions
on My, in which primitives exist. At each stage of the induction, the dimension
of the domain of integration decreases by one, and the weight of the integrand
increases by one. At the final stage, we evaluate a multiple polylogarithm at the
point 1, and this gives a linear combination of multiple zeta values. This gives
an effective algorithm for computing such integrals. Our approach also works in
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greater generality, and our results should extend without difficulty, for example, to
the case of configuration spaces related to other Coxeter groups.

1.1. General overview. This paper is essentially a study of the de Rham theory
of the motivic fundamental group of My ,,. Previously, the focus has mainly been
on the projective line minus roots of unity and its products: in particular, Mg 4 =
P'\{0,1,00} and 9Mf , ([Del], [D-G], [Gol-2], [Ra]). The advantage of considering
the moduli spaces My, is that we can bring to bear the full richness of their
geometry. We show, for example, that the double shuffle relations for multiple zeta
values are just two special cases of generalised product relations arising naturally
from functorial maps between moduli spaces. An essential part of this work is
devoted to multiple polylogarithms, which are functions first defined by Goncharov
for all ny,...,ny € N by the power series:

ah ke
(1.4)  Lin,,. np(x1,...,20) = s Tl where |z;| < 1.
k k
0<ki<..<ky L1 *7°7¢

By analytic continuation, they define multi-valued functions on 9y ,,, where n =
£+ 3. One of our main objects of study in this paper is the larger set L(9 ) of
all homotopy-invariant iterated integrals on 9y ,. It forms a differential algebra
of multi-valued functions on My ,,, in which the set of functions (1.4) is strictly
contained. From the point of view of differential Galois theory, L(9 ) defines a
maximal unipotent Picard-Vessiot theory on 9, ,. We then define the universal
algebra of multiple polylogarithms B(9M ) to be a modified version of Chen’s
reduced bar construction. It is a differential graded Hopf algebra which is an
abstract algebraic version of L(9 ). One of our key results states that the de
Rham cohomology of B(9My ) is trivial. From this we deduce the existence of
primitives in L(Mp ). We also need to understand the regularised restriction of
polylogarithms to the faces of X,,. This requires a canonical regularisation theorem,
and amounts to studying what happens when singularities of an iterated integral
collide. We are thus led to work on certain blow-ups of My ,,, described below. It
follows that the structure of L(9g,,), and hence the function theory of multiple
polylogarithms, is intimately related to the combinatorics of the associahedron.

1.2. Detailed summary of results. In section 2 we review some aspects of the
geometry of the moduli spaces My ,,, and study certain blow-ups obtained from
them. Let S denote a set with n elements, each labelling a marked point on the
projective line P!, and write Mo,s = Mon. A dihedral structure on S is an iden-
tification of S with the set of edges (or vertices) of an unoriented n-gon. For each
such dihedral structure ¢, we embed 9y 5 in the affine space A?, where £ =n — 3,
and blow up parts of the boundary in Af\smoﬁ to obtain an intermediary space

s __
Sﬁoys C SDTO’S C Dﬁo’s s

where zmg g is an affine scheme defined over Z. We prove that the set of sm(;{ g, for

varying §, form a set of smooth affine charts on My 5. In order to define them, we
introduce dihedral coordinates, which are one of the key tools used throughout this
paper. These are functions

ui; : Mo,g — Pl\{O, 1,00}, where {i,j}€ x50,
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indexed by the set of chords xg s in the n-gon defined by . Together, they define
an embedding (ui;)ys, : Mo,s — A™"~3/2 and the scheme 93”((‘)5’5 is the Zariski
closure of the image of this map. For example, in the case n = 5, we can identify
Mo.s = {(t1,t2) € P x P : tyta(1 — t1)(1 — t2)(t1 — ta) # 0, t1,ta # oo}. The
pentagon (S, d) has five chords, labelled {13, 24, 35,41,52} (fig. 1), and we have
t to — 1ty

ug =1—11, Uy =—, Uy =——"—1, Uyl = ,
13 1 24 t 35 21— 1) 4= T i

U592 = tg .

