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“Those who can imagine anything,
can create the impossible.”

(Alan Turing)

École Doctorale Mathématiques et Informatique ED 39

Université de Bordeaux

Année 2024

Ce recueil regroupe des résumés étendus des thèses de doctorants en troisième année à l’École Doctorale
Mathématiques et Informatique de l’Université de Bordeaux. Depuis 2020, les doctorants en deuxième année de
l’Ecole Doctorale Mathématiques et Informatique (EDMI) sont invités à présenter un poster dans le cadre de la
journée de l’EDMI, et parallèlement les doctorants de troisième année doivent présenter un résumé.
Dans ce recueil, on trouvera 59 résumés étendus : 33 pour l’informatique et 26 pour les mathématiques. Ainsi, sans
être exhaustif, ce recueil reflète le large spectre des sujets étudiés au sein de notre école couvrant les spécialités
informatique, mathématiques appliquées et calcul scientifique, ainsi que mathématiques pures, et allant de la
recherche fondamentale à des sujets très appliqués. Il permettra au lecteur intéressé de voir les thèmes abordés au
sein des unités de recherche rattachées à notre école : IMB, LaBRI, LP2N, ou associées : INRIA, ESTIA-Recherche.
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Un peu d’histoire...

1591-1991 : Quatre siècles de mathématiques à Bordeaux

L’Université de Bordeaux fut créée le 7 juin 1441, à l’initiative de Pey Berland, cardinal-primat d’Aquitaine,
par une bulle du pape Eugène IV, promulguée au concile œcuménique de Florence. Les disciplines enseignées
sont la théologie, la philosophie, le droit, puis la médecine. 150 ans plus tard, le 21 juillet 1591, François de
Foix-Candalle, évêque d’Ayre, captal de Buch, fonde la chaire de mathématique, et la dote de 2000 écus de pension
annuelle. Son titulaire est recruté sur concours public au cours duquel il doit exposer et résoudre deux conjectures
géométriques. Le prélat acquiert un immeuble pour loger et nourrir gratuitement les étudiants nécessiteux. En
1894 Jacques Hadamard rejoint à Bordeaux Pierre Duhem. Mais c’est dans les années 1960 que les mathématiques
connaissent un développement important, suivies par l’informatique dans les années 70, tandis que le flux des
doctorants s’accroît rapidement dans les années 80. Cette évolution conduit à la création de l’École doctorale de
mathématiques en 1991 : c’est la première du genre en France.
1991-1994 : L’École doctorale de mathématiques de Bordeaux

Sous l’impulsion de ses directeurs successifs, l’École devient un pôle d’attraction : en 93-94 elle compte 112
doctorants, avec un flux moyen de 37 soutenances par an ; 8 normaliens et 1 polytechnicien y préparent leur thèse.
Des conventions sont signées avec l’École Normale Supérieure de la rue d’Ulm, l’Institut Steklov et l’Université de
Saint-Petersbourg. En quatre ans 17 Maîtres de Conférences, 2 Chargés de Recherches, 12 Ingénieurs sont sortis
de ses rangs, et 11 doctorants étrangers obtiennent, à l’issue de leur thèse, un poste universitaire dans leur pays.
1995 : L’École doctorale de mathématiques et informatique de Bordeaux (EDMI)

L’élargissement de l’École à l’informatique, en 1995, répond à des convergences scientifiques manifestes. Beaucoup
de thèmes de recherche sont voisins (Algorithmique, Parallélisme, Combinatoire, Graphisme, Imagerie, Théorie
des nœuds, Dessins d’enfants de Grothendieck, Recherche Opérationnelle. . .). Les doctorants développent leurs
recherches au sein de quatre laboratoires associés au CNRS : Laboratoire de Mathématiques Appliquées de
Bordeaux - MAB (UMR 5466), Laboratoire Bordelais d’Analyse et Géométrie - LaBAG (UMR 5467), Laboratoire
de Théorie des Nombres et d’Algorithme Arithmétique - A2X (UMR 5465), Laboratoire Bordelais de Recherche en
Informatique - LaBRI (UMR 5800).
2007 : Création de l’IMB

Les laboratoires mathématiques - LaBAG, MAB, A2X - fusionnent en 2007 au sein de l’Institut de Mathématiques
de Bordeaux (UMR 5251) créé en 2006. L’IMB devient ainsi un interlocuteur privilégié pour les mathématiques -
à côté de l’INRIA installé à Bordeaux en 2008.
2014-2016 : Création de l’Université de Bordeaux et du Collège des Ecoles Doctorales

L’Université de Bordeaux est issue de la fusion entre l’Université de Bordeaux 1 (Sciences et Technologie), Bordeaux
II-Ségalen (sciences de la vie, les sciences de la santé et les sciences de l’Homme) et l’Université Bordeaux IV-
Montesquieu (droit, sciences économiques et sociales, sciences politiques). Un comité des écoles doctorales est
créé lors de la fusion, il prend la suite d’une commission réunissant précédemment les écoles doctorales du pôle
bordelais (y compris celle de l’Université Bordeaux 3, devenue depuis l’Université Bordeaux Montaigne). Ce
comité est formalisé en 2016 avec la création du collège des écoles doctorales qui réunit les 8 écoles doctorales de
l’Université de Bordeaux dont l’EDMI.
Direction 2022

- Guillaume Blin (directeur)
- Nicolas Bonichon (directeur adjoint - formation informatique)
- Sylvain Ervedoza (directeur adjoint - formation mathématique)
- Isabelle Bordas (gestionnaire)

Site internet de l’ED : https://ed-mi.u-bordeaux.fr/
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Première partie
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CARACTÉRISATION ET SUIVI DES CHARGES DE
TRAVAIL HPC DE NOUVELLE GÉNÉRATION
Alexis BANDET
Direction : Francieli BOITO
Co-Direction : Guillaume PALLEZ
Univ. Bordeaux, CNRS, Bordeaux INP, INRIA, LaBRI, UMR 5800, F-33400 Talence, France

L e calcul haute performance (HPC) est à l’avant-garde des défis les plus importants de la société, de la
lutte contre le coronavirus et la recherche de nouveaux traitements médicamenteux, à la modélisation et

la prévention des impacts du réchauffement climatique. Dans le contexte de la convergence entre le HPC et
le big data, la notion de tache scientifique évolue vers celle de flux de travail. Ces flux se composnt de tâches
à forte intensité de calcul et de données. Les ressources HPC sont arbitrées entre applications soumises en
utilisant très peu d’information : généralement le nombre de processeurs ainsi que le temps d’exécution
estimé. Cependant, bien que s’exécutant sur des noeuds indépendants, les applications concurrentes
partagent l’infrastructure d’E/S. Ceci signifie que les interférences avec d’autres applications peuvent nuire
à leurs performances, surtout si elles sont gourmandes en données. En outre, les interférences ralentissent
les applications de manière non uniforme, car le facteur de ralentissement de chacune d’entre elles dépend
fortement des caractéristiques d’accès de l’ensemble. Ces problèmes devraient s’aggraver à mesure que les
nouvelles charges de travail HPC incluent des codes plus diversifiés. Dans cette thèse, nous envisageons
d’étudier des stratégies de suivi minimales et efficaces pour les techniques d’arbitrage de ressources. Pour
ce faire, nous prévoyons de commencer par étudier la caractérisation possible de classes d’applications pour
concevoir des modèles généraux. Nous étudierons le volume minimal d’information qu’un outil de suivi
devrait savoir mesurer pour chaque nouveau job pour être capable de donner une bonne approximation de
sa classe. Ces informations doivent également permettre qu’un algorithme d’ordonnancement les utilisent
tout en restant assez efficace. Nous travaillerons ensuite à l’élaboration d’un outil de suivi permettant
d’obtenir ces données.

Allocation dynamique de ressources

Figure 1.1 – Diagramme simplifié d’une machine HPC.

La première partie de la thèse s’est concentrée sur la
compréhension et l’investigation de la distribution des
ressources de stockage des données persistantes dans
un supercalculateur [1]. Dans un tel environnement,
ces ressources, telles que les Object Storage Target
(OST) ou les I/O Forwading Nodes, sont partagées entre
les applications. Chaque ressource peut alors être solli-
citée par plusieurs applications simultanément, ce qui
crée de la congestion.Les applications synchrones, dont
le comportent est décrit par la figure 1.2 sont alors

ralenties.

Figure 1.2 – Modèle d’application synchrones avec 2 res-
sources d’E/S.

Figure 1.3 – Profiles d’E/S des applications, catégorisées.

Mais si les systèmes de stockage sont parallèles, c’est
avant tout pour pouvoir multiplier la bande passante
de lecture et d’écriture. Pour une application avoir ac-
cès simultané à plus de ressources n’est pas toujours
corrélé à plus de performances. La figure 1.3 montre
que si certaines applications profitent d’une plus grande
parallélisation des ressources, sur d’autres cela n’a pas
d’impact, voire un impact négatif.
Ces observations nous permettent de dessiner le contour
de deux problèmes. Le premier est de trouver le nombre
de ressources à attribuer à chaque application. Un
nombre insufisant de ressources pénalisera les applica-
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tions qui n’atteindront pas leur performance maximale,
alors que trop de ressources va augmenter la demande
sur le système, et donc créer de la congestion. Le second
problème est de savoir comment répartir les applications
sur le système afin de minimiser les collisions (quand
deux applications accèdent simultanément à la même
ressource) et répartir équitablement la charge sur le
système. Nous proposons alors deux catégories d’algo-
rithmes : les allocator et les placement. Nous comparons
plusieurs algorithmes de chaque catégorie.
Se pose alors la question de la quantité de données né-
cessaires pour chaque algorithmes. En effet, chaque al-
gorithmes va nécessiter un certain nombre d’entrée qui
vont être plus ou moins difficile à obtenir. Nous compa-
rons les différents algorithmes sur les perfomances mais
aussi sur leur coût de mise en oeuvre. Nous montrons
aussi que même avec des informations incomplètes ou
partielles certains algorithmes arrivent à avoir de très
bonne performances, avec in fine un cout de déploie-
ment réduit.
Caractérisation par fréquence
Se pose ensuite la question de l’obtention des infor-
mations necessaires, avec en premier lieu la fréquence
des applications. Pouvoir prédire quand arrivera la pro-
chaine phase d’I/O permet à des algorithmes de place-
ment d’anticiper les besoins et donc d’éviter a priori les
colissions. De plus, cette information peut bénéficier à
d’autre système tel que les Burst Buffer ou d’autre sys-
tème de placement des applications ou des E/S. Nous
avons donc développé FTIO, une bibliothèque permet-
tant d’obtenir en temps réel les caractéristiques tem-
porelles d’une applications, et plus particulièrement sa
fréquence (alternation entre phase de calculs intensifs
et phases de lecture/écriture de données).

Figure 1.4 – Exemples d’applications semi-synthétiques.

Pour cela nous nous basons sur la transformé de Fourier
afin d’extraire la fréquence principale de notre applica-
tions, et donc de connaitre sa période. Nous fournissons
une étude de robustesse de notre approche au moyen
d’application semi-synthétique, telle que montrées dans
figure 1.4. Cette approche permet de très facilement
changer le niveau de bruit présent dans nos applica-
tions.

Model de prédiction du nombre de res-
source idéal
La seconde information essentiel au placement et alloca-
tion des applications est le profils I/O des applications,
tel qu’illustré par la figure 1.3. Mais comme démontré
plus tôt, le précision n’est pas vital pour les prédiction.
Une prédiction de la bande passante n’est même pas
un élément essentiel pour nos algorithmes. Nous in-
troduisons donc un nouveau model de prédiction du
nombre de ressources permettant à une applications
d’atteindre son pic de performance E/S ainsi que la ca-
tégorie de l’application. Nous utilisons des paramètres
intrinsèques à l’applications, comme la quantité de don-
née, le schéma d’accès aux données ou la spatialité
de ces dernières. Ce travail permet aussi de mettre en
lumière les paramètres des applications qui ont une
influence sur le profile ou la capacité de l’application à
performer ou non en fonciton d’un nombre de noeud.
Bibliographie
[1] Bandet, A., Boito, F., Pallez, G. (2024). Scheduling

distributed I/O resources in HPC systems.
[2] Tarraf, A., Bandet, A., Boito, F., Pallez, G.,

Wolf, F. (2023). Ftio : Detecting i/o periodi-
city using frequency techniques. arXiv preprint
arXiv :2306.08601.

[3] Bez, J. L., Miranda, A., Nou, R., Boito, F. Z., Cortes,
T., Navaux, P. (2021, May). Arbitration policies
for on-demand user-level i/o forwarding on hpc
platforms. In 2021 IEEE International Parallel and
Distributed Processing Symposium (IPDPS) (pp.
577-586). IEEE.

Page 10 sur 130



OPTIMIZING GAN FOR DATA SYNTHESIS :
APPLICATION TO MEDICAL IMAGING AND AFFECTIVE
COMPUTING
Zakariae BELMEKKI
Direction : Nadine COUTURE
Co-Direction : Karl JENKINS
Encadrement : David GOMEZ, Patrick REUTER
EstiaR, Univ. Bordeaux, INRIA, Cranfield University

T his document presents the progress of the author’s doctoral project on Generative Adversarial Networks
(GANs). The latter have emerged as a powerful class of generative models, achieving state-of-the-art

levels of realism on multiple types of data (images, 3D data, time-series). However, GANs are still very hard
to train and many models, despite their depth, fail to achieve high levels of realism without careful tuning
and model building. Therefore, the objective of this PhD is to optimise GAN to improve its performance.
Also, it will be applied to two fields, medical imaging and affective computing.

Generative Adversarial Networks
Generative Adversarial Networks (GANs) [7] are a class
of generative models that are commonly used in mul-
tiple domains. Their impressive generative capabilities
has earned them a lot of attention from the research
community and thus, in the past decade, there has been
a plethora of works on GANs.
The GAN framework consists of twomodels, a generator
and a discriminator, trained simultaneously in an ad-
versarial manner. The generator is trained to generate
fake samples that fool the discriminator into classifying
them as real samples, and the discriminator is trained
to correctly classify real and fake samples. The minimax
game is formulated like the following

min
G

max
D

Ex∼pdata(x)[logD(x)]+Ez∼pz(z)[log(1−D(G(z)))],

(2.1)
with G the generator, D the discriminator, pdata the
real data distribution andpz a distribution from which
latent noise is drawn.
GAN for Medical Imaging
The first work, which constitutes a sort of preliminary
dive into GANs and their optimization, was on using
GAN in a Medical Imaging context. The baseline archi-
tecture was the Deep Convolutional GAN (DCGAN) [1],
which was adopted for generating x-ray chest images
from the [2] dataset. The main contribution of the work
was to optimize the DCGAN architecture for better and
faster GAN convergence. The main changes to the base-
line architecture and configuration are the following :

1. The activation functions, Relu and LeakyReLU,
were replaced by ELU [3] in both the generator
and the discriminator. The latter was reported to
improve deep learning model training and is also

a requirement for the Two Time-Scale Update
Rule (TTUR) (see details below).

2. TTUR [4] was adopted for training the model. It
consists of choosing different learning rates for
the generator and the discriminator in a way that
allows the latter the train enoughwhile the former
does not cause significant perturbations.

3. Most state-of-the-art GAN models use Adam for
training. In our case, we deviate from the mains-
tream and use a new optimizer, AdaS (Adaptive
Step-Size) [5], which led to faster and better
convergence.

The aforementioned changes led to an increase in
sample realism as well as faster model convergence.
The readers can read more about our work and results
in the original conference paper [6].
Reducing Similarity in Convolutional Net-
works
As a second step in optimizing GAN, we adopt a more
global perspective, which consists of improving Convolu-
tional Neural Networks (CNNs) since most GAN models
are convolutional. While delving into convolutional fea-
ture maps, it was observed that multiple feature maps
have a high degree of similarity : they exhibit the same
features and are highly correlated. Further experiments
showed that the standard way of dealing with such
redundancy, mainly by reducing correlation of convo-
lutional filters, is not always effective and is subject to
high fluctuations depending on the weights and input
data. After a thorough examination of the underlying
theory, we propose a new regularization term that ef-
fectively reduces feature map similarity.
Tested on some standard classifiers trained on CIFAR-
10 [8], this new regularization method led to higher
accuracy, especially when used prior to training. Some
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of the results are presented in Figures 2.1 and 2.2. α
and β are two parameters that control the way our re-
gularization term is used. The cases where α ̸= 0 and
β ̸= 0 correspond to the cases where the regularization
method is used. Notice that in all cases, our method
leads to significantly better accuracy. Note that, since
the work is not published yet, only minimal information
is presented in this document.