(t1,t2) — (u1s, 24, uss, Ua1, Us2)

FIGURE 1. Dihedral coordinates on 9y 5. The scheme 9376375
(right) is defined to be the Zariski closure of the image of the
embedding {u;;} : Mg 5 — A® defined by the set of dihedral coor-
dinates, which are indexed by chords in a pentagon (middle). This
map has the effect of blowing up the points (0,0) and (1,1). A cell
Xg,s is given by the region 0 < ¢1 < t2 < 1 (left). After blowing-up
it becomes a pentagon with sides Fy; = {u;; = 0}.

Now consider the set of real points iy s(R). There is a bounded cell Xg5 C
Mo,s(R) defined by the region {0 < u;; < 1}. One shows that My s(R) is the
disjoint union of the open cells Xgs of dimension £ = n — 3, as § runs over the
set of dihedral structures on S, so a dihedral structure corresponds to choosing a
connected component of My g(R). The closure of the cell YS,(; satisfies

(1.5) Xss={0<uy; <1} CMy5(R) ,

and img) s\My. s is the union of all divisors meeting the boundary of Xg 5. There-
fore X 54 is a convex polytope, and its boundary divisors give an explicit algebraic
model of the associahedron. It is well-known that the combinatorics of the associ-
ahedron is given by triangulations of polygons. But because dihedral coordinates
are already defined in terms of polygons, the main combinatorial properties of the
associahedron, and its dihedral symmetry, follow immediately from properties of
the coordinates u;;. In particular, the face F;; = {u;; = 0} of Ys,g is a product

(1.6) Fy = X6 X X105,

where (T1,01), (T2, d2) are two smaller polygons obtained by cutting the n-gon S
along the chord {¢,j} (fig. 3, §2.2). In this way, a vertex v of Xg s corresponds
to a complete triangulation « of the n-gon by ¢ chords. We also introduce explicit
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verter coordinates x¢,...,ry which are a certain subset of the set of all dihedral
coordinates. These form a system of normal parameters in the neighbourhood of
the vertex v € X g5 corresponding to «, such that My 5(R) C My s(R) is locally
the complement of the normal crossing divisor z¢...z% = 0. These systems of
coordinates (in the sense of differential geometry) are precisely what is needed for
solving differential equations on My s and regularising logarithmic singularities of
multiple polylogarithms.

In section 3 we define an abstract algebra of iterated integrals on My s using
a variant of Chen’s reduced bar construction. Since this construction exists in far
greater generality, we consider the complement of an arbitrary affine hyperplane
arrangement defined over a field k of characteristic 0. So let

N
M=AN\JH ,
i=1
where Hy, ..., Hy is any set of hyperplanes in AY. Let t1,...,t; denote coordinates

on Af, and let Oy, denote the ring of regular functions on M. It is a differential
k-algebra with respect to the coordinate derivations 9/0t;, for 1 <4 < £. Let

dous
w; = al, for1<i< N,
(&%)
denote the logarithmic 1-form corresponding to H;, where «; is a defining equation
for H;. The version of the bar construction B(M) we consider is defined as follows.

Let V,,,(M) denote the k-vector space generated by linear combinations of symbols
(1.7) > alwilwi,), €k,
I:(ilynwi'm)

which satisfy the integrability condition:
(1.8) Zc;wh@...@(wij/\wij+1)®...®wim:0 forall 1 <j<m.
I

We then set B(M) = On @1 @D,,,5¢ Vin (M), where Vo (M) = k. This is a graded
Hopf algebra over Oy which is similar to the zero'® cohomology group of the
bar complex studied by Chen [Chl], except that it consists of 1-forms only (see
also [Hal]). Using the 1-part of the coproduct on B(M), we define the action of ¢
commuting derivations 9; on B(M), and show that (B(M), 0;) defines a differential
extension of (Oy,0/0t;). The possibility of using iterated integrals to construct a
Picard-Vessiot theory on manifolds was first suggested by Chen [Ch2].

Theorem 1.2. B(M) is an infinite unipotent Picard-Vessiot extension of Opr. In
other words, it has no non-trivial differential ideals and its ring of constants is k.
1t is therefore a polynomial algebra. Furthermore, B(M) contains 1-primitives:

Hpr(B(M)) =0
It follows that every unipotent extension of B(M) is trivial, and it is the smallest
extension of Oy with this property. Equivalently, B(M) is the limit

B(M)=1m U ,

where U ranges over all unipotent extensions U of Oy;. In this sense it is universal,
and it follows that its differential Galois group is a pro-unipotent group. Now if we
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identify 9y s with the affine hyperplane configuration
Mo,s = {(tr,....te)) €A ¢, #£0,1, t;—t; #0},

then we define the universal algebra of polylogarithms on Mg s to be B(Myp,s). In
general, it is difficult to construct words (1.7) satisfying the integrability condition
(1.8) since they rapidly become very complicated as the weight increases. In order
to overcome this problem, we consider two affine hyperplane arrangements, one of
which fibers linearly over the other. Therefore, let M C A’ and M’ C A’~! denote
two affine arrangements, and consider a linear projection

M — M
with constant fibres F, where F is the affine line A' minus a number of marked
points. We then prove that there is a tensor product decomposition
B(M) = B(M,) ®01\4/ BM/ (F) ?
where By (F) is a free shuffle algebra which can be described explicitly. In the
case of moduli spaces My s, we apply this argument to the fibration map:
Mo, — Mo,n—1

and use induction to deduce that B(9Mg s) is a tensor product of free shuffle alge-
bras. As a result, one can write down a basis for B(My ), and one deduces that
the higher cohomology groups of B(9y s) vanish.

Theorem 1.3. The de Rham cohomology of B(My s) is trivial:
H]%R(B(MO,S)) =0 forall i>1.

A similar result holds for any hyperplane arrangement of fiber type, i.e., one which
can be obtained as a sequence of such fibrations. In an appendix we also prove
that Hjyg (B(M)), for i > 1, vanishes for all arrangements M which have quadratic
cohomology. The proofs only use simple arguments of differential algebra. Theorem
1.3 holds because My g is a K (m,1)-rational space. An equivalent theorem is due
to Hain and MacPherson ([H-M], [Kh2]).

Given any point zy € My s(C) we define a realisation

(1.9) Pz BMos) — L., (Mo.s)
S frwnl o wi] e ZfI/wim...wn,
I I 20

given by iterated integration along any path « : [0, 1] — 9%, 5(C) which begins at 2o
and ends at a variable point z € Mg g(C). The integrability condition (1.8) ensures
that the iterated integral (1.9) only depends on the homotopy class of 7. It therefore
defines a multi-valued function of the parameter z, i.e., a holomorphic function on
the universal covering space of My g(C). Here, L, (My.s) is a differential graded
algebra of multi-valued functions on 9y 5. We deduce from the previous theorem
that ¢-forms with coefficients in L., (9o, s) have primitives in L., (Mo, s).

The realisation p,, is not quite good enough, however. We actually need a
realisation p,, : B(Mo,s) — L., (Mo s), where the base point zy does not lie in
My,s(C). The point zp can be replaced with a tangential base point in the sense of
[Del], but our approach consists instead of viewing zp as the corner of a manifold
with corners. This gives rise to divergent integrals, and to deal with this requires a
regularisation procedure. The best approach is to consider the generating series of
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all such iterated integrals, and regularise them all simultaneously. Such a generating
series satisfies a formal differential equation, and to solve it requires a generalised
Fuchs’ theorem in several variables in the unipotent case. For want of a suitable
reference, we develop the necessary theory from scratch in section 4. We also
study the regularisation of logarithmic singularities along the boundary of any
manifold with corners. Section 5 is devoted to a detailed study of the case of a one
dimensional arrangement P*\{cy,...,0n,00}. In this case, the bar construction
can be written down explicitly (it is a free shuffle algebra), and the corresponding
iterated integrals are known as hyperlogarithms, which go back to Poincaré and
Lappo-Danilevsky.