Figure 2.1 – ResNet18 trained with different settings. The
cases where α ̸= 0 and β ̸=

Figure 2.2 – Caption

The next step is to apply this method to a GAN to see
whether it will improve its training or not.
GAN for Affective Computing
In this work, GAN is used to generate sequence of emo-
tional data in the form of action units. Since the data at
hand are time-series, common practice dictates the use
of Recurrent Neural Networks (RNN). However, we de-
viate from that mainstream choice and use a CNN, since
the doctoral project focuses on convolutional GANs. The
main contributions of this work, which is also yet to be
published, are the following :

1. We propose a new configuration for CNNs, that
is adapted to this kind of application based on
theoretical concerns.

2. We adapt the Fréchet Inception Distance [4] to
GANs for action unit sequences and thus provide
a metric for the affective computing community
to evalute GANs for emotional sequential data.

3. We generate realistic controllable emotional data
using an imbalanced and scarce dataset with mul-
tiple classes representing both simple and com-
plex emotions.

Bibliographie
[1] Alec Radford and Luke Metz and Soumith Chin-

tala, Unsupervised Representation Learning with
Deep Convolutional Generative Adversarial Net-
works, 2016

[2] VinBigData Chest X-ray Abnormalities Detec-
tion,https ://www.kaggle.com/c/vinbigdata-
chest-xray-abnormalities-detection/overview

[3] Djork-Arné Clevert and Thomas Unterthiner and
Sepp Hochreiter, Fast and Accurate Deep Net-
work Learning by Exponential Linear Units (ELUs),
2016

[4] Martin Heusel and Hubert Ramsauer and Thomas
Unterthiner and Bernhard Nessler and Sepp Ho-
chreiter, GANs Trained by a Two Time-Scale Up-
date Rule Converge to a Local Nash Equilibrium,
2018

[5] Yanai Eliyahu,AdasOptimizer,https://github.
com/YanaiEliyahu/AdasOptimizer,2013

[6] Belmekki, Zakariae and Li, Jun and Jenkins, Karl
and Reuter, Patrick and Gómez Jáuregui, David
Antonio,2022 7th International Conference on
Intelligent Informatics and Biomedical Science
(ICIIBMS), An Empirical Evaluation of Genera-
tive Adversarial Nets in Synthesizing X-ray Chest
Images,2022

[7] Ian J. Goodfellow and Jean Pouget-Abadie and
Mehdi Mirza and Bing Xu and David Warde-Farley
and Sherjil Ozair and Aaron Courville and Yoshua
Bengio,Generative Adversarial Networks, 2014

[8] Krizhevsky, Alex and Hinton, Geoffrey, Technical
report, University of Toronto, Learning multiple
layers of features from tiny images,2009.
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LANGUAGE AND RL A BENEFICIAL INTERACTION
Thomas CARTA

Direction : Pierre-Yves OUDEYER1

Co-Direction : Olivier SIGAUD2

Encadrement : Sylvain LAMPRIER3

Univ. Bordeaux, CNRS, Bordeaux INP, INRIA, LaBRI, UMR 5800, F-33400 Talence, France
1 : Inria (Flowers), Université de Bordeaux, France
2 : Sorbonne Université, ISIR, Paris, France
3 : Université d’Angers, LERIA, SFR MATHSTIC, Angers, France

W e study how reinforcement learning (RL) and language can interact, in particular how language
can benefit the exploration and learning of new tasks. We present two works that shed light on this

relationship, the first showing how language can facilitate exploration and the second presenting a method
for grounding a language model in an environment using online RL.

Introduction
Reinforcement learning and language modelling, par-
ticularly through large language models (LLMs), are
very active areas of research which, until recently, were
rarely brought together. In the course of our research
we have been interested in the mutual benefits of inter-
action between language and RL. The former provides
the latter with useful structures for understanding the
environment. The latter enables the former to become
better embedded in the environment.
Using Language to shape RL exploration
Reinforcement learning (RL) in long horizon and sparse
reward tasks is notoriously difficult and requires a lot
of training steps. A standard solution to speed up the
process is to leverage additional reward signals, shaping
it to better guide the learning process. In the context
of language-conditioned RL, the abstraction and ge-
neralisation properties of the language input provide
opportunities for more efficient ways of shaping the
reward. We leverage this idea and propose an automa-
ted reward shaping method EAGER where the agent
extracts auxiliary objectives from the general language
goal. These auxiliary objectives use a question genera-
tion (QG) and question answering (QA) system : they
consist of questions leading the agent to try to recons-
truct partial information about the global goal using its
own trajectory. When it succeeds, it receives an intrinsic
reward proportional to its confidence in its answer (as
illustrated in figure 3.1). This incentivizes the agent
to generate trajectories which unambiguously explain
various aspects of the general language goal. Our expe-
rimental study shows that this approach, which does
not require engineer intervention to design the auxiliary
objectives, improves sample efficiency by effectively di-
recting exploration 3.2.

Figure 3.1 – During training, the agent uses the goal to
generate relevant questions using its question-generation mo-
dule QG. Then, it attempts at answering them from current
trajectories at each step with its question-answering module
QA, by looking at the trajectory. When it succeeds, it ob-
tains an intrinsic reward proportional to its confidence in
its answer. Then it removes the answered questions from the
list of questions. This incentivizes the agent to produce tra-
jectories that enable to reconstruct unambiguously partial
information about the general language goal, enabling to
shape rewards and guide learning.

Figure 3.2 – Average reward for EAGER and baselines for
four tasks, with error regions to indicate standard deviation
over four random seeds. For the PutNext-Local and Sequence-
Medium tasks, we give an example of possible tasks with
environment at time step 0.
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Using RL to ground Large Language Mo-
dels

Figure 3.3 – The GLAM method : we use an LLM as
agent policy in an interactive textual RL environment
(BabyAI-Text) where the LLM is trained to achieve lan-
guage goals using online RL (PPO), enabling functional
grounding. (a) BabyAI-Text provides a goal description for
the current episode as well as a description of the agent obser-
vation and a scalar reward for the current step. (b) At each
step, we gather the goal description and the observation in a
prompt sent to our LLM. (c) For each possible action, we use
the encoder to generate a representation of the prompt and
compute the conditional probability of tokens composing the
action given the prompt. Once the probability of each action
is estimated, we compute a softmax function over these pro-
babilities and sample an action according to this distribution.
That is, the LLM is our agent policy. (d) We use the reward
returned by the environment to finetune the LLM using PPO.
For this, we estimate the value of the current observation by
adding a value head on top of our LLM. Finally, we backpro-
pagate the gradient through the LLM (and its value head)

The recent rise of Transformer-based Large Language
Models (LLMs) trained on massive text datasets has
led to models exhibiting impressive capabilities (e.g.
natural language generation, question answering, rea-
soning, translation...). Recently, LLMs were shown to
also capture aspects of the physical rules in our world,
e.g. about space, colors or even affordances between
bodies and objects.
However, LLMs are known to suffer from a lack of groun-
ding (i.e. connecting their inner representation of lan-
guage to a world) which prevents them from properly
dealing with the meaning of concepts and their direct
use to solve tasks in interactive environments. Indeed,
alignment between statistical structures in such LLMs
and environments can be very limited, or even some-
times entirely wrong. This is partly due to 1) a training
process (predicting next words) that is not directly in-
centivized to solve problems in an environment, 2) lack
of abilities to intervene in the environment to identify
causal structures ; 3) lack in abilities to learn based
on data collected as a result of interacting with the
environment.
Focusing on such a functional competence, we propose
to use an LLM as the policy interacting with a textual
environment (i.e. a textual description of the scene is
provided by the environment and possible actions are
text commands) for decision-making problems. Using
Reinforcement Learning (RL) to finetune the LLM to
make it solve various tasks in this environment, our me-
thod named GLAM “functionally grounds” the LLM on
the environment 3.3. That is, grounding the dynamics
and physical rules of an environment to solve problems

and obtain, in the end, an operational LLM able to use
natural language to solve tasks in this interactive envi-
ronment.
Applying GLAM to Flan-T5 780M shows how such an
LLM can be functionally grounded and be able to solve
the tasks in an interactive textual environment. The
resulting LLM also exhibits strong generalization when
exposed to variations in the objects it must interact
with 3.4. Finally, we show that incremental interven-
tion using RL is key by comparing it to passive Imitation
Learning. Our results highlight that our GLAM method
leads to both better results and generalization even
when Imitation Learning is performed using an optimal
policy.

Figure 3.4 – Generalization tests : We train all agents
on a mix of 5 different tasks and evaluate their generaliza-
tion abilities on 1000 test episodes (also containing a mix of
these 5 tasks) (a). We compare them to two baselines : an
agent choosing actions randomly (Random) and the zero-
shot Flan-T5 (without any finetuning). We then perform se-
veral generalization studies by (b) substituting object names
out-of-vocabulary names, (c) substituting objects and colors
by invented words, (d) testing a new composition of tasks,
(e) substituting actions by synonyms and (f) translating the
whole environment to French for the Go To task. For each
agent, we plot its mean success rate over 2 seeds along with
the confidence interval and the delta with performance on
the same task without any change (except for (d), on which
no baseline result can be provided as this task is completely
new).
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EXPLORING THE IMPACT OF NEURAL NETWORK
ARCHITECTURE ON DECISION-MAKING PROCESSES
Naomi CHAIX-EICHEL
Direction : Nicolas P. Rougier
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I n this thesis, we investigated the impact of neural network architecture design on decision-making
processes in various scenarios, including action selection, navigation, and risk assessment. To gain

deeper insights into this question, we built computational models with an approach that did not impose
rigid assumptions about the architecture of decision-making networks. Instead, we exploit models based
on the reservoir computing paradigm that allows to solve complex task based on a random architecture.
This approach enabled us to investigate the impact of neural network architecture on decision-making
processes without bias towards preconceived notions of network structure.

Exploring the impact of network structure in ac-
tion selection processes

We delved into the study of decision-making, specifi-
cally in the context of action selection. We first followed
the classical method of building models by drawing di-
rect comparisons with the biological brain, notably the
Basal Ganglia (BG), in terms of structural configuration.
However, we later chose to pursue a different approach
by employing reservoir computing to build our models.
This alternative method offers us the flexibility to ex-
plore various architectures with fewer constraints.
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Figure 4.1 – Model architecture with a motor output (di-
rection of movement). The black arrows are fixed and the
red is plastic.

We first explore the structure and evolutionary preser-
vation of the basal ganglia, followed by an introduction
to the Meropi [1] and Sequential Meropi models that
draw inspiration from it. The limitations and constraints
of these models are critically examined. We then intro-
duce Echo State Networks (ESN) as in 4.1, their random
architecture, and their ability to solve complex tasks.
We study the transition from random to ordered ESN
architectures and examines a study on the role of struc-
ture in time-constrained decision tasks [2] as in 4.2 .
The potential of using genetic algorithms to find the
optimal structure is discussed, although this part is not

yet completed. The section concludes with a discussion
on the limitations and constraints of the models explo-
red, providing a comprehensive overview of the role of
reservoir computing in understanding the structure of
the basal ganglia.
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Figure 4.2 – Model are composed of one to several chained
ESN, all connected to the readout, all receiving feedback from
the output. M0 : Regular ESN. M1 : Dual pathway each
made of a single ESN. M2 : Dual pathway each made of two
chained ESNs. M3 : Dual pathway each made of three chai-
ned ESNs. M∗ : Dual pathway each made of one continuous
ESN

Exploring the impact of network structure in navi-
gation tasks.

In this section, we aim to explore the impact of net-
work structure on the emergence of critical hippocam-
pal cells, such as place cells and grid cells and splitter
cells [3], which play essential roles in spatial naviga-
tion. To achieve this objective, we focus on developing
a model based on reservoir computing and capable of
performing a continuous navigation task, allowing us to
identify the presence of these cells within the model and
draw conclusions about the influence of neural archi-
tecture on their emergence. The review of Duvelle et al
[3] allowed us to have a comprehensive undertsanding
of existing hippocampal models and the emergence of
hippocampal cells within them. We then introduce a
study on splitter cells inside a random but embodied
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computational model offering insights into the role of
network structure in the emergence of these crucial
cells. By connecting the findings of this study with the
broader context of hippocampal models, we aim to pro-
vide a deeper understanding of the relationship bet-
ween neural architecture and the development of key
hippocampal cells. We also discuss the limitations of
the outside-in method, which is commonly used in the
field.

Splitting effect in the model with cues

Splitting effect in the model without cues

PCA when α = 0.06 PCA when α = 0.001

PCA when α = 0.01 PCA when α = 0.005

 State Inference Models

Temporal Context models

Figure 4.3 – 3D PCA analysis on the internal states of the
reservoir allowing to put in evidence the presence of hipocam-
pal cells.

Investigating the Influence of Network Architec-
ture on Risk Attitude in Decision-Making Under
Uncertainty

The aim of this section is to explore how network archi-
tecture impacts risk attitude in decision-making under
uncertainty, using the prospect theory framework (PT)
as a foundation. We begin by introducing the PT, which
is a behavioral economic theory that describes how indi-
viduals evaluate potential losses and gains in the context
of risk and uncertainty. We also examine the attitude
toward risks in macaque decision-making, as studying
non-human primates can provide valuable insights into
the evolution and neural basis of risk-related behaviors.
We then proceed to discuss a Prospect-Theory-aligned
computational model, which is designed to simulate
and better understand the underlying mechanisms that
contribute to risk attitude in decision-making. By ana-
lyzing the model’s structure and performance, we aim
to uncover the role of network architecture in shaping
risk-related behaviors and preferences.
Conclusion

In conclusion, we reflect on the unique approach we
have taken in comparison to the classical method of
drawing direct inspiration from brain architecture. Our
findings demonstrate that simpler architectures may be
sufficient to capture essential features of neural systems,
challenging the prevailing assumption that complex bio-
logical structures are always necessary to accurately
replicate neural phenomena.
This discovery raises questions about the methodology
employed in computational neuroscience research, par-
ticularly concerning the assumptions that underlie the

modeling of neural systems. By highlighting the poten-
tial of simpler architectures, we encourage a reevalua-
tion of the current practices in the field and emphasize
the importance of exploring alternative approaches to
understanding neural phenomena.
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L es données omiques sont un grand atout pour la recherche biomédicale et notamment pour identifier
des biomarqueurs de maladies complexes comme le cancer. Les dernières décennies ont vu l’émergence

de multiples méthodes dont une grande partie se basent sur du machine learning pour explorer ces données
et trouver des pistes d’investigation à privilégier. Malheureusement, suivant la méthode appliquée et malgré
un même jeu de données, les conclusions à tirer peuvent grandement varier. Dans un premier temps nous
avons proposé de tirer partie de l’hétérogénéité des algorithmes de machine learning pour proposer une
méthodologie hybride ensembliste de sélection de variable appliquée à la recherche de biomarqueurs
du cancer à partir de données de transcriptomique. Dans un second temps pour favoriser l’exploration
et la communication de ces résultats à la communauté de recherche biomédicale nous développons un
service web implémentant notamment une visualisation par graphe dynamique enrichi d’informations
d’annotations biologiques.