In section 6, we apply all the results developed previously to the case of the
moduli spaces My s to obtain the necessary regularisation results. The generating
series of multiple polylogarithms can be described as follows. To each dihedral
coordinate, or chord, is associated a logarithmic one-form

wi; = dlogu;; , for  {i,5} € xs.5 -

It is symmetric in ¢ and j. Let d;;, for {i,j} € xs4, denote a set of symbols
satisfying d;; = d;;, and consider the formal 1-form

(110) 9575 = Z 51’]’ wij .
{i.7}€xs,s
This is a homogeneous version of the Knizhnik-Zamolodchikov form [Dr, Ka, K-
Z]. The integrability of Qg 5 is equivalent to certain quadratic relations in the d;;,
which we call the dihedral braid relations. In the special case My 5, these reduce
to the relations:
[0ij,0r1) =0,
for any pair of chords {i,j}, {k,{} which do not cross, and the pentagonal relation
[013, 024] + [024, 035] 4 [035, 0a1] + [041, O52] + [052,013] =0 .

Let us fix a dihedral structure § on S, and let %&5(@) denote the ring of non-
commutative formal power series in the symbols d;; with coefficients in C, modulo
the dihedral braid relations. Then we can consider the formal differential equation

(1.11) dL = QgL
where L takes values in %5’5((3).

Theorem 1.4. Let v denote a vertex of the associahedron YS’(;, and let F,, denote
the set of faces meeting v. Then there is a unique solution L, 5 of (1.11) such that

Ly, 5(2) = fu,6(2) exp( Z dijlogusj)

{i,j}:Fi;€EF,
where f, 5(%) is holomorphic in a neighbourhood of v € E)ﬁtis, and f,s(v) = 1.

In other words, the function L, s5(z) is holomorphic on an open set of smg) 5(©)
which contains the real cell Xg s, and has explicitly given monodromy around each
face u;; = 0 of the associahedron YS)(; which meets the vertex v. The differential
equation (1.11) is closely related to the Knizhnik-Zamolodchikov equation. Solu-
tions to the latter equation are usually constructed by induction using fibration
maps between configuration spaces. The previous theorem, however, is proved di-
rectly using the generalised Fuchs’ theorem developed in section 4. This approach



8 FRANCIS C.S. BROWN

has many advantages: firstly, there are no coherence conditions to verify; secondly,
we obtain a direct geometric interpretation of Drinfeld’s asymptotic zones, which
were studied by Kapranov; and thirdly, the functoriality of the solution L, ;(2)
with respect to maps between moduli spaces follows automatically. As a result, we
obtain a direct definition of an associator on 9y ¢ by considering the quotient of
two different solutions:

Z"" = (Ly.s(2)) 'Ly 5(2) € Bs,s(C) .

Here, z is any point in an open neighbourhood of Xg s in 93165’ g- The quotient is
necessarily constant. The main properties of Drinfeld’s associator can be derived
immediately. Using the previous theorem, we deduce an expression for the mon-
odromy of L, s(z) and its regularisation in terms of the series Z**" (§6.5). Then,
using explicit expressions for hyperlogarithms, we deduce the following result, which
was first proved by Le and Murakami, following Kontsevich.

Theorem 1.5. The coefficients of the series Zv%" are multiple zeta values.

It follows that the holonomy of the moduli spaces MMy s can be expressed using mul-
tiple zeta values and the constant 27i. Now define L¥°(90 5) to be the differential
algebra generated by the coefficients of the series L, 5(z). We can then define the
sought-after realisation p, s which is regularised at the vertex v of YS,(;:

pus : B(Mo,s) — L (Mo.s) ,

and which is defined over the field £ = Q. From this we deduce the main regularisa-
tion theorem, which describes the regularised restriction of a multiple polylogarithm
to the face of the associahedron in terms of multiple zeta values.

Theorem 1.6. Let Fj; denote a face of YS,g isomorphic to a product YTl,él X
X1,5, as in (1.6) above. Then if the vertex v corresponds to the pair (vi,vs),

Reg (L"°(Mo,s), Fij) ®g Z = L (Mo,1,) ©g L' (Mo,1,) ®g Z

In other words, the regularisation of multiple polylogarithms along divisors at in-
finity is completely determined by the combinatorics of the associahedron.

In section 7, we study period integrals on My s(R) in terms of dihedral coor-
dinates.We first show that, up to multiplication by a rational number, there is a
unique algebraic /-form wg s, which has neither zeros nor poles on smg, g- This form
is invariant under the natural action of the dihedral group. We deduce that one
can write an arbitrary integral (1.3) as a linear combination of integrals

(1.12) [5’5(0@]‘) = /

Xs:6 (i 5 exs.s
for some fixed dihedral structure 6, where the indices c;; € Z. Such an integral con-
verges if and only if the coeflicients «;; are all non-negative. In explicit coordinates,
(1.12) can be written as a generalized Selberg integral
¢
Is’g(aij) = / H (E?i (]. — .’Ez)b‘ H(]. — LiLj41 - - ZL’j)cij d.’El . d.’Eg .
[0,1]¢

i=1 i<j

Qg
Uij" WS, 5

Particular subfamilies of these kinds of integrals have been considered by various
authors in connection with the diophantine approximation of zeta values (see, e.g.,
[Fi2, Z1, Zu]). Terasoma has also computed the Taylor expansions (with respect to
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the exponents) of certain families of such integrals, and proved they are multiple
zeta values [Ter]. The advantage of the blown-up integral representation (1.12)
is that all poles of the integrand have been pushed to infinity, which allows an
algebraic interpretation of the integrals as periods, and a systematic procedure
for computing them, which is detailed in section 8 and summarised below. As a
further application of dihedral coordinates, we give an explicit formula for the order
of vanishing of any form
Il v wss,

{i.j}€xs,s

along the divisors at infinity in 9y 5. Using this formula we retrieve a result, due
to Goncharov and Manin, which gives the singular locus of a certain family of forms
which correspond directly to multiple zeta values. Our method exploits the action
of the symmetric group on My g, and completely avoids the delicate calculation of
blow-ups and the cancellation of singularities studied in [G-M]. In §7.5, we show
how functorial maps

[ Mo s — Mo, X Mo 75, ,

where T} and Ty satisfy certain conditions (§2.7), give rise to generalised product
formulae between multiple zeta values. More precisely, given any such map f, there
is a set of dihedral structures Gy on S such that the following formula holds:

1.13 / wx/ wo = ff(w ®@ws) .
(1.13) o 1 . 2=y (w1 ® wo)

veGy /X5

This expresses a product of periods as a Q-linear combination of other periods. We
compute two explicit examples of such maps f; one where G is as large as possible,
and the other when Gy reduces to a single element. In the first case, G is the
set of (p, ¢) shuffles where p = dim My 1, and ¢ = dim My 7, and (1.13) gives rise
to the shuffle product for multiple zeta values. In the second case, we show that
(1.13), on applying an identity due to Cartier, gives rise to the stuffle relations for
multiple zeta values. Thus both shuffle and stuffle relations can be regarded as two
extreme cases of generalised product relations of geometric origin on moduli spaces.
The above results are put together in section 8, where we give a proof of theorem
1.1 using Stokes’ formula as described above. We summarise the main points of
the argument here. The regularisation results of section 6 provide the existence of
a graded algebra of multi-valued functions L(9y ¢) with the following properties:
(1) The graded part of weight 0 of L(9 s) consists of all regular algebraic
functions on My s with coeflicients in Q.
(2) Primitives of ¢-forms exist in L(9My,s), and increase the weight by one.
(3) The restriction of a function f € L(My s) to a face of X g4 is a product of
multiple zeta values with functions in L(9% 1, ) L(Mo 1)
The argument for computing the period integrals is then by an inductive application
of Stokes’ theorem over the associahedron Y&g. At each stage, we must compute