Objectif
Le cancer continue de causer de nombreuses victimes
chaque année malgré les progrès de la recherche bio-
médicale. Il est donc crucial de poursuivre les efforts
pour mieux comprendre, diagnostiquer, surveiller et
traiter cette maladie. Les données omiques fournissent
des informations moléculaires essentielles, mais leur
analyse présente des défis techniques tels que le "fléau
de la dimension", où le nombre de variables dépasse
largement le nombre d’observations [1]. Des méthodes
de sélection de variables adaptées sont nécessaires pour
identifier les variables pertinentes parmi celles dispo-
nibles. Les méthodes de sélection de variables basées
sur l’apprentissage automatique ont gagné en popula-
rité, mais manquent encore de robustesse [2]. Ainsi,
les approches ensemblistes sont devenues courantes
car elles permettent de prendre en compte des per-
turbations des données (ex : ré-échantillonnage des
données) ou fonctionnelles (ex : emploie de multiple al-
gorithmes de sélection de variable) [3]. Pour aller plus
loin, les approches hybrides ensemblistes de sélection
de variable (HEFS) qui sont de plus en plus utilisées
mettent en place une association de ces deux types de
perturbation [4]. Leur emploi est néanmoins encore
récent et les diverses étapes qui composent sa mise
en place sont peu critiquées. Ainsi, dans cette thèse
notre premier objectif vise à répondre au besoin de
méthodologie pour la mise en place d’approches HEFS
robustes pour l’identification de biomarqueurs de mala-
dies complexes comme le cancer à partir de données de
transcriptomique. Le second objectif consiste à évaluer

cliniquement les biomarqueurs identifiés, notamment
dans un contexte pan-cancer, afin de concentrer les
efforts de recherche biomédicale sur des pistes promet-
teuses. Un service web interactif sera développé pour
visualiser dynamiquement les phénotypes cancéreux,
les biomarqueurs et les voies biologiques potentielles.
Contributions

Objectif 1

Matériel et Méthode. Les données d’expression gé-
nique (RNA-seq) provenant d’échantillons sains et de
stade IV du cancer colorectal ont été collectés via le pro-
jet The Cancer Genome Atlas (TCGA). Nous disposions
alors de 138 échantillons au total pour approximative-
ment 40 000 variables. Notre approche HEFS (Figure
5.1) comprend une étape de diminution des dimensions
par filtre de variance (Var) ou par analyse de gènes dif-
férentiellement exprimés (DEG). À la suite de cela, 10
paires de jeux de données d’entraînement et de test
sont produits par une méthode d’échantillonnage par
holdout répété couplé à une méthode de distribution
équilibrée (distribution-balanced) ou de stratification
aléatoire. Ces divers ensembles de données sont sou-
mis à une même étape d’entraînement d’algorithme
d’apprentissage automatique par wrapper. Enfin une
procédure d’aggrégation est mise en place pour per-
mettre la mise en commun conditionnée des diverses
listes de variables utilisées par les modèles pour per-
mettre la différentiation des échantillons sains et de
stage IV du cancer en cause. Nous avons envisagé 4 scé-
narios d’HEFS dont les résultats sont des listes robustes
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de variables (et donc de biomarqueurs potentiels).
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Figure 5.1 – Vue d’ensemble des multiples scénarios d’ap-
proches hybrides ensemblistes de sélection de variable, des
étapes de filtres et d’échantillonnage à la sélection de carac-
téristiques avec des modèles d’apprentissage enveloppants et
une étape finale d’aggrégation.

Résultats. Les divers scénarios d’HEFS ont permis l’ob-
tention de courtes signatures de biomarqueurs poten-
tiels longues de 4 à 30 variables depuis les 40 000
variables initiales (Figure 5.2). Les signatures les plus
petites correspondant aux scénario HEFS Var ont un
aussi fort potentiel de séparation des échantillons sains
et de stade IV que les variables obtenues par scéna-
rio DEG sur un jeu de données externe (GSE50760).
L’intérêt clinique de ces diverses variables et plus préci-
sément des trois communes aux 4 scénarios a été véri-
fié après une analyse bibliographique complète. Notre
étude montre que les approches d’HEFS sont fiables
mais doivent encore faire l’objet d’une attention par-
ticulière de l’utilisateur quant aux diverses étapes de
conception afin de limiter les biais méthodologiques.

Figure 5.2 – Distribution des variables dans les signatures
obtenues par les 4 scénarios d’HEFS étudiés.

La complétion de ce premier objectif a fait l’objet d’une
soumission au journal Nucleic Acids Research Genomics
and Bioinformatics et est actuellement en procédure de
révision.

Objectif 2

L’objectif 2 est en cours de développement. Sa réali-
sation s’appuie sur l’analyse de données d’une quin-
zaine de cancers différents avec des comparaisons de
classes d’échantillons variées (Sain vs Stade I, Stade
I vs Stade IV etc.). Cette analyse permise par une ap-
proche d’HEFS développée pendant le premier objectif
vise à mettre en relief des listes restreintes et robustes
de biomarqueurs potentiels. Pour pouvoir explorer ces
biomarqueurs nous permettons à l’utilisateur de par-
courir un large graphe non orienté où les noeuds sont
des gènes ou des voies biologiques et les arêtes peuvent
définir des liens entre gènes de signatures différentes
ou des liens entre des gènes et des voies biologiques. Le
graphe est dynamique et les interactions avec ce dernier
doivent permettre à l’utilisateur d’identifier des signa-
tures, les comparer par des liens directs (intersection
de liste de gènes) ou indirects (par voies biologiques).
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T emporal graphs are a tool used to represent a graph evolving over time. In these, the notion of
reachability between two vertices differs from static graphs since there may not be a path at a given

time instant nor should a path in the underlying graph implies one in the temporal one. This short document
aims to highlight some of my work regarding temporal graphs and reachability problems.

Temporal graphs
We define a temporal graph as a labeled graph G =
(V,E, λ) where V is a finite set of vertices, E ⊆ V ×V a
set of undirected edges, and λ : E → 2N a function assi-
gning at least one time label to every edge, interpreted
as presence times. The graph may also be seen as a se-
quence of static graphs called snapshots (see Figure 6.1
for an example). We call the graph (V,E) without the
labels the footprint of G.
A fundamental aspect of temporal graphs is reachability.
The reachability of a temporal graph G is characterized
by the existence of temporal paths or journeys, a path
which traverses edges in chronological order. When
every vertex may reach each other, the graph is said to
be temporally connected.
From a temporal graph G, we can build a static direc-
ted graph called the reachability graph of G where an
arc (u, v) exists if and only if u can reach v in G. Ob-
serve that G is temporally connected if and only if its
reachability graph is a clique.

3
2

3
1,3 2

Figure 6.1 – The snapshots of the temporal graph and the
labeled representation.

Temporal graphs settings

When studying journeys, many consider that either a
path crosses at most one edge at a time or any number
of edges, this distinction is what we call strict journeys
for the former and non-strict journeys for the latter. This
leads to a lot of independent results on some problems
as the behaviour of the graph may differ greatly whether
we consider strict or non-strict journeys.
A way to reconcile the two notion is by restritcting the
structure of the temporal graph to a proper labeling,
two adjacent edges cannot share any common label, in
other words, no edges may appear next to each other,
leading to every possible journey being strict. A tempo-
ral graph with such labeling is called proper, finding
NP-hard results on such graphs can be expanded to
non-proper graphs regardless of strictness.

Finally, another property to consider is whether an edge
may be present at multiple time steps, if not, every edge
has a single label. Such graphs, called simple temporal
graphs are much more restricted than general temporal
graphs while still encapsulating their complexity.
In many papers, these three properties, strictness, pro-
perness and simpleness are used but not always com-
pared to each other in terms of results, which was the
motivation of my work with Arnaud in [4] which repre-
sents these properties and their implications, an over-
view of the settings induced by the properties can be
seen in Figure 6.2. In our work, we consider simple and
proper graphs, the most restricted graphs considering
the above settings while still being very complex in their
own way. We call them happy graphs as any hardness
results on them may be transferred to non-proper as
well as non-simple graphs, but on the other hand, some
positive results on a happy graph may be transferred
to a general one through transformations or by finding
such happy graph as a subgraph.

Happy
Simple Proper

Strict

Non-strict

Figure 6.2 – Settings resulting from the three properties

Some problems on temporal graphs

Minimizing temporal graphs

In temporal graphs, many problems from static graphs
become much more complex. For instance the problem
of finding a minimum temporally connected subgraph
(called the spanner problem here) is a translation from
finding spanning trees, however an optimal spanner
may be much bigger, it has been proved that regard-
less of the setting there may exists minimum spanners
of size Θ(|V |2) [2], something much worse than the
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linear size for spanning trees. Moreover, in most of the
settings, it is APX-hard to find the size of the minimum
spanner [1, 2]. The only exception is the happy setting
where the complexity of the problem is still open.
In my thesis, we worked on a special case of temporal
spanners, temporal spanning trees [3]. Interestingly
enough, even if it is NP-hard to find the optimum span-
ner in most cases, deciding the existence of temporal
tree was still open in term of complexity. However, we
proved that it was still NP-hard, and so, even in the
proper setting, and that it is trivially polynomial in the
simple settings.
The study of the spanning tree allowed us to consi-
der more restricted temporal paths, since a temporal
tree requires each pair of vertices to use the same un-
derlying path to reach each other, we call these paths
bidirectional journeys. The existence of bidirectional
journeys is implied by a spanning tree but the converse
is not true and finding such bidirectional journeys can
be done in polynomial time. Sadly, like temporal span-
ners, we showed that optimizing the size of bidirectional
spanners (where every vertices must share a bidirec-
tional journey) is NP-hard in the simple and non-strict
setting, though in the case of the simple and strict set-
ting, the problem is equivalent to limiting the graph to
a clique.
A more general problem would be, considering a tempo-
ral graph, to highlight which labels or edges are manda-
tory to preserve the reachability graph, and minimizing
the size of a temporal graph while preserving its rea-
chability graph, this is of course at least as hard as the
spanner problem since it contains it.
Temporal graphs from reachability graphs

Instead of taking a temporal graph and trying to reduce
its size, other questions considered are related to whe-
ther a static graph may lead to a temporal one with
some restrictions. For instance, given a static connected
graph, is it possible to label it and make it temporally
connected? While this is true in the non-simple or non-
strict settings, it is much harder to decide in the happy
or simple and strict settings.
During my thesis we considered the following problem :
given a static directed graph, can it be the reachability
graph of some undirected temporal graph? Or put dif-
ferently, what properties does the class of reachability
graphs has?
This question has different answers depending on the
setting, when looking at Figure 6.3, the first graph
which is a path will never be the reachability graph
of some non-strict temporal one since any edge labeling
of a graph with 3 vertices would lead to a journey from
the first vertex to the last or the opposite case. This
graph however can be reachability of some strict graph,
the most simple example is the same graph labeled
with 1 on each edge.
The second graph from the figure cannot exists in the
simple and strict case as any temporal graph which
would have such reachability would have a path as a
footprint, an arc in the reachability graph from a to c

would imply that the tome label on ab is lower than ac,
the same argument goes for b to d, this would force an
arc from a to d in the reachability graph.
Finally the last graph shows that regardless of the set-
tings, no undirected temporal graph may have this rea-
chability graph. No arc between a and c means that the
setting must be strict and ab, bc share a single label that
is the same, the same goes between ac and bd, however
the arc (c, d) would mean that bc has a lower time label
than bd, leading to a contradiction.

a b c
a b

c d a b
c

d

Figure 6.3 – Forbidden reachability from left to right : for
the non-strict settings, for the simple and strict setting, for
all settings

This reachability property allows us to distinguish the
settings in term of which reachability graph are achie-
vable, however the complete description of the reacha-
bility graphs achievable is still an open question [4].
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DÉVELOPPEMENT D’INFRASTRUCTURE NUMÉRIQUE
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C e projet de recherche explore l’amélioration de la sûreté et de l’efficacité dans le réseau ferroviaire
à travers l’adoption des technologies de l’information et de la communication, notamment l’Internet

des véhicules (IoV). Il vise à développer des solutions innovantes pour la gestion des risques aux passages
à niveau et l’optimisation des opérations ferroviaires, grâce à l’utilisation de capteurs intelligents, de
communications sans fil haut débit, et de l’intelligence artificielle. L’objectif est d’accroître la sécurité,
réduire les retards, et améliorer l’expérience des usagers tout en conservant une approche éco-énergétique.
Ce travail promet d’offrir des avancées significatives dans la gestion des infrastructures ferroviaires et la
prestation de services de transport plus sûrs et plus efficaces.

Les systèmes de transports intelligents reposent sur les
nouvelles technologies pour proposer de nouveaux ser-
vices au réseau ferroviaire, tels que la sécurité intégrée,
la gestion des actifs et la maintenance prédictive afin
d’améliorer la prise de décision en temps utile pour des
questions telles que la sécurité des voies aux trains ou
lors des passages à niveau, les horaires et la capacité du
système. L’objectif est de répondre à une demande tou-
jours croissante de services efficaces et fiables, tout en
tenant compte du facteur énergétique en exploitant des
capteurs intelligents, des technologies sans fil offrant
une connectivité haut débit, des nouvelles technologies
de communication et des solutions logiciels intégrées.
Avec l’avènement du concept de l’Internet des véhicules,
une panoplie de nouvelles technologies sans fil peut être
exploitée pour offrir des services temps réel liés à la
sûreté. Un exemple typique d’application est d’assurer
la sûreté des passages à niveau et éviter les collisions
possibles avec les voitures. En effet, des aléas peuvent
modifier les horaires de passage des trains, tels qu’un
temps de stationnement plus long, une arrivée retardée,
un incident, etc. ; pouvoir prédire les temps de station-
nement ou les retards reste un problème d’actualité
pour le réseau ferroviaire. Pour cela, la sécurité ferro-
viaire reste un souci permanent, puisque les incidents
ferroviaires impliquent souvent un nombre important
de personnes. Il est essentiel de maintenir et d’améliorer
la sécurité, tout en réduisant les coûts.
Dans ce contexte, profiter des apports de l’IoV et les
opportunités qu’il apporte est une solution attrayante.
Ainsi, il est possible de proposer des applications qui
vont intervenir le réseau ferroviaire et son environne-
ment (réseau véhiculaire, etc.) et qui sont liées à la sécu-
rité, la sûreté, l’efficacité du trafic, l’info-divertissement,
etc. Un train connecté pourrait envoyer et communiquer
avec l’infrastructure, les véhicules connectés, les piétons,
les cyclistes,... pour envoyer des alertes ou des informa-

tions urgentes. Outre ses services de sûreté et sécurité,
un train connecté offre d’autres services de divertis-
sement à ses passagers. Pour satisfaire les exigences
de toutes ces applications ayant des contraintes diffé-
rentes, il faut s’appuyer sur des réseaux de communica-
tion à haut débit ininterrompus et tolérants aux pannes
pour toutes les conditions géographiques, structurelles
et météorologiques possibles. L’orientation actuelle est
d’utiliser les nouvelles technologies de communication
(Wi-Fi, le WIMAX, le LTE-R, GSM-R, ITS-G5, 5G, etc.).
Nous proposons dans le cadre de ce projet d’explorer
les communications et le traitement Edge pour amé-
liorer la sécurité des croisements. Le défi est à la fois
de garantir la sûreté dans un environnement critique
et de réduire les calculs. Il est de plus en plus admis
que les infrastructures numériques vont fournir des ser-
vices de stockage proche des utilisateurs (EDGE). Ceci
va permettre de réduire les accès au cloud distant et
les calculs supplémentaires, et donc réduire la consom-
mation énergétique. Cependant, il faut s’assurer de la
cohérence et de la consistance des données traitées.
En explorant les progrès technologiques de ces futurs
réseaux, mais aussi les techniques d’intelligence artifi-
cielle pour le traitement de données de proximité, nous
pensons réduire considérablement les calculs.
Plus précisément, nous proposons les étapes suivantes :

— Étudier les performances des communications ITS
pour les trains (slicing, hybridité, etc.).

— Étudier la mise en oeuvre d’une architecture de
communication globale entre tous les modes de
transport et toutes les sources de données.

— Étudier le traitement de données et les solutions
EDGE / FOG.

— Développer des algorithmes d’intelligence artifi-
cielle pour la sûreté.

— Valider les approches retenues par des techniques
de sûreté de fonctionnement.
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— Application : croisements et passages à niveau
dans un contexte C-ITS.

— Simulation et prototypage des solutions propo-
sées.

— Expérimentation sur le site de Ferrocampus.
Livrables :

— T0+6 : Analyse critique de l’état de l’art de la sû-
reté des croisements et notamment des passages
à niveau dans un environnement ITS.

— T0+12 : Proposition et validation d’une architec-
ture en intégrant les communications ITS, étude
de la virtualisation.

— T0+24 : Implémentation, études des perfor-
mances, comparaison des coûts de calcul vs cor-
rection des résultats, validation.

— T0+36 : Expérimentation dans le cadre du site
Ferrocampus.