I'=[ fuwss,
Xs,s
where f € L(MMy g) is a function which is allowed logarithmic singularities along the
boundary 9X g 5, but which has no polar singularities. Such an integral necessarily
converges, and it follows from property (2) that there exists a primitive F' with
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coefficients in L(My 5) such that dF' = f. However, such primitives are not unique,
and we may inadvertently have introduced extra poles. We show, however, that
there exists a primitive F with no poles along X g s, and it then follows that F
extends continuously to the boundary 0Xgs. The essential remark is that the
one-form

log z dx where z > 0 ,

has a logarithmic singularity at the point = 0, but that its primitive xlogz — x
extends continuously to the point 0. We can therefore restrict the primitive F to the
faces of the associahedron by property (3), and proceed by induction using Stokes’
formula and (1.6) without any further difficulty. In §8.5 we show how the same
strategy can be used to compute all relative periods of moduli spaces My g, and
finish with some simple examples in §8.6. The paper is completely self-contained,
apart from some properties of iterated integrals which are very clearly presented in
[Hal], and some remarks on framed motives in §7.2.

We expect that the ideas and methods introduced in this paper should have
applications in the following situations. First of all, one can consider more gen-
eral hyperplane configurations associated to other root systems or Coxeter groups,
and consider the corresponding polylogarithm algebras, periods and associators.
Notably, one can introduce N*® roots of unity to obtain a tower of spaces over
P\ {0, e2"*/N oo} which are finite covers of 9y s and construct a similar theory
giving a higher dimensional version of [Ra, D-G]. Furthermore, in perturbative
quantum field theory, it is generally believed that certain renormalised period inte-
grals one derives from a large class of Feynman diagrams should give multiple zeta
values. After blowing up, these are integrals of rational algebraic forms over alge-
braic convex polytopes. It would be very interesting to try to apply the methods
of this paper to such integrals.

This paper was written during my doctoral thesis at the university of Bordeaux.
I am very grateful to Richard Hain for his many detailed comments regarding an
earlier version of this manuscript, and especially to Pierre Cartier, without whose
many suggestions, good humour, and continuous encouragement, this paper would
not have reached its present form.
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2. DIHEDRAL COORDINATES ON 91, (R).

2.1. Let n > 4, and let S denote a set with n elements. Let 9y s denote the
moduli space of Riemann spheres with n points labelled with elements of S. If
(P1)S denotes the set of all n-tuples of distinct points z, € P!, for s € S, then

My s = PSLy\ (P17,

where PSLs is the algebraic group of automorphisms of P* and acts by Mobius
transformations. The quotient My s is an affine variety of dimension £ = n — 3.
A point in Mg 5(C) is therefore an injective map S — P!(C) considered up to the
action of PSLy(C). If S = {s1,..., S}, then we frequently write ¢ instead of s;,
and denote My s by Mo -

We wish to write down the set of regular functions on 9y g, or, equivalently, the
set of PSLy-invariant regular functions on (P1)”. Let i, j, k,I denote any distinct
indices in S. Recall that the cross-ratio is defined by the formula:

(i k1] = (zi —2)(z —21)
(zi = 21)(25 — 21)
The cross-ratios do not depend on the choice of coordinates z; and are PSLo-
invariant. We therefore have a set of maps [ij | k] : Mg s — Mo 4 = P\{0,1, c0}.
The symmetric group on four letters &4 acts on each cross-ratio via the group of
anharmonic substitutions (z — 1 — z, z — 1/2) & &3 = &,/V, where V is the
Vierergruppe. We have:

(21)  [ij| k] =1—[ik|jl] , and [ij|Ik] = [if| k] " = [ji| k] ,

and  [ij | kl] = [kl|ij] = [ji|lk] = [lk]ji] .
For any five distinct indices 4, j, k, [, m € S there is also the multiplicative relation:
(2.2) lij | k1] = [ij| km].[ij |ml] .

In order to make explicit computations, it will be convenient to fix a system of
coordinates on My g from the beginning. This breaks the symmetry, so we assume
here that S = {1,...,n}. Since the action of PSLy(C) is triply transitive on P!(C),
we can place the coordinates z; at 1, zo at oo, and z3 at 0. We define explicit
simplicial coordinates t1,...,t; on My g by setting

t1=24, ... , g =2y .
This identifies My g with the complement of the affine hyperplane configuration:
(2.3) Mos = {(tr,... te) €A : t; ¢ {0,1}, t; #t; for all i # j} .
If we now perform the change of variables
(2.4) th=x1...20, to=oT9...2¢, ... , tp =Ty,
then we can identify 91y g with the open complement of hyperboloids:
(2.5)  Mos = {(x1,...,20) €AY 2; ¢{0,1}, x;...x; #1foralli<j}.

The coordinates x1,...,x, will be referred to as cubical coordinates and are well-
suited to the study of polylogarithms on My g (§6). Simplicial and cubical co-
ordinates are two extremal cases of more general systems of coordinates which we
define in an invariant manner in §2.7. We shall pass freely between the two systems,
especially when making comparisons with formulae existing in the literature. The
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change of coordinates (2.4) has the effect of blowing up the origin; the boundary
divisors at the origin in (2.5) cross normally, but do not in (2.3).

2.2. Dihedral coordinates on 9 5. Let S be a finite set with n > 4 elements.

Definition 2.1. A cyclic structure vy on S is a cyclic ordering of the elements of .S,
or equivalently, an identification of the elements of S with the edges of an oriented
n-gon modulo rotations. A dihedral structure 6 on S is an identification with the
edges of an unoriented n-gon modulo dihedral symmetries.

When we write S = {s1,...,8,}, it will carry the obvious dihedral structure
unless stated otherwise. In this case, the group of permutations &g can be identified
with the symmetric group &,,. The set of cyclic (resp. dihedral) structures on S
is then indexed by the set of cosets &,,/C,, (resp. &,,/Da,), where C,, and Da,
denote the cyclic and dihedral groups of orders n and 2n respectively. We will
often represent a dihedral structure as a regular n-gon (S,0) with edges labelled
1,2,...,n in order. A number in parentheses (i), where i € Z/nZ, will denote
the pair of adjacent edges {i,i + 1}. We will represent this on the n-gon (S,d) by
labelling the vertices with the elements (1), (2),...,(n); the convention is that the
vertex labelled (7) meets the edges labelled ¢ and ¢ + 1 modulo n (figures 2 and 3).

Given a dihedral structure § on S, we define coordinates on My g using a certain
subset of the set of all cross-ratios as follows. Let xg s denote the set of all n(n—3)/2
unordered pairs {i,j}, 1 < 4,5 < n such that ¢,5,i+1,j+1 are distinct modulo n
(i.e., i, are not consecutive modulo n). Each element {7, j} € xs,5 will be depicted
as a chord joining the vertices 7 and j in the regular n-gon (fig. 2). We set

(2.6) u; = [i i+1]j+1 4] foreach {i,j} € xsys -

Using the definition of the cross ratio, one can check that u;; is symmetric in ¢ and
J, and is therefore well-defined. The set of cross-ratios {u;; : {i,j} € xs,5} only
depends on §. Consequently, we obtain a regular morphism

. n(n—3)/2 —3)/2
(27) (uij){i,j}EXs,g : mO,S —_ 9:)’[0’4 C An(n )/ .