Bibliographie
[1] Zhou, Z., Liao, H., Wang, X., Mumtaz, S., and

Rodriguez, J., “When Vehicular Fog Compu-
ting Meets Autonomous Driving : Computatio-
nal Resource Management and Task Offloading,”
in IEEE Network, vol. 34, no. 6, pp. 70-76,
November/December 2020, doi : 10.1109/M-
NET.001.1900527.

[2] Fraga-Lamas, P., Fernández-Caramés, T. M., &
Castedo, L. (2017). “Towards the Internet of smart
trains : A review on industrial IoT-connected rail-
ways.” Sensors, 17(6), 1457.

[3] Ma, X., et al., “Prototypes of using directio-
nal antenna for railroad crossing safety ap-
plications,” 2017 14th IEEE Annual Consu-
mer Communications & Networking Conference
(CCNC), Las Vegas, NV, 2017, pp. 594-596, doi :
10.1109/CCNC.2017.7983182.

[4] Uhlemann, E. (2015). “Introducing connected
vehicles [connected vehicles].” IEEE Vehicular
Technology Magazine, 10(1), 23-31.

[5] Banerjee, S., Hempel, M., & Sharif, H. (2016). “A
survey of wireless communication technologies &
their performance for high speed railways.”

[6] 3GPP TR 21.914 V0.8.0 “3rd Generation Partner-
ship Project ; Technical Specification Group Ser-
vices and System Aspects ; Release 14 Descrip-
tion ; Summary of Rel-14 Work Items (Release
14),” September 2017.

[7] Abdallah Moubayed, Abdallah Shami, Parisa Hei-
dari, Adel Larabi, Richard Brunner “Edge-Enabled
V2X Service Placement for Intelligent Transporta-
tion Systems,” January 2020

[8] ETSI TS 122 185 V14.3.0 - 3GPP TS 22.185 ver-
sion 14.3.0 Release 14 “Service requirements for
V2X services,” March 2017

[9] 3GPP TR 21.915 V0.5.0 “3rd Generation Partner-
ship Project ; Technical Specification Group Ser-
vices and System Aspects ; Release 15 Description ;

Summary of Rel-15 Work Items (Release 15),” De-
cember 2018.

[10] 3GPP TR 21.916 V0.5.0 “3rd Generation Partner-
ship Project ; Technical Specification Group Ser-
vices and System Aspects ; Release 16 Descrip-
tion ; Summary of Rel-16 Work Items (Release
16),” July 2020.

[11] D. Kehagias, C. Sougles, M. Gkemou, (CERTH), A.
Steccanella (CRF), “SAFE and green Sensor Tech-
nologies for self-explaining and forgiving Road In-
teractive applications, WP2 : System architecture
and specifications, Grant Agreement Number :
723211,” August 2017.

[12] Younes Bouchaala, “Gestion des messages de sécu-
rité dans les réseaux VANET,” Thèse de doctorat
de l’Université Paris-Saclay préparée à l’UVSQ, Au-
gust 2018

[13] Mukesh Kumar Saini, Abdulmotaleb El Saddik,
Abdulhameed Alelaiwi, ACM Computing Surveys
48(2) :1-40, DOI :10.1145/2817552 “How close
are we to realizing a pragmatic VANET solution?
A meta-survey,” November 2015.

Page 22 sur 130



STARONNX : A DYNAMIC SCHEDULER FOR LOW
LATENCY AND HIGH THROUGHPUT INFERENCE ON
HETEROGENEOUS RESOURCES
Jean-François DAVID

Direction : Olivier BEAUMONT
Encadrement : Lionel EYRAUD-DUBOIS et Samuel THIBAULT
Univ. Bordeaux, CNRS, Bordeaux INP, INRIA, LaBRI, UMR 5800, F-33400 Talence, France

O ur study delves into the StarONNX project, which aims to create a dynamic scheduler to enhance
latency and maximize throughput for deep neural network (DNN) inference across varied computing

resources. We strive to efficiently execute DNN models on a broad spectrum of processors, including CPUs
and hardware accelerators, focusing on optimizing latency and throughput. We introduce StarONNX,
which merges ONNX Runtime with StarPU for optimal task distribution and resource management in
heterogeneous architectures. This method uses ONNX Runtime for effective deep learning model execution
and StarPU for resource orchestration with advanced scheduling techniques to improve computation and
communication overlap. A key achievement is our ability to split a CNN model for concurrent operation
into GPUs and CPUs, utilizing all resources to boost throughput without sacrificing latency. Our findings
indicate that integrating ONNX Runtime with StarPU introduces negligible overhead and outperforms the
leading inference server, Triton, regarding resource use and latency reduction. Our approach assesses
performance through throughput, inference task batch sizing, and the system’s ability to process requests
with minimal latency. We also investigate model partitioning strategies to optimally employ CPUs and
GPUs, aiming to minimize the maximum processing, transfer, and CPU times for segments of a partitioned
model.

Introduction
Deep Neural Network (DNN) inference, crucial for AI ap-
plications, faces challenges on platforms ranging from
embedded devices to large servers [1]. These challenges
include processing complex data streams in real-time,
achieving high throughput and low latency, and dealing
with memory constraints and DNN parallelism. Tradi-
tional scheduling methods like Round Robin must be
revised due to the heterogeneous nature of resources
(CPUs, GPUs, FPGAs) and DNNs’ complex dependency
graphs. This study integrates ONNX Runtime with dy-
namic schedulers like StarPU[2] to meet DNN inference
demands, focusing on parallel processing and efficiency
to improve throughput and latency. We introduce a me-
thod for efficient DNN execution on varied platforms.
We demonstrate our system’s benefits over conventio-
nal approaches, addressing resource diversity and task
parallelism to enhance DNN inference efficiency and
scalability.
StarONNX

Integrating ONNX into StarPU

We assume that the neural network model is split into
several parts. Each part can be optimized by ONNX
Runtime for all available resources, e.g. with operator
fusion, before the inference starts. In StarONNX, each
of these parts corresponds to a StarPU task, and StarPU

is responsible for efficiently managing the dependen-
cies and data transfers between tasks. Figure 8.1 shows
the process of an inference in StarONNX for a neural
network divided into two parts.
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Figure 8.1 – An example of how StarPU works with ONNX
Runtime on heterogeneous processors and a sliced model.
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Performance Evaluation

Let us compare the performance of Native ONNX, Sta-
rONNX, and the Triton inference server for a single GPU
and without model partitioning. To compare the perfor-
mance of different inference systems, we we specify an
arrival rate for inference tasks and search for the batch
size that (i) allows inference to be performed with the
imposed arrival rate (ii) while minimizing latency.
The results for the CNN GoogLeNet [3] model are
shown in Figure 8.2. For the Native ONNX results, we im-
plemented by hand pinned memory, task concurrency,
and prefetching for overlapping communication and
computation. Execution is asynchronous, copying data
from the host to the driver on another stream. There-
fore, for the purposes of fair comparisons, we introduce
the same advantages as StarPU. Interestingly, using
StarPU through StarONNX allows users to seamlessly
benefit from sophisticated communication and memory
management. The results shown in Figure 8.2 illustrate
that the integration of ONNX Runtime into StarPU does
not introduce significant overhead, and trace analysis
verifies that the utilization of computational and com-
munication resources is indeed very close to optimal.
Conversely, Triton introduces significant overhead com-
pared to both optimized ONNX and StarPU.
Inference with Partitioned Neural Networks

StarONNX efficiently utilizes GPUs, handling inference
requests at an optimal frequency to effectively overlap
computation and communication while managing me-
mory allocations well. It optimizes resource use across
heterogeneous systems through intelligent scheduling,
prioritizing tasks based on their fastest processing route
considering transfer times.
We demonstrate how CPUs and GPUs are effectively
leveraged. A simple approach lets inferences run on
either without code changes, blending CPU and GPU
capabilities. This works well until the GPU’s processing
time matches batch creation times, directing overflow
to the CPU, which increases maximum latency.
To curb latency, we split the model in two, distribu-
ting parts between the CPU and GPU for balanced load
and resource use. This reduces latency compared to
CPU-only processing. Effective partitioning considers
computation and transfer times and a Python script
identifies optimal splits using ONNX Runtime.

In Figure 8.3, we showcase a partitioned GoogLeNet
model’s performance, employing the HEFT algorithm
for scheduling. The GPU manages alone under ideal
conditions (850 to 1100 queries/s). Beyond this, CPU
assistance is gradually enlisted, reaching complete GPU-
CPU processing at 2000 queries/s, enhancing through-
put (2000 vs. 1800 queries/s with GPU alone).
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Figure 8.3 – Ability of StarONNX to handle heterogeneous
resources for throughput.

Conclusion
In conclusion, the synergy between ONNX Runtime
and StarPU enables optimal task distribution and ef-
ficient resource management, improving the proces-
sing of complex calculations on different processors,
including CPUs and hardware accelerators. StarONNX
efficiently exploits GPU and CPU resources and demons-
trates the effectiveness of partitioning models to balance
the load and minimize latency.
This research highlights the potential of StarONNX to
improve the efficiency and scalability of DNN inference,
offering prospects for future advances in AI and high-
performance computing.
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L es cartes à puce et autres appareils embarqués mettent les développeurs face à un problème de
taille : les attaques physiques. Parmi celles-ci, certaines visent à modifier le comportement de la puce

(temporairement ou non) grâce à une perturbation physique (laser, glitch ou autre). Ces dernières, qui
peuvent être multiples au cours d’une seule exécution, sont difficiles à détecter et même si des contre-
mesures existent, elles peuvent être insuffisantes ou disparaître à la compilation. Pour ces raisons une
analyse des binaires générés est nécessaire, afin de détecter la présence (ou non) de vulnérabilités face à
ces attaques. Cette analyse est généralement effectuée à la main. Ce papier présente un outil d’aide à la
recherche de vulnérabilités matérielles pour du code binaire. Il s’appuie sur l’outil Binsec. Il permet de
détecter des vulnérabilités dans un binaire en fonction d’un schéma d’attaque et d’une cible à atteindre.

Introduction
En informatique, une vulnérabilité est une faille de sé-
curité exploitable par un attaquant et pouvant mener à
l’altération du comportement du logiciel ou à la divulga-
tion d’informations secrètes. Il existe des vulnérabilités
dites logicielles (buffer overflow, ROP, JOP [1], ...) et
des vulnérabilités dites matérielles, ce sont ces dernières
qui sont considérées dans ce papier. Ces vulnérabilités
peuvent être exploitées via des attaques par injection
de faute (en utilisant des LASER, des glitch de tension,
...).
Une attaque matérielle peut avoir de nombreuses consé-
quences. Il est possible de classer ces effets en quatre
catégories atomiques : les bit set (un bit du programme
est mis à 1), les bit reset (un bit du programme est mis
à 0), les bit flip (un bit du programme est inversé) et le
rejeu d’une instruction précédente. Ces différents effets
peuvent être combinés ce qui donne lieu à des attaques
plus sophistiquées, par exemple, un branchement condi-
tionnel inversé, une instruction transformée ou sautée.
La conséquence de tout cela est que des comportements
non-attendus peuvent être ajoutés via des attaques par
injection de faute.
Il est nécessaire de limiter les vulnérabilités matérielles
dans les programmes, notamment embarqués, cepen-
dant c’est une tâche ardue. Les développeurs doivent
imaginer un maximum d’attaques possibles afin d’in-
tégrer des contre-mesures 1 qui pourront limiter le
nombre de vulnérabilités exploitables. Actuellement, les
évaluations consistent en des revues de code (source
en conjonction avec le code assembleur fourni par le
client) à la main (faites par des experts) et ces dernières
ont le désavantage d’être très longues et difficiles. Il

y a donc un besoin d’analyse automatisée dans ce mi-
lieu. L’objectif de ce projet est de développer un outil
permettant d’assister les experts dans leur recherche
de vulnérabilités matérielles et d’en automatiser une
grande partie.
Exécution symbolique
Notre méthodologie est une extension de celle proposée
par Lazart [2]. Ce dernier est un outil qui analyse du
code LLVM (compilé à partir du code source) afin d’y
détecter des vulnérabilités par injection de faute. Nous
avons donc développé un outil qui applique et étend
cette méthodologie aux binaires, notamment via l’utili-
sation de Binsec [3], un outil d’analyse de binaire via
l’exécution symbolique. Le but est de tester si un mau-
vais état du programme peut être atteint en autorisant
un certain nombre d’attaque matérielle.
Cependant, l’exécution symbolique est limitée par le
passage à l’échelle. Cela vient du fait que l’exécution
symbolique est une stratégie visant à explorer tous les
chemins d’exécution possibles. Cette exploration est gui-
dée par une stratégie, classiquement : DFS (Depth-First
Search), BFS (Breadth-First Search) et NURS (Non-
Uniform Random Search). Ces stratégies n’explorent
pas le programme en fonction de l’état du programme
à atteindre. Nous avons donc mis au point une nouvelle
stratégie d’exploration basée sur l’algorithme A∗ [4]
et l’avons testée via Binsec sur différents programmes.
Les résultats sont présentés en Figure 9.1, chaque pa-
quets de colonnes correspond à un programme [5] et
chaque colonne de gauche à droite correspond à une
stratégie (dans l’ordre : DFS, BFS, NURS, A∗ et notre
heuristique qui est une amélioration de A∗). Clairement,

1. Des sécurités permettant de détecter des attaques en faute.
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notre nouvelle stratégie permet d’atteindre les états du
programme voulus bien plus rapidement que les autres
stratégies classiques.
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Figure 9.1 – Experimental results obtained with Binsec :
bars represent the number of unrolled instructions in a loga-
rithmic scale and dots represent the SSE duration in seconds.

Injection de faute
Afin de simuler des comportements indésirables lors de
l’exécution symbolique nous proposons la méthodologie
suivante :

1. Transformer le binaire en un langage intermé-
diaire (DBA) qui correspond à un automate.

2. Ajouter des mutations dans cet automate, ce qui
correspond à ajouter des transitions fautées dans
l’automate.

3. Explorer symboliquement l’automate (grâce à Bin-
sec) afin d’atteindre une cible, c’est-à-dire une
ligne du programme avec comme pré-condition
qu’elle n’était pas atteignable sans faire un certain
nombre de faute.

Des exemples de cette méthodologie peuvent être vu
en Figure 9.3, l’automate correspond au code en Fi-
gure 9.2. Les transitions en pointillées rouges sont des
transitions fautées, ici le modèle de faute choisi est de
pouvoir effectuer des branchements même lorsque les
conditions ne sont pas remplies.

1 cmp r0, r1
2 bne 4
3 call critical_function
4 halt

Figure 9.2 – Code assembleur non sécurisé

Figure 9.3 – Automate avec mutations correspondant au
code en listing 9.2

La difficulté majeure de cette approche est de spécifier
quels états sont censés être atteignables sans injection
de faute. Pour ce faire, la solution envisagée est de
demander à un expert travaillant sur le programme à
analyser de spécifier des comportements indésirables
(e.g : telle ligne de code n’est pas atteignable si tel re-
gistre vaut 0). Cette solution n’est pas optimale car la
spécification d’un tel comportement n’est pas triviale,
et un expert du programme n’a pas nécessairement
de compétences en formalisation. Pour cette raison, il
faut aussi développer un langage de haut niveau afin
de permettre à un expert de facilement spécifier les
comportements indésirables que Binsec doit détecter.
Avec cette stratégie, il est possible d’obtenir des résultats
sensiblement meilleurs que ceux avancés par Lazart :
sur un exemple classique de l’état de l’art, Wookey [6],
Lazart détecte deux vulnérabilités, et l’outil que nous
avons développé en détecte trois, dont une non docu-
mentée par Lazart. Aussi, lors du développement de
notre outil, Lazart utilisait uniquement un modèle de
faute se basant sur l’inversion de branchements. L’outil
développé quant à lui peut travailler avec n’importe quel
modèle de faute (mais pas nécessairement de manière
efficace).
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T raditional 2D animation requires a lot of planning, not only at the level of storyboards, but also for
the animation itself where rough drawings (i.e. sketches) are used to test out the motion of different

characters or special effects (e.g. water, smoke). I am interested in providing artists new ways to simplify
this task and stylize animations. In the following, I briefly present three contributions : the first two about
the creation and stylization of 2D motion and the last one about the style-preserving synthesis of sketchy
drawings.

Motion previsualization
Traditional 2D animation requires time and dedication
since tens of thousands of frames need to be drawn by
hand for a typical production. Many computer-assisted
methods have been proposed to automatize the gene-
ration of inbetween frames from a set of clean line
drawings, but they are all limited by a rigid workflow
and a lack of artistic controls, which is in the most
part due to the one-to-one stroke matching and inter-
polation problems they attempt to solve. We take a
novel view on those problems by focusing on an earlier
phase of the animation process that uses rough dra-
wings (i.e. sketches). Our key idea is to recast the mat-
ching and interpolation problems so that they apply to
transient embeddings, which are groups of strokes that
only exist for a few keyframes. A transient embedding
carries strokes between keyframes both forward and
backward in time through a sequence of transformed
lattices (Fig. 10.1, second row). Forward and backward
strokes are then cross-faded using their thickness to
yield rough inbetweens. With our approach, complex
topological changes may be introduced while preserving
visual motion continuity. As demonstrated on state-of-
the-art 2D animation exercises, our system provides
unprecedented artistic control through the non-linear
exploration of movements and dynamics in real-time.

Figure 10.1 – First row : given the input keyframes 1, 4
and 7, our system synthesize inbetween frames in real-time.
Second row : transient embeddings are shown at keyframes.

Figure 10.2 – Inbetween frames can be further refined in
both space and time via interactive tools based on traditional
2D animation : timing charts (top-left and top-right corners)
as well as drawn trajectories (red and blue curves).

3D-like motion
Representing 3D motion and depth through 2D anima-
ted drawings is a notoriously difficult task, requiring
time and expertise when done by hand. Artists must pay
particular attention to occlusions and how they evolve
through time, a tedious process. Computer-assisted in-
betweening methods such as cut-out animation tools
allow for such occlusions to be handled beforehand
using a 2D rig, at the expense of flexibility and artistic
expression. In this second work, we extend the more
flexible 2D animation framework presented in the first
section [1] to handle occlusions. We do so by retai-
ning two key properties of their system : input rough
drawings, and non-linear animation editing. Our contri-
bution is two-fold : a fast method to compute 2D masks
from rough drawings with a dynamic layout system for
occlusions between parts ; and an artist-friendly me-
thod to control the dynamic visibility of strokes for self-
occlusions. Our system helps artists produce convincing
3D-like 2D animations, including head turns, foreshor-
tening effects, out-of-plane rotations, overlapping vo-
lumes and even transparency (Fig. 10.3).
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Figure 10.3 – Masks are automatically computed for all
drawing parts to create occlusions among them; a stroke is
appearing through a temporal visibility threshold ; a partial
drawing of the nose is created at an intermediate frame (it
is stored at a keyframe, but is made to appear later on via
visibility) ; a stroke is made to disappear on the opposite ear,
and it is suddenly interrupted by the “pop” in front of the
right ear via a layout change in between keyframes.

Rough drawing interpolation
In this third work [2], we propose a novel efficient inter-
polation algorithm that generates intermediate frames
in the artist’s drawing style. Starting from a set of regis-
tered rough vector drawings, we first generate a large
number of candidate strokes during a pre-process, and
then, at each intermediate frame, we select the sub-
set of those that appropriately conveys the underlying
interpolated motion, interpolates the stroke distribu-
tions of the key drawings, and introduces a minimum
amount of temporal artifacts. In addition, we propose
quantitative error metrics to objectively evaluate dif-
ferent stroke selection strategies. We demonstrate the
potential of our method on various animations and dra-
wing styles, and show its superiority over competing
raster and vector-based methods.

Figure 10.4 – Our interpolation technique takes as input
a series of rough vector key drawings (shown in light gray),
and produces intermediate drawings (in black) that preserve
the input drawing style(s). It is based on an interactive stroke
distribution synthesis algorithm that introduces a minimum
amount of temporal artifacts
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I n nature, many animals, plants and gemstones have an iridescent appearance. These iridescences are
due to specific geometric structures at scales comparable to visible wavelengths, resulting in what are

known as structural colors. The most striking examples are photonic crystals, where the same structure
is repeated in one, two or three dimensions, increasing the scale and complexity of interference effects.
In addition, natural materials are often subject to irregularities, such as misalignments, which generate
non-negligible appearance characteristics.

Bragg mirrors

Introduction

Various structures can generate iridescence, including
thin films, diffraction gratings, and photonic crystals.
Photonic crystals, in particular, are periodic dielectric
structures that may exhibit repetitions in one, two, or
three dimensions. Beginning with one-dimensional pho-
tonic crystals, also referred to as Bragg mirrors, they
involve periodic arrangements of thin layers with diffe-
ring optical indices. These structures are prevalent in
biological organisms, notably in beetles, as depicted in
Figure 11.2. However, simulating materials containing
Bragg mirrors poses challenges due to their intricate
spectra in both reflection and transmission. The aim is
to develop rendering techniques facilitating interactive
exploration of materials featuring Bragg mirrors.
Simplify the reflectance spectrum

One initial challenge arises from the reflectance spec-
tra of Bragg mirrors. As the number of periodic repe-
titions increases, high-frequency spectral oscillations
begin to emerge. However, there are subsets of wa-
velengths known as photonic band gaps where reflec-
tances approach values close to one, as illustrated in
Figure 11.1. This phenomenon is primarily responsible
for the vibrant reflectance colors observed. For simpli-
fying the spectrum, we rely on the closed-form spectral
reflectance formula proposed by Pochi Yeh [1]. In com-
parison to the standard transfer matrix approach, this
method offers the advantage of being independent of
the number of periodic repetitions. In addition to its
performance benefits, this approach provides valuable
insights into the structure of a Bragg mirror reflectance
spectrum, particularly regarding the positioning of its
band gaps. Leveraging these insights, we derive an ap-
proximate Bragg reflectance spectrum conducive to ra-
pid, closed-form spectral integration for RGB rendering.
This proves especially beneficial for swiftly exploring

the impact of various combinations of Bragg mirror
parameters on the appearance of iridescent materials.

BG BG BG

subdivisions

𝜔𝑚

𝜔b

𝜔a

𝜔z

Figure 11.1 – Top row : Reflectance spectrum Rω (in blue)
of a Bragg mirror. The reflectance envelope Re

ω (in gray)
equals 1 inside photonic band gaps (BG). Bottom row : the
dispersion relation (in black) characterizes the location of
a BG (it is either above 1 or below −1). Spectral modes ωm

(red crosses) always lie inside a BG and are used to find Airy
points ωa (in cyan) and BG edges ωb (green dots). These
spectral landmarks, along with zero points ωz (in black) are
used to define a piecewise-constant spectrum R̃e

ω (dashed red
curve in top row), which may be optionally subdivided.

Model the roughness

Another challenge stems from the spatial arrangement
of Bragg mirrors. Drawing inspiration from biological
structures, we examine materials composed of one or
more layers of Bragg mirrors arranged in different orien-
tations atop a diffuse opaque base, as illustrated in
Figure 11.2(d,e).
These Bragg layers are modeled using microfacet theory,
where each microfacet represents a tiny Bragg mirror.
Since only dielectric media are involved, a significant
proportion of the incoming light reaching a Bragg layer
is transmitted to layers below. We then use this property
to derived a single-reflection model that further speeds
up the rendering process, granting interactive feedback
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Figure 11.2 – 1D photonic crystals are commonly found in nature. Dorsal and ventral views (a) of a female Japanese jewel beetle,
Chrysochroa fulgidissima. Microscopy (b) and TEM (c) images of its cuticle at different locations : the rough cuticle surface is shown
in (b), while Bragg- like structures are observed in (c). All images from Schenck et al. [SWS13] - © IOP Publishing, reproduced
with permission, all rights reserved. A Bragg mirror (d) is made of N cells, each composed of two thin films of different refractive
indices (n1, n2) and thicknesses (d1, d2). The entry and exit refractive indices are equal, making the last interface index-matched
(dashed line). A layered Bragg structure (e) consists of a rough Bragg layer (a contiguous distribution of Bragg mirrors of varying
orientations) in a host medium of index n1.

in spectral renderings. An example of a rendered result
is depicted in Figure 11.3

Figure 11.3 – Spectral rendering of a single rough Bragg
layer on top of a diffuse base under a smooth coating. Parame-
ters :n1 = 1.4, n2 = 1.7, d1 = 114nm, d2 = 266nm,N =
10. Albedo of the diffuse base :ρd = 0.2

Cholesteric Liquid Crystals
Cholesteric Liquid Crystals (CLCs) consist of rod-like
nanostructures organized in a stable helical layered
structure. In this case, a refractive index modulation
arises from the birefringence of the nano-rods : its index
varies depending on whether the incident light is pola-
rized parallel or perpendicular to the rod. This periodic
modulation also generates iridescent behavior. CLCs
are abundantly present in natural structures such as in
the pollia fruit and in certain beetles. They can also be
easily replicated using various techniques documented
in the literature. Numerous research works focus on ma-
nipulating the physical prop- erties of CLC structures,
including pitch, refractive index, number of repetitions,
and birefringence, to modify their visual appearance.

The reflectance spectrum of CLCs shares similarities
with that of Bragg mirrors. However the equations des-
cribing the behavior of CLCs differs from those of Bragg
mirrors and we cannot use the exact same approach to
simplify it. Currently, we are actively working on deve-
loping an efficient model to render this type of material
effectively.
Bibliographie
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BIOINFORMATIC METHODS TO STUDY METABOLISM
AND CELL TYPES IN GLIOBLASTOMA
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T he development of bioinformatic tools for multi-omics data analysis with a focus into metabolism, data
integration, and tumoral microenvironment, is covered in the presented PhD project. The biological

context is the Glioblastoma (GB), a lethal brain tumor. The first part of this project resulted in a new
bioinfomatic tool, DIMet, which performs the differential analysis of labeled metabolomics data, and its
integration to transcriptomics data. DIMet was showcased on the blocked lactate transporter GB datasets,
and accepted for publication (in press). During the second part, the implementation of methods to analyze
spatially resolved metabolomics data is ongoing, and a fourth year is required.

The Glioglastoma (GB) metabolic plasticity plays a role
in the invasiveness of the malignant cells, which is stu-
died through the lens of high-throughput omics data
[1]. The present interdisciplinary doctoral project, cur-
rently in its third year, is dedicated to the development
of bioinformatic tools for the omics data analysis in this
biological context. It is divided into two parts :
Bulk labeled metabolomics data : analy-
sis and multi-omics integration
Rationale. The labeled metabolomics technology al-
lows to quantify the cells’ metabolic activity, using a 13C
labeled substrate to trace the speed of the production/-
consumption of the metabolites. Whether with LC-MS,
GC-MS or NMR 2, the m/z peaks of isotopologues 3 are
measured, then transformed to arrays of corrected in-
tensities stored as tabular files. Available bioinformatic
methods to compare labeled metabolomics data across
conditions or time-poins, have limitations : the fluxes
quantification is expensive in computational resources,
and assumes priors 4. Other tools lack a rigorous statisti-
cal framework, or do not take into account the labeling
patterns, commonly represented as mass distribution
vectors (MDVs) [2].
Objectives. The objectives of this first part of the doc-
toral project are : (i) to automatize the differential ana-
lysis of labeled metabolomics data, and (ii) to develop
a metabolic-pathway based strategy to integrate meta-
bolomics and transcriptomics datasets 5.
Datasets. In the GB P3 cell line, the knock out (KO) of
the lactate transporter LDHA/B was associated with a

decrease in invasion in vitro[1]. Separately, for LDHA/B
KO and Control samples, both labeled metabolomics
and transcriptomics data were acquired, in bulk (i.e. no
spatial nor single-cell resolution), and in triplicates. All
the datasets are available at Zenodo.
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Figure 12.1 – DIMet accepts labeled metabolomics metrics :
isotopologues, mean enrichment, and total abundances (left).
Statistical analyses (center-right) explained in the Methods :
the Fold Changes and p-values of the differentially abundant
or labeled metabolites (DAM) are computed by DIMet. The
integration (right panel) with the transcriptome (differen-
tially expressed genes (DEG) obtained with standard analysis
using e.g. DESeq2) through metabolograms is available. Me-
tabolograms can be projected onto a network (by external
tools).

Methods. The tool was developed in Python 3.9.7 and
3.10, its architecture is powered by the Hydra library, a
versatile multi-configuration manager. Univariate sta-
tistical analysis (Figure 12.1) can be performed with
non-parametric tests, whether comparing conditions or
as a time course analysis. The bivariate analysis allows
to compare the MDV profiles using the Spearman or
Pearson correlation test. The p-values can be adjusted
for multiple comparisons. The multivariate analysis is

2. Liquid Chromatography coupled to Mass Spectrometry, Gas Chromatograpy-MS, and Nuclear Magnetic Resonance, respectively
3. An isotopologue is a unique variant of the metabolite with a specific number of stable isotopes and mass, function of the number of

labeled carbon atoms.
4. Flux computation relies on priors such as stoichiometric constants and a fixed repertoire of reactions.
5. Both omics being complementary : transcriptomics measures the expression of genes encoding for enzymes catalyzing the metabolic

reactions
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possible with the Principal Components Analysis. Visua-
lizations can be customized. Moreover, DIMet integrates
transcriptomics and labeled metabolomics data through
pathway-based metabolograms. All above relies in SciPy,
NumPy, Statsmodels, Pandas, Matplotlib and Seaborn
libraries, among others.
Results. We present to the scientific community the
new, open-source, one-stop comprehensive tool for
differential analysis of targeted labeled metabolo-
mics data : DIMet. It supports differential compari-
son in multiple modalities (e.g. time-course analysis,
or entire MDV profiles). The use of DIMet in real
datasets from GB P3 cell-line samples was illustra-
ted. The differential results in labeling can be in-
terpreted as a proxy to the reactions speed. DIMet
is available at https://github.com/cbib/DIMet. For
non-developers, a user friendly interface is accessible
through https://usegalaxy.eu, and is also deployed in
the Galaxy Workflow4Metabolomics. In conclusion, the
two aforementioned objectives were met, and the asso-
ciated paper has been accepted for publication in the
Application Notes section of the Bioinformatics journal.

As an aside note, the development of a more advan-
ced strategy for omics integration through interactive
and editable metabolic networks was also explored.
The graph operations were defined, a DSL editing lan-
guage was proposed, and the automatic selection of
sub-networks was set. After initial front-end experimen-
tation, serious limitations concerning the graph layout
were found. Unfortunately, due to time constraints, this
work was suspended. Indeed the second part of the
doctoral project needs more urgent attention.
Spatial Omics data analysis to study the
microenvironment’s metabolic state
The second part of the project is dedicated to the de-
velopment and automation of methods for the Spatial
Metabolomics data analysis. The Spatial Metabolomics
data, in our context, consists of the metabolic profiles
measured in ex-vivo brain tissue slices of Xenografted hu-
man GB cells, in a murine model. Under the hypotheses
that : a) the metabolic state of the GB microenviron-
ment is the result of metabolic interactions between
the different cell types, and b) that the Spatial Metabo-
lomics data captures cell-type signals, the 2 following
objectives were fixed :

1. To computationally establish the composition of
the 2-dimensional metabolomics data, in relation
to the cell types, namely, astrocytes, oligodendro-
cytes, neurons, and two types of tumoral cells.

2. To propose a representation of the metabolic state
of the microenvironment taking into account the
cell types and their relative location in the space.

Datasets. Briefly, the tissue slice is subjected to a
matrix fixation, ion preparation and compounds de-
tection with a MALDI-TOF (Matrix-Assisted Laser De-
sorption/Ionization coupled to a Time-of-Flight mea-

surement device) instrument. For each acquisition,
the spectra of metabolites’ mass/charge (m/z) ratios
(peaks), across all the pixels of the slice, are genera-
ted. These spatially resolved spectra, known as Mass
Spectrometry Imaging (MSI) data, are converted to
arrays of intensities (imzML format). To note, peaks are
ambiguously mapped to compounds identifiers of the
HumanMetabolism Data Base (HMBD) : one peak often
corresponds to more than one identifier. These HMBD
annotations are registered into tabular files for a later
use, for instance, to perform pathway mappings using
the Kyoto Encyclopedia of Genes and Genomes(KEGG).
A cooperation with the PRISM -Protéomique Réponse In-
flammatoire Spéctrométrie de Masse- laboratory at Lille
University was established, providing us the raw imzML
files for our bioinformatic developments at the IBGC.
The received MALDI-TOF MSI data corresponding to
two acquisitions (LDHA/B KO and Control) have a pixel
size of 50µm, an average of 40000 pixels, and a m/z
range between 88 and 200.