A simple calculation in simplicial coordinates shows that

(2.8) ty =ugq .. U2pn 5 -y bp_1 =U2p_1U2n , b= U2y,
1—t1:U137 1—t2:u13u147 ey 1—tg:u13...u1n,1.
Likewise, the set of cubical coordinates (z1,...,2z¢) = (u24, .. ., U2y, ) are completely

determined by the functions u;;, and therefore (2.7) is an embedding. It follows
that every cross-ratio can be written in terms of the functions u;;, {¢,j} € xs.s.

Lemma 2.2. Let 1,7, k,l be distinct indices modulo n in dihedral order. Then

j—11-1

(i 1k =TT 1T was’ -

a=1i b=k
Using (2.1), we can write any cross-ratio as a product of ua, or their inverses.
Proof. Suppose first that 1 <1i < j < k <l < n. Using the definition of g,
Ugh - - - Ugl—1 = [aa—i—l | k+1 k} [aa+1 | k+2/€+1] [aa—i—l | ll—l] = [aa—i—l |lk} ,
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FIGURE 2. Part of an oriented regular n-gon inscribed in a circle.
Its edges are labelled with the elements of S, and its vertices are
labelled with elements of S in parentheses. Left - a chord {i,j} €
Xs,s meets four edges ¢,¢ + 1,7,7 + 1 which define the dihedral
coordinate u;; = [¢ i4+1|j+1 j]. Changing the orientation of the
n-gon does not alter u;; by the last equation in (2.1). Right - a
set of four edges i, j, k, [ breaks the n-gon into four regions as in
lemma 2.2, and defines a pair A, B C xg,5 of completely crossing
chords, depicted by the shaded rectangles (corollary 2.3).

by repeated application of (2.2). Likewise, using (2.1) and (2.2),

j—11-1

TTTT tas = i+ 110R][i+1i+2]0k] ... [5— 15|k +1k] = [ij|1k] .

a=1 b=k
The formula is clearly invariant under cyclic rotations. Therefore, given any four
indices 1, j, k,l in arbitrary position, we can reduce to this case by applying the
inversion (2.1), which allows us to interchange i, j, or k, ! or both pairs (4, 5), (k, ).

O

It follows from invariant theory that every PSLs-invariant regular function on
PY)™ is a polynomial in the cross-ratios [ij | kl]. We deduce from lemma 2.2 that
*

the ring of regular functions on My g is

(2.9) O(Mo,s) = Q[uij, ui {i, 5} € xs,5] -

ij
We can write down a generating set for all algebraic relations between the coordi-
nates u;; in a dihedrally-invariant manner. Consider any chord {4, j} € xg,s. Then
the set S (considered as vertices) with the elements ¢ and j removed S\{i,j} is
partitioned into two connected pieces S7 and S;. We say that two chords {i, j} and
{k,1} € xs,5 cross if and only if k € S; and | € S;. We write this

{Zm]} ~x {k7 l} .
Given a subset A C xg,5, let A* denote the set of chords in xg s which cross every
chord in A. We say that two sets A, B C xg,s cross completely if A = B and
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B*=A, i.e.,
a€A & a~yb forall beB,

and vice versa (fig. 2). If, for example, A is the single chord {i,j}, and B is the
set of all chords crossing {i,j}, then A and B cross completely.

Corollary 2.3. For every two sets of chords A, B C xgs,s which cross completely,
(2.10) up+up =1,
where ug = [[,c 4 Ua and up = []yc 5 us.

Proof. One can verify that A and B cross completely if and only if there exist four
elements {4, j, k,l} C S in dihedral order (fig. 2) such that

A = {{pa}€xss: i<p<j and k<g<l},