Methods. Each imzML file has been converted to a
2-dimensional dense matrix of positive floats, where
the columns correspond to the pixel coordinates, and
the rows correspond to (m/z) peaks. Different non-
supervised machine learning strategies for the attribu-
tion of pixels to discriminative groups were explored :
K-Nearest Neighbors (KNN), k-means, hierarchical clus-
tering. However, preliminary results show that these
strategies tend to group the pixels by patterns of com-
bined signals. The Linear Discriminant Analysis (LDA)
performsmultilabel classification, but requires adequate
training datasets. A probabilistic cell-type composition
of the pixels via supervised classification algorithms
is recommended. Unfortunately, ground-truth datasets
are scarce or not centralized, and fingerprints of puri-
fied cell types are not yet available (TD is considering
to acquire them shortly). In view of these challenges,
we are moving towards the development of network
representations of cell type metabolic profiles, and the
use of Graph Neural Network algorithms. Therefore,
this part of the project will be extended into a 4th year
of Thesis.
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I f virtual reality (VR) was initially only available to experts, it has nowadays been introduced to the
general public. VR headsets are being used in exhibitions, entertainment centers and at home. Yet,

introducing new technology to the general public comes with challenges. During this thesis, we focused on
three main challenges, 1) learning how to use the hardware and new immersive applications, 2) offering
some immersive content suited for non-experts, and 3) empowering non-experts through enabling the
authoring of VR content by non-experts for non-experts.

User Onboarding in Virtual Reality
Using a new software always comes with a learning
curve whether the application is in VR or on more tra-
ditional hardware such as a computer. We call this lear-
ning phase onboarding, which is defined by Renz et al
[1] as "the sum of methods and elements helping a new
user to become familiar with a digital product".
We investigated the current practices and challenges in
VR onboarding [3]. To do so, we reviewed 21 tutorials
based on a heuristic evaluation and we interviewed 15
VR experts with experience in VR onboarding.
We gathered the results of our tutorial review into three
main challenges : 1) Intelligibility, 2) Feedback and
feedforward, and 3) Adaptability and accessibility.

Figure 13.1 – Conceptual framework for general assisted
VR onboarding

We did a thematic analysis [2] of our interviews and
identified three main challenges : 1) the novelty of VR,
2) the lack of awareness, and 3) the communication
barrier in VR.

Based on our tutorial review and our expert interviews
we created a framework for general onboarding and
provided guidelines for general and instructor-based
onboarding. Our framework comprises eight dimen-
sions and is depicted in figure 13.1. We expect this
framework to become a support to researchers and on-
boarding designers as (1) it has descriptive power, (2)
it can be used to compare designs, and (3) it supports
generating new designs. However, this framework is not
meant to be prescriptive, as further research is required
to understand which design better fits a situation.
Visualizing humanitarian data in virtual
reality
As VR headsets become available to the general public,
it offers new opportunities for content diversification
and it would be interesting to investigate the creation
of accessible content for non-experts in VR.In our case,
we focused on data visualization. In some cases, the
use of VR can facilitate the analysis of complex data by
experts thanks to the immersive and three-dimensional
environment it offers. However, when introducing data
to the general public, our main interest in VR might
not be because of its capacity to display data in 3D, but
rather because of the sense of immersion and reality it
can provide.
VR can be useful when communicating about huma-
nitarian data. It is indeed a promising tool to raise
empathy thanks to the sense of presence and realism
it can provide. Yet, immersive content meant to raise
empathy such as VR documentaries, usually gives very
little to no information regarding the extent of a crisis
for a quantitative understanding. Thus, we inspired our-
selves with the concept of semantic zoom and designed
a new type of visualization in VR that transitions from
an abstract traditional visualization, to an immersive
embodied visualization.
We explored the potential of this type of visualization
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through three use cases : 1) the presumed femicides in
France in 2022 registered by the collective "Féminicides
par compagnons ou ex" 6 (See figure 13.2)), 2) the bike
accidents that occurred in Gironde in 2018 7 and, 3)
and exploration of animal welfare through the visuali-
zation of the laying hens condition. The three use cases
demonstrate that beyond showing the human (/living)
being behind the data, the immersive view can be used
to provide context, embody the victim and inform on
non-codable data.

Figure 13.2 – The immersive views of the visualization of
the femicides in France in 2022.

Authoring Interactive and Immersive Ex-
periences Using Programming by De-
monstration
The last step to introduce and settle the use of VR for
the general public is to empower the users by enabling
the prototyping and authoring of immersive VR expe-
riences, which allows non-developers to appropriate the
use of VR and create new content.
Various methods have been investigated to enable de-
velopment for non-experts such as simplified desktop
interfaces, visual programming [4], and authoring by
demonstration [5]. However, these approaches do not
handle yet the creation of complex interactive expe-
riences.
Immersive authoring by demonstration appears as a pro-
mising creation process for end-users as its users directly
manipulate objects in context and can immediately vi-
sualize and experience the created interactions. In order
to better understand the challenges to the immersive
authoring of interactive experiences by demonstration,
we implemented an authoring tool, created two use
cases, and organized a feedback session [6].
We implemented a prototype in which users can record
actions. As they start the recording, they can directly
manipulate objects in the virtual environment to de-
monstrate actions. After recording actions, users can
link actions as triggers and effects. Finally, users can
directly test the interactions they authored by activating
a test mode.
Based on the use cases’ observations and the feedback
sessions’ results we identified five main challenges for

authoring interactive experiences by demonstration : 1)
Handling impossible demonstrations, 2) Demonstration
of abstract concepts, 3) Processing ambiguities, 4) Crea-
ting and visualizing logic and, 5) Providing assistance
to users.
Conclusion
Making VR headsets affordable and broadly available
is only the first step to supporting the use of VR by the
general public. More research required to support the
onboarding and authoring of interactive experiences
and the benefits of VR for end-users still need to be ex-
plored. We hope this PhD will provide some guidelines
to reach this goal.
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Humans have evolved the ability to learn new skills to adapt to a variety of situations they might encounter.
This ability is of great interest in the study of artifical intelligence, which also aims to develop this level of
adapation and learning. In fact, instead of trying to learn a specific task, the field of artificial intelligence is
interested in learning/evolving agents that are able to adapt and learn quickly new things : ie learning to
learn or "meta learning". In particular, as learning a skill might be a stepping stone to learn new more
complex skills, an agent that would constantly learn and accumulate knowledge could be able to learn
always more complex skill, what we call "open-ended skill acquisition". In this thesis, we aim to study
what are the ecological condition that would give rise to the emergence of open-ended skill acquisition?
Studying the impact of environmental features on the learning process. We study it both at a low level
of cognition where we look at how evolution might be able to evolve simple entities into more and more
complex ones. And at a higher level where agent at a developmental scale (ie during their lifetime) face
uncertain or variable environments and have to adapt to it quickly through learning from experience and
exploration.

Towards open ended evolution in cellular
automata
In these work [1, 2], we position ourselves at a low
level of cognition to try to build a system that would
reproduce some king of open ended evolution. Meaning
that the system would continuously evolve more and
more complex agents. And in particular we are interes-
ted in studying the minimal environmental conditions
that would give rise to this open-ended evolution.
In a first project [1], we first looked at the existence of
cellular automata (CA) rules that would self-organize
agent with some very basic cognitive ability : sensori-
motor capabilities, ie the ability to react to perturbation
from the environment. This project included the intro-
duction of obstacles as environmental perturbation in
the system. We then used machine learning techniques
such as curriculum learning, gradient descent, diver-
sity search to optimize the rule of the CA in order to
self-organize those sensorimotor agents.
In a second project [2], we extend a known cellular
automaton Lenia with mass conservation, introducing
flow Lenia. This allows to add environmental constraint
more easily as well as competition for mass and evo-
lution. In addition, this new CA allows to have local
parameters, allowing to have "multi-species" simulation
(ie simulation with several cellular automata rules on
different part of the grid). Such a feature opens up
research perspectives towards the achievement of open-
ended intrinsic evolution inside continuous CAs (see
Fig.14.1), which means that all the evolutionary part
would be a result of the dynamic of the CA (without any
external loop/system). We hypothesize that this open-

ended instrinsic evolution could, through the competi-
tion/cooperation, lead to the emergence of interesting
low level cognition in those system.

Figure 14.1 – Intrinsic evolution in a multi species simula-
tion in Flow Lenia

Eco-evolutionary dynamics
Environment plays an important role in open-ended
evolution, but in most evolutionary algorithms works,
the environment experience reset at each generation.
This removes an important part of evolution where "or-
ganisms are not solely products but, by modifying their
niche and therefore its associated fitness landscape,
are also causes of evolution" [3]. The main objective
of the paper[4] is to propose a simple large-scale eco-
evolutionary dynamics in agent-based simulations with
a reasonable level of biological and ecological plausibi-
lity andmeasure its dynamic. The environment contains
a variable population of agents (often more than a
hundred), each controlled by a neural network whose
weights are optimized using neuroevolution.
We prevent any environment or population reset du-
ring a whole simulation run, enabling coupled environ-
mental and population dynamics leading to complex
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eco-evolutionary feedback effects.
Multi agent Autotellic agents
The intrinsically-motivated goal-conditioned learning
paradigm is well-established in single-agent settings :
by setting its own goals and pursuing them in an envi-
ronment without external supervision, such an agent
is able to acquire a wide diversity of skills [5]. Such
agents are called autotelic, from the Greek words auto
(self) and telos (end). This framework given a way to
sample goals and to assess their success lead to agent
acquiring more and more complex skills.
However, What happens when you transfer the autote-
lic paradigm to multi-agent environments, where some
skills may require the cooperation of multiple agents
(lifting a heavy box for example) ? This is the question
we aimed at addressing in this project [6]. We believe
that multi-agent applications will benefit from agents
that can autonomously discover and learn cooperative
skills, but entail additional challenges to the ones found
in single-agent settings : agents that independently set
their own goals will have a very low probability of simul-
taneously sampling the same cooperative goal, which
will make solving these goals difficult. We address this
issue by allowing the agent to send messages to the
other before choosing a goal.(though the agent have to
learn which message to send and coordinate with the
other)
Meta learning : Learning to learn
Instead of relying on the explicit sampling of goal which
often has to be predefined. Training over a distribution
of tasks can allow to meta learn this sampling of goal
end to end in the dynamic of the agent. For example,
training on a distrubution of environment, where for
each environment the agent doesn’t know the rules and
can only learn them through trials and errors, should
lead the agent to meta learn an efficient exploration
strategy to learn as quickly as possible the rule of the
environment to exploit them.
In particular, as a first step towards studying the evolu-
tion of open-ended skill acquisition in artificial agents,
we studied the environmental conditions favoring the
systematic exploration of combinatorial recipes invol-
ving various objects. By combinatorial recipe, we mean
the ability of agents to combine objects in the environ-
ment in order to create new ones (in the spirit of the
Minecraft video game). In this work, the training of an
agent uses meta reinforcement learning where an outer
loop, equivalent to an evolutionary mechanism, meta-
learns the parameters of an inner loop which can be
seen as a developmental mechanism (where the agent
acquire skills during its lifetime by interacting with the
environment). In particular in this setup the agent ef-
fectively learns to explore and memorize recipe during
its lifetime.

B )  Example of episode rollout

Agents should activate 
both landmarks

Agents should bring 
to 

yellow 
item blue In-out Machine 

Apparition of  for 
stage 2

yellow item

? Agents are unaware of the task rules, they must explore to find the right interactions

Yellow item transformed 
into cyan item

Figure 14.2 – Example of task environment.

In another work [7], we further investigate the emer-
gence of cooperative exploration strategies of decen-
tralized agents by training them on a open ended dis-
tribution of tasks. To this end we introduce a novel
environment which is conceptually simple yet allows
for a complex open ended procedurally generated task
space by dynamically combining multiple subtasks sam-
pled from five task types to form a task tree which needs
to be solved sequentially, akin to the notion of recipes
(See fig 14.2 for an example of task). As no information
is given to the agents about which subtasks have been
sampled or how and in which order they should be
solved, the agents have to develop general strategies
for exploring the environment, effectively learning how
to learn from the information obtained by interacting
with the environment throughout the episode, in order
to solve novel tasks.
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Co-Direction : David ILCINKAS
Univ. Bordeaux, CNRS, Bordeaux INP, LaBRI, UMR 5800, F-33400 Talence, France

L es systèmes concurrents sont des systèmes qui peuvent utiliser plusieurs processus de façon simultanés
qui vont se partager des ressources communes. Ils sont de plus en plus présents dans nos systèmes

informatiques modernes et en particulier dans des systèmes critiques.
Cependant leur correction, c’est-à-dire l’absence de bugs et autres failles, n’est pas chose facile due au fait
qu’ils doivent fonctionner correctement qu’importe l’ordre d’exécution des différents processus.
C’est pour cela que dans ma thèse je m’intéresse à la vérification formelle, et plus précisément au model-
checking. Le but est d’abstraire des problèmes sur des systèmes complexes et de les représenter par des
problèmes sur des modèles mathématiques plus simples. Il faut trouver des modèles qui soient suffisamment
puissants pour abstraire beaucoup de systèmes complexes, mais qui ne soient pas trop puissants au point
de rendre les problèmes sur ces modèles indécidables. Par si un modèle peut modéliser les machines de
Turing alors beaucoup de problèmes seront indécidables et donc le modèle inutilisable.
Les réseaux de Petri constituent un modèle bien étudié pour vérifier les systèmes concurrents. Le calcul de
l’ensemble de couvrabilité est l’un des problèmes les plus fondamentaux concernant les réseaux de Petri,
et c’est celui qui m’intéresse dans le cadre de ma thèse.
Obtenir des preuves certifiées par machine serait donc un véritable gain vu la complexité d’écrire à la
main des preuves complètes et correctes pour des systèmes concurrents. C’est pour cela que je me suis
intéressé à l’assistant de preuve Coq. Avec ce dernier nous avons certifié la correction et la terminaison de
l’algorithme MinCov de Finkel, Haddad et Khmelnitsky (FOSSACS 2020). Cet algorithme est l’algorithme
le plus récent dans la littérature qui calcule la base minimale de l’ensemble de couvrabilité, un problème
connu pour être sujet à des bugs subtils.
Outre l’intérêt intrinsèque d’une preuve vérifiée par ordinateur, notre certification fournit de nouvelles
informations sur l’algorithme MinCov. En particulier, nous introduisons comme algorithme intermédiaire
une variante à petites étapes de MinCov d’un intérêt indépendant.

Techniques et méthodes

COQ

Coq est un assistant de preuve, c’est-à-dire un logiciel
permettant la vérification de preuves mathématiques
comme des théorèmes ou encore des assertions relatives
à l’exécution de programmes informatiques. Attention,
cela reste un assistant, il ne va pas faire vos preuves à
votre place. C’est un logiciel libre développé par l’équipe
PI.R2 de l’Inria et en partenariat avec l’école polytech-
nique, le CNAM, l’Université Paris Diderot et l’Université
Paris-Sud.
Coq est fondé sur le calcul des constructions, une exten-
sion de la correspondance de Curry-Howard utilisant
la logique propositionnelle intuitionniste. Le calcul des
constructions utilisé dans Coq comprend directement
les constructions inductives, d’où son nom de calcul des
constructions inductives.
Le passage de la logique classique au calcul des construc-
tions nécessite un temps d’adaptation. Effectivement
dans nos preuves habituelles en informatique et en ma-
thématiques, il n’est pas rare d’utiliser le tiers exclu ou

encore des preuves par l’absurde.

Bref des preuves qui montrent qu’un objet existe sans
pour autant montrer comment le construire. Or Coq n’a
pas naturellement ces principes puisqu’ils font partie
de la logique classique. Ce qui nous force, si on décide
de ne pas les rajouter, à changer nos preuves pour avoir
des preuves constructives et directes. Cependant ces
preuves ont le bon goût d’apporter plus d’informations
sur ce qui se passe réellement lors de la preuve. Ce qui
est d’autant plus vraie par le fait que Coq ne peut pas
faire des bonds de raisonnement logique comme les
humains, ce qui nous force lors de preuves en Coq a
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vraiment décomposé nos preuves en briques élémen-
taires. Il y a donc aussi un côté pédagogique à faire des
preuves en Coq.
Tout cela n’a pas empêché de montrer des gros résultats
en Coq, notamment :

— Le théorème des quatre couleurs par Georges Gon-
thier et Benjamin Werner [1].

— Le théorème de Feit-Thompson par Georges Gon-
thier et son équipe [2].

— CompCert, un compilateur optimisant pour le lan-
gage C qui est en grande partie programmé et
prouvé en Coq

Coq a déjà été utilisé pour vérifier l’algorithme de cou-
verture le plus fondamental sur les réseaux de Petri
dans [4]. Cette certification utilise la bibliothèque Ma-
thComp[3] qui a été développé afin de pouvoir faire
des preuves mathématiques formelles de haut niveau
en Coq. Elle a été développé par Georges Gonthier et
son équipe lorsqu’ils ont prouvé le théorème de Feit-
Thompson.
J’ai donc étendu la modélisation sur les réseaux de Petri
afin de pouvoir vérifier la terminaison et la correction
de l’algorithme de couverture le plus récent, MinCov.
J’ai aussi proposé une variante à petits pas de cet algo-
rithme, appelé AbstractMinCov, que j’ai aussi certifié
avec Coq.

[4]
Technical tools 631 lines

Petri net 1226 lines
Karp-Miller 775 lines

Our paper
Technical tools 1780 lines

Petri net extension 1873 lines
MinCov & AbstractMinCov 5634 lines

Le code est accessible sur Software Heritage au lien
suivant :
https://archive.softwareheritage.org/swh:1:
rev:7b5523e30026266c471c73e911f0fda525c6f900;
origin=https://gitub.u-bordeaux.fr/thhilaire/
petri-net-in-coq.git.
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W hite-box cryptography aims at protecting software implementations of cryptographic algorithms
against a very powerful attacker who may gain control over the execution environment. If nowadays

all published white-box designs for standard cryptosystems are considered broken, some solutions can
actually be usable in practice and white-box implementations are currently sold by several companies.
Indeed, the capacities of the adversary vary widely depending on the use case and some attacks that were
introduced in the literature can actually be difficult to apply in practice. It is thus important to identify
attacks and countermeasures that are relevant in real-life scenarios, and this is what I tried to do in my
PhD thesis for two well-known schemes, namely AES and ECDSA.

White-Box Cryptography

Context and Brief History

The goal of white-box cryptography (WBC) is to protect
the secret keys embedded in software implementations
of cryptographic algorithms that are executed in un-
trusted environments. Such implementations require
special care since cryptosystems are mainly designed
to resist an attacker who can only observe inputs and
outputs, and of course, an adversary controlling the
execution environment of a software implementation
could obtain far more information. In the white-box
model, we consider that the attacker can analyze (or
even alter) both the binary and the values read/written
in memory.
The first white-box implementations were introduced
by Chow et al. in 2002 [1, 2]. Since then, the field
has received considerable attention from the commu-
nity with many design proposals, attacks and efforts to
define security notions. Unfortunately, to this day, all
public implementations of standard cryptosystems have
been broken and the question of the (im)possibility
of protecting such algorithms in the white-box model
remains open. However, some ad-hoc cryptosystems
were specifically designed for this context and proved
to satisfy some useful security notions.
White-Box Cryptography In Practice

For reasons of interoperability, the industry is unlikely
to adopt ad-hoc cryptosystems. Nevertheless, as already
mentioned, all public designs of standard algorithms
are currently broken. In such circumstances, the indus-
try is compelled to devise proprietary solutions that
rely primarily on obscurity, i.e. on the secrecy surroun-
ding their implementation. The objective is to provide
practical security by preventing automated attacks and
applying code obfuscation to ensure that the adversary

has to go through a time-consuming and arduous re-
verse engineering phase.
While these practical solutions are less secure than what
is expected in the white-box model, real-life adversaries
may also be far less powerful than described. Indeed,
the capabilities of attackers vary widely depending on
the use case. For example, if the white box is bound
to a mobile-payment application that implements au-
thentication mechanisms, then the attacker should not
be able to execute the code himself, rendering chosen
plaintext attacks impractical and limiting the number
of executions within a given time frame.
Practical white-box designs should thus be construc-
ted for a specific purpose and come with a detailed
adversary model so that relevant analysis can be done.
Similarly, when a new attack is discovered, its practica-
lity should be evaluated in terms of several parameters,
including the possibility of automation, the required
number of executions and the need to choose specific
inputs.
Automated Attacks
Automated white-box attacks are particularly interes-
ting since they do not require any reverse enginee-
ring step. They encompass two well-known attacks that
have already been extensively studied in the smart-card
world : side-channel and fault attacks.
Side-Channel Attacks

In 2016, Bos et al. [3] introduced the first automated
attack against white-box implementations. The prin-
ciple is very similar to the classical side-channel attacks
(SCA) [4] that were originally designed to break hard-
ware implementations : secret values are extracted from
leakage traces obtained during several executions of a
cryptographic algorithmwith the help of statistical tools.
The only difference relies upon the nature of the traces.
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When attacking a hardware implementation, one would
for instance measure the power consumption of the de-
vice during the execution of the algorithm. Instead of
relying on such noisy information on the processed data,
a white-box attacker can directly record traces of all
the values that are read or written in memory, reducing
a lot the number of required executions and leading to
efficient practical attacks.
Fault Attacks

Another automated attack consists in purposefully dis-
turbing the algorithm execution and exploiting the re-
sulting faulty output. It was first introduced in [5]
against hardware implementations, but in the white-
box context, errors can be induced even more easily
since the attacker can modify the binary or use debug-
ging tools to stop the execution and, for example, skip
an instruction or modify the value of a register. Fault
attacks are very powerful since they can be fully auto-
mated and usually only require a very limited number
of executions on random plaintexts.
Main Contributions
When my PhD started, almost all the work on WBC
focused on the Advanced Encryption Standard (AES).
I continued the research on that scheme but also got
interested in the Elliptic Curve Digital Signature Algo-
rithm (ECDSA). Indeed, white-box implementations of
the latter are actually needed and already sold by the
industry, which is in contrast with the lack of published
articles on the subject. During my PhD, I contributed
to a few publications that I describe below. I also co-
authored a popular science article onWBC for Interstices
and helped design and implement a proprietary ECDSA
white box for my company.
Patent Study

Our first paper [6] provides a deep comprehension on
the challenges of ECDSA white-box implementations.
It highlights the existence of particularly devastating
attacks and gives an insight into the actual strategies
for securing products in the industry. Given the lack of
articles on ECDSA white boxes, we analyzed the only
source of information that we had - which is the patents
filled by companies - and discussed how they respond
to existing threats.
Fault Attack on an ECDSA White Box

The only white-box design for ECDSA that was publi-
shed in the literature makes the strong assumption that
a semi-honest cloud server can be accessed during the
computation of a signature. In [7], we presented two
very efficient fault attacks on that scheme, showing
along the way that even with the help of a server, secu-
ring ECDSA in the white-box model really is challenging.
We also proposed a lightweight countermeasure that
prevents both our attacks.

Participation to the WhibOx Contest

In 2021, the WhibOx contest was organized for the
third time as part of the CHES workshops. Developers
were invited to submit ECDSA white-box implementa-
tions and attackers to try to break them. I was part of
the team TheRealIdefix, who broke the most challenges
(using mainly automated attacks). Together with the
designers team who submitted the two winning candi-
dates, we wrote an article [8] describing several attack
techniques and designs used during the contest.
Encodings vs Side-Channel Attacks

A classical technique to protect AES white boxes is to
implement every operation in the form of look-up tables
protected by random bijections called encodings. While
these encodings complicate SCA, it has been proven
that the latter are still effective with high probability. In
an article under publication at CHES, we characterized
the set of bijections that prevent existing SCA, but also
showed how to break an implementation protected by
these special encodings, proving that it is not possible
to prevent all SCA with this technique.
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L a chasse aux mines est un enjeu majeur de la sécurité maritime. Les progrès technologiques récents ont
donné lieu à l’utilisation de systèmes multi-robots autonomes, en particulier sous-marins. Cependant,

les problèmes de coordination multi-agents restent un obstacle majeur à leur déploiement, notamment
sous l’eau où la communication est difficile. Nous proposons d’étudier dans cette thèse des architectures
basées sur des réseaux de neurones pour la prise de décision décentralisée, notamment via des algorithmes
d’apprentissage par renforcement multi-agents (MARL).

Objectifs de recherche

Contexte

Les mines navales sont redoutables : leur menace est
d’une part physique, avec des centaines de navires ou
sous-marins coulés à leur actif, mais aussi psycholo-
gique, leur simple suspicion suffisant à fermer des pas-
sages maritimes entiers, ce qui peut se révéler dévas-
tateur dans des lieux stratégiques tels que le détroit
d’Ormuz.
On comprendra donc facilement l’importance qu’a pris
la "guerre des mines" depuis le début du XXe siècle,
notamment le volet des contre-mesures. Une approche
récente, rendue nécessaire par l’apparition de mines
toujours plus sophistiquées, est la chasse aux mines.
Elle consiste à détecter les mines, les identifier, puis
les neutraliser. La phase la plus difficile est de loin la
détection, qui se base principalement sur des sonars
pour trouver les objets suspects au fond de l’eau.
Les opérations de chasse aux mines ont vu grandir
l’utilisation de robots sous-marins, moins coûteux et
dangereux pour le personnel. Ils sont le plus souvent
télé-opérés, mais la tendance est à l’autonomisation.
En effet, un vif intérêt est porté par les différentes ma-
rines aux systèmes multi-robots (MRS) autonomes, plus
résilients et plus efficaces.
Cependant, de manière générale les MRS font face à
de nombreuses difficultés. En particulier, la coordina-
tion optimale des différents robots se ramène souvent à
des problèmes d’optimisation combinatoire, comme par
exemple les multiples voyageurs de commerce (mTSP),
notoirement NP-difficile tout comme le TSP classique.
Malheureusement, la réalité est encore plus complexes :
chaque robot peut avoir différentes tâches à accom-
plir, qui dépendent potentiellement de la réalisation
des tâches des autres robots, le tout en devant prendre
les décisions de manière décentralisée, avec des com-

munications peu fiables. En effet, le moyen principal
pour transmettre de l’information sous l’eau est via des
ondes acoustiques, ce qui rend la perte de messages pro-
bable et limite fortement la bande passante. Une autre
contrainte est la résolution en ligne de ces problèmes
de décision afin d’être réactif face aux imprévus.
Dans une certaine mesure, il est possible de dévelop-
per des algorithmes heuristiques : les systèmes actuels
sont le plus souvent basés sur des parcours simples
et calculés à l’avance, par exemple des trajectoires en
boustrophédon. Cependant, une approche récente et
prometteuse est l’utilisation de l’apprentissage par ren-
forcement multi-agents (MARL) profond.
Objectifs

Le problème que l’on cherche à résoudre est le suivant.
On délimite une zone rectangulaire S, discrétisée en
CL × CW cellules. Typiquement, S est de l’ordre de
plusieurs km2, et les cellules environ de 5× 5 mètres. Il
y a un nombre inconnu de mines nm, et on suppose que
chaque cellule ne peut contenir au plus qu’une mine.
On suppose aussi que les mines ne peuvent se trouver
que sur le fond. Le relief sous-marin ainsi que le type
de sol est connu à l’avance, et les robots sous-marins
(AUVs) se déplacent à profondeur constante.
On dispose de nd AUVs détecteurs, dont le sonar puissant
mais imprécis permet de détecter les échos suspects, et
nid AUVs identificateurs, dont le sonar plus petit mais
plus précis permet de déterminer si un écho suspect
est une mine ou non. La fonction de détection du sonar
est affectée à la fois par la distance au fond ainsi que
son type (sable, rocher...). Les différents agents peuvent
communiquer s’ils sont suffisamment proches (rayon
de communication dcom), cependant une probabilité de
perte de message croissante en fonction de la distance
est appliquée.
La métrique que l’on cherche à optimiser est la proba-
bilité d’avoir détecté toutes les mines dans la zone au
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bout du temps imparti T . Une illustration simplifiée de
ce scénario est visible figure 17.1.

Figure 17.1 – Visualisation de la probabilité de détection
d’une mine avec 3 AUVs, relief sous-marin au large de St-
Malo

Méthodologie

Apprentissage par renforcement

Les algorithmes d’apprentissage par renforcement per-
mettent d’apprendre des solutions à des problèmes de
prise de décision séquentiels via des interactions répé-
tées avec un environnement. Ce dernier est souvent mo-
délisé par un Processus de Décision Markovien (MDP),
ou une généralisation.
Pour un agent, cela signifie que l’on a un ensemble des
états possibles S, un ensemble des actions possibles A,
une fonction de transition d’un état à un autre avec une
action donnée T : S×A×S → [0, 1], et la fonction de
récompense associéeR : S×A×S → R. On définit un
épisode comme une séquence (st, at, rt, st+1, at+1), t =
0, ..., T, T ∈ N ∪ {+∞}.

Figure 17.2 – Interaction agent-environnement dans un
processus de décision markovien [1]

Le but de l’agent va être de trouver une policy opti-
male π : S ×A → [0, 1], π(s, a) = P (a|s) maximisant
son espérance de récompense au cours d’un épisode
Eπ

[∑T
t=0 γ

trt

]
, avec γ ∈ [0, 1] un facteur d’amortisse-

ment. De nos jours, π est presque toujours définie à
l’aide de réseaux de neurones profonds, qui permettent
d’avoir des espaces d’états beaucoup plus complexes de
par leur capacité d’approximation.
Implémentation

Il existe différents algorithmes permettant d’apprendre
π, comme PPO [2] qui est l’un des plus utilisés. Ce-
pendant, ils sont assez complexes à implémenter de
manière correcte, d’autant plus si l’on veut pouvoir pa-
ralléliser les calculs, ce qui oblige en pratique à utiliser
des bibliothèques dédiées. Cependant, le domaine du

MARl étant encore récent, il n’y en a pas faisant consen-
sus, chacune proposant des fonctionnalités différentes
et n’étant pas forcément bien maintenue. Une étape
importante de la thèse a donc été d’en tester plusieurs,
avant de retenir RLLib [3].
Ensuite, il n’existe pas dans la littérature d’approche
"complète" de système multi-robots pour la chasse aux
mines : beaucoup se concentrent sur un point précis (i.e.
couvrir la zone) mais vont faire des hypothèses extrême-
ment fortes (i.e. supposer une communication parfaite,
ou des agents homogènes). C’est en cela que nous pen-
sons que le MARL peut être pertinent, en permettant
de proposer une autonomie décisionnelle intégrant le
plus de contraintes réalistes possible.
Cela passe premièrement par la création d’un simula-
teur adapté pour gérer l’environnement. Ensuite, l’ajout
d’architectures novatrices, comme HetGPPO [4], qui uti-
lise des Graph Neural Networks (GNN) pour représenter
les interactions entre agents, ces derniers apprenant les
paramètres séparément. Nous explorons également des
approches avec du curriculum learning pour apprendre
sur des scénarios de plus en plus complexes, et du hie-
rarchical RL pour dissocier les stratégies de planification
haut-niveau et bas-niveau.
Résultats attendus
Nous pensons pouvoir performer sur plusieurs points
par rapport aux approches actuelles. Premièrement, au
niveau de la rapidité de la détection de toutes les mines
d’une zone à un certain seuil de confiance. Ensuite, la
capacité de résilience et d’adaptation face aux condi-
tions difficiles : panne d’un ou plusieurs robots, très
mauvaises communications. Enfin, l’adaptabilité des
scénarios suivant les besoins, comme par exemple pou-
voir faire remonter régulièrement les informations à un
opérateur humain.
Une nuance à apporter toutefois est l’absence de ga-
ranties autres que statistiques lors de l’exécution d’une
mission, puisque les décisions sont prises par un réseau
de neurone qui agit comme une "boite noire". Le respect
de contraintes fortes est un des domaines de recherche
du RL mais n’est pas encore mature, encore moins pour
les systèmes multi-agents.
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W e explore the interplay between human culture and artificial intelligence. More precisely, we study
how can research conducted in the field of psychology be useful in AI. We explore this question in

two projects. In the SocialAI School, we follow developmental theories from Jerome Bruner and Michael
Tomasello to outline the most basic core concepts and socio-cognitive abilities relevant to study how a
system enters a culture. Then, we present a tool facilitating research in this domain as well as a series
of case studies. In Stick to Your Role !, we explore the cultural expression in Large Language Models
(LLMs). We leverage the psychological methodology regarding intrapersonal (Ipsative) and interpersonal
(Rank-order) value stability. We study how context influences the expression of basic personal values in
different LLMs and observe similar trends in terms of value stability expressed by different models.

The SocialAI School

Introduction

Developmental psychologists have long-established
socio-cognitive abilities as a core aspect of human intel-
ligence and development [2]. Those abilities enable us
to enter, participate in and benefit from human culture.
Humans are then able to push our culture forward by
improving on already existing cultural artifacts. This
is referred to as the cumulative cultural evolution, and
it has been argued that the most impressive of human
achievements are the product of it [3]. It seems clear
that to construct artificial agents capable of interacting
with and learning from humans one must equip them
with socio-cognitive abilities enabling them to enter the
human culture. This would enable artificial agents to
benefit from our culture, and also push it forwards, i.e.
to participate in the cumulative cultural evolution.
The SocialAI School

In this project, we follow the work of Michael Tomasello
and Jerome Bruner who outlined a set of core socio-
cognitive skills, e.g. social cognition (joint attention,
theory of mind), referential and conventionalized com-
munication, imitation, role-reversal, scaffolding, and
many more [4, 2]. Importantly, they also showed the
importance of the (cultural) environment for cognitive
development.
To introduce some of those concepts to the AI com-
munity, we created a tool for procedural generation of
environments - The SocialAI school. With The Socia-
lAI school, experiments studying those socio-cognitive
abilities can be easily conducted and cognitive-science
experiments reconstructed. Furthermore, The SocialAI
School enables us to generate both multimodal environ-
ments (suited for RL agents) and pure text version of
those environments (suited for LLM-based agents). An

example of a SocialAI school environment is shown in
figure 18.1. In it, the peer is pointing towards the red
box. The agent (the red triangle) has to infer this to
mean that the apple is hidden inside the red box.

Figure 18.1 – An example of an environment that can be
created with The SocialAI school. The green peer is pointing
toward the brown box. The task of the agent (the red tri-
angle) is to infer this to mean that the brown box contains
an apple.

Experiments

We conducted many experiments, here we outline a
few more important ones. We experimented with multi-
modal RL agents. We tested generalization of inferring
the meaning of referential communication (ex. the poin-
ting gesture) to new scenarios/objects. We found that
such a generalization is very hard for standard rein-
forcement learning agents. We show how a scaffolded
environment helps with learning complex interaction
sequences (formats). To show how cognitive science ex-
periments can be recreated - we reconstruct a study of
role reversal from [5]. Furthermore, we conducted ex-
periments regarding other aspects of social-cognition :
joint attention, imitation, perspective taking, etc. We
experimented with LLM-based interactive agents. We
show that a simple LLM-based agent can achieve some
performance, but still fails to generalize. This moti-
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vates future work for creating more complex LLM-based
agents.
Stick to your Role ! Stability of Personal
Values Expressed in Large Language Mo-
dels

Introduction

There has been a growing body of research using Large
Language Models (LLMs) to simulate individuals or hu-
man populations. Those studies usually focus on how a
model can express some behavior or values and often
overlook the underlying problem that LLMs are highly
context-dependent. In this project, we study the ro-
bustness of LLMs to seemingly unrelated perturbations
in the context. Instead of evaluating models on some
behavior (and testing robustness along the way), we
study how a model’s behavior changes over contexts as
a primary question. We argue that context-dependence,
and more precisely, value stability, should be seen as
another dimension of LLM comparison alongside others
such as knowledge, model size, speed. In other words,
we study and compare the value stability of LLMs along
different contexts.
Methods

We leverage the PVQ questionnaire [6] associated with
the Schwartz Theory of Basic Values [7], which de-
fines ten values : Self-Direction, Stimulation, Hedonism,
Achievement, Power, Security, Conformity, Tradition,
Benevolence, Universalism. We study the stability of
values expressed by LLMs without defining a specific
persona to simulate, and with instructing the model to
simulate various well-known fictional and real-world
individuals (when simulating populations). Different
contexts are induced by simulating conversations on
different topics : correcting grammar, writing a poem,
playing chess, answering a history question and inven-
ting a joke. Furthermore, we conduct experiments on
three downstream tasks of varying difficulty. Following
psychological methodology, we evaluate two types of
value stability : Rank-order, Ipsative. Rank-order stabi-
lity refers to the correlation of participant ranks in two
different context, i.e. interpersonal stability. Ipsative sta-
bility refers to the correlation of the order of values in
the same individual in different context - intrapersonal
stability.
Experiments

We observed consistent trends of value stability : Mix-
tral, Mistral and Qwen model families were more stable
(these trends are also observed on downstream behavio-
ral tasks). LLMs instructed to simulate personas exhibit
much lower than human stability (despite the compari-
son being skewed in their favor), which further dimi-
nishes over longer conversations. This insight motivates
future research on models specialized in simulating co-
herent populations of individuals. More precisely, these
results further push the point that benchmarks and

psychological questionnaires administered to LLMs can-
not be used and interpreted in the same way as with
humans, i.e. much more attention must be given to
studying context-dependence. Most importantly, they
imply that rather than evaluating many questions from
a single context (as is currently common), one should
also evaluate the same questions from many different
contexts. To our knowledge, we propose the first analy-
sis of value stability in LLMs.

Figure 18.2 – Rank-order stabilty of different Large Lan-
guage Models. Mistral, Mixtral and Qwen families exhibit
higher stability. However this stability is still much lower
than that observed druing human developmen (depite the
comparison being skewed in favor of LLMs)
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U n système concurrent est composé de différents processus qui s’exécutent en parallèle et peuvent
se synchroniser via des actions communes. On peut ajouter des contraintes temporelles sur ce type

de système et ainsi obtenir un système concurrent temps-réel. Un système concurrent temps-réel peut
être représenté par un réseau d’automates temporisés et l’exécution du système correspond au produit
de ce réseau d’automates temporisés. On peut réduire la vérification de systèmes concurrents temps-réel
à un problème d’accessibilité d’un état final dans un automate temporisé. Dans la pratique, les sytèmes
considérés sont très grands et il est trop coûteux de calculer cet automate produit car le nombre d’états
accessibles peut être exponentiel en la taille du système. Cette explosion d’états constitue le principal
obstacle à la résolution de problèmes d’accessibilité dans les systèmes concurrents. Par exemple, si on
considère un système constitué de n processus qui exécutent chacun une action sans se synchroniser, il y a
n! exécutions possibles dans ce système, correspondant à tous les entrelacements possibles des actions des
différents processus. Cependant, comme les différents processus ne se synchronisent pas, l’exécution d’un
processus donné n’affecte pas les autres processus et alors les n! exécutions du système aboutissent toutes
dans un même état final. Ainsi, toutes ces exécutions peuvent être considérées comme équivalentes et il
serait alors suffisant de n’en explorer qu’une seule pour répondre au problème d’accessibilité d’un état
final. En se basant sur cette idée, des méthodes de réduction d’ordre-partiel ont été introduites dans les
années 90 [2, 9, 1]. Ces méthodes définissent une notion d’inidépendance entre les actions du système et
ont pour but de réduire la portion du système qui est explorée en évitant d’explorer des exécutions qui
sont équivalentes. Ces méthodes se sont révélées très efficaces sur certains systèmes et l’objectif de cette
thèse est de les mettre en œuvre sur des systèmes concurrents temps-réel.

Méthodes de réduction d’ordre-partiel
Un système concurrent peut être représenté par un ré-
seau d’automates finis dans lequel chaque processus
est représenté par un automate fini. Un processus peut
effectuer deux types d’actions : des actions locales qui
s’effectuent localement à ce processus et des actions de
synchronisation qui impliquent au moins deux proces-
sus. Un état du système correspond à un tuple contenant
une localisation pour chaque processus et une transition
est exécutable dans un état donné si elle est exécutable
dans la localisation de chaque processus impliqué dans
cette transition, quand le système est dans cet état. Un
état final du système consiste en un état qui ne contient
que des localisations finales des processus du système.
Soit a une action, on dénote par dom(a) l’ensemble des
processus qui utilisent cette action. La notion d’indépen-
dence que nous avons définie sur ce type de systèmes
est la suivante : deux actions a et b sont indépendantes
si :

dom(a) ∩ dom(b) = ∅
Les traces d’exécution du système correspondent à des
séquences d’actions. Etant données deux traces d’exé-
cution ρ et ρ′, ces traces sont dites équivalentes, noté

ρ ∼ ρ′, si on peut obtenir ρ′ à partir de ρ en permut-
tant des actions indépendantes adjacentes. On peut
alors partitionnner l’ensemble des exécutions du sys-
tème en classes d’équivalence et il suffit d’explorer une
seule trace par classe d’équivalence pour répondre au
problème d’accessibilité d’un état final.

Figure 19.1 – Un système concurrent dans lequel toutes
les actions sont indépendantes. On peut voir sur le graphe
d’exécution de ce système que toutes les exécutions sont équi-
valentes, il suffit alors de n’en explorer qu’une pour répondre
au problème d’accessibilité d’un état final.

Si exactement une trace par classe d’équivalence est
explorée, la méthode de réduction d’ordre-partiel est
dite optimale [4, 5, 6].

Page 45 sur 130



Systèmes concurrents temps-réel
Un système concurrent temps-réel est un système
concurrent dans lequel les processus possèdent des
contraintes temporelles qui restreignent leur exécution.
Ce type de systèmes peut être modélisé par un réseau
d’automates temporisés dans lequel chaque processus
est représenté par un automate temporisé. Un automate
temporisé est un automate fini dans lequel des variables
réelles nommées horloges sont ajoutées. Ces horloges
évoluent en fonction du temps et leur valeur peut être
testée par une garde ou remise à zéro. La sémantique
usuelle pour les automates temporisés [3] considère un
temps global pour tous les processus, c’est-à-dire que
toutes les horloges évoluent selon le même temps glo-
bal dans tous les processus. La Figure 19.2 présente un
système concurrent temps-réel. Ici, x est une horloge
du processus P1 et y est une horloge du processus P2.
Dans l’état initial, les deux horloges valent 0. Dans l’exé-
cution en temps global, on observe qu’après l’exécution
de a depuis l’état initial, l’action b ne peut pas être exé-
cutée. En effet, on a fait passer un délai d’au moins 2
secondes pour exécuter a et alors les horloges x et y
valent plus que 2 donc la garde y < 1 n’est pas satisfaite
et b ne peut pas être exécutée. Il est cependant possible
d’exécuter d’abord l’action b puis l’action a. Ainsi, l’in-
dépendance entre les actions a et b est perdue à cause
des contraintes temporelles, bien que a et b soient des
actions locales à chaque processus. On ne peut donc
pas appliquer de méthodes de réduction d’ordre-partiel
dans la sémantique en temps global.

Figure 19.2 – Un système concurrent temps-réel avec son
exécution dans la sémantique en temps global et dans la
sémantique en temps local.

Récemment, une sémantique en temps local a été in-
troduite [7]. Dans cette sémantique, on considère un
temps local à chaque processus, c’est-à-dire qu’il y a un
temps qui s’écoule indépendamment dans chaque pro-
cessus. Ce temps est régi par une horloge de référence
et chaque processus possède sa propre horloge de ré-
férence. Afin d’effectuer une action commune, les hor-
loges de référence des processus impliqués dans cette
action doivent se synchroniser. Sur la Figure 19.2, on
peut observer qu’on récupère l’indépendence entre les
actions a et b sur l’exécution du système dans la séman-
tique en temps local. En effet, quand on exécute l’action
a, le temps ne s’est écoulé que dans le processus P1 et
la garde y < 1 est alors satisfaite après l’exécution de
a puisque le temps ne s’est pas écoulé dans le proces-
sus P2. Ainsi, on va pouvoir appliquer des méthodes

de réduction d’ordre-partiel quand on travaille avec la
sémantique en temps-local.
Méthodologie
Dans le cadre de cette thèse, nous avons défini des
méthodes de réduction d’ordre-partiel statiques, c’est-à-
dire que les actions à exécuter dans chaque état du sys-
tème sont fixées avant l’exécution du système [2, 1, 9].
Nous avons également travaillé sur des méthodes de
réduction d’ordre-partiel dynamiques [8, 5, 4], c’est-
à-dire qu’on décide pendant l’exécution du système
quelles actions doivent être exécutées dans chaque état,
en se basant sur ce qui a déjà été exploré. Ces méthodes
de réduction d’ordre-partiel ont été implémentées dans
l’outil TChecker et ont été testées sur des benchmarks
de la littérature.
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LA DÉTECTION
Corentin LATAPPY
Direction : Jean-Rémy FALLERI
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L es pratiques de code sont de plus en plus utilisées dans le domaine du développement logiciel. Leur
mise en place permet d’assurer la maintenabilité, la lisibilité et la consistance du code, ce qui contribue

fortement à la qualité logicielle. La majorité de ces pratiques est implémentée dans des outils qui permettent
d’alerter automatiquement les développeurs lorsqu’une pratique n’est pas respectée.
De plus en plus d’organisations créent leurs propres pratiques internes et rencontrent des problèmes
sur leur adoption par les développeurs. Afin d’être appliquée, une pratique doit d’abord être comprise
par les développeurs, impliquant donc d’avoir une documentation correctement rédigée. Ensuite, pour
favoriser leur adoption, il faudrait pouvoir étendre les outils d’analyse existants pour y intégrer de nouvelles
pratiques, ce qui est difficile compte tenu de l’expertise nécessaire pour apporter ces modifications.

Contexte
La qualité logicielle fait maintenant partie intégrante du
processus de création d’une solution logicielle, en per-
mettant d’assurer que les produits logiciels répondent
aux attentes des utilisateurs, tout en étant fiables et
maintenables. Pour atteindre ces standards élevés de
qualité, il est impératif de s’attarder sur ce qui constitue
avant tout un logiciel : le code. En effet, la manière dont
le code est conçu, écrit, testé, et maintenu joue un rôle
crucial dans la réalisation des objectifs de qualité. C’est
le résultat de ce mélange, alliant connaissances théo-
riques, expériences pratiques et évolution constante des
technologies, qui a mené à l’émergence des pratiques
de code.
Les pratiques de code prennent différentes formes et
peuvent porter sur divers aspects inhérents à l’écriture
du code. Cela peut être simplement des conventions
visant à maintenir la cohérence du style du code à tra-
vers un projet, tout comme la gestion des dépendances
externes pour éviter les conflits, ou bien encore la mise
en place de tests garantissant que le code fonctionne
comme attendu. Elles influent directement sur les as-
pects principaux de la qualité logicielle, telles que la
maintenabilité, la performance et la sécurité du logi-
ciel. Adopter et maintenir de bonnes pratiques de code
est donc un investissement stratégique pour la qualité
globale du logiciel.
Packmind 8, entreprise dans laquelle j’effectue ma thèse
Cifre, développe un outil appelé "Ateliers Craft". Le but
de ces ateliers est de créer un temps d’échange entre
les développeurs d’une entreprise afin de mettre en
commun leurs pratiques de code. Cela permet de faire
émerger une documentation vivante et fortement liée
au code interne sur la façon de développer. L’intention

principale de Packmind est donc de diffuser et d’ho-
mogénéiser les pratiques internes afin d’améliorer de
manière globale la qualité logicielle au sein d’un projet.
Problématiques et Objectifs
Avec le recul et les différentes expériences des utilisa-
teurs, notre solution comporte un certain nombre de
problématiques liées à un manque d’opérationnalisa-
tion.
Améliorer la qualité de la documentation des pra-
tiques. La problématique principale concerne la bonne
transmission de la connaissance à un développeur qui
découvre une nouvelle pratique. Avec Packmind, cette
connaissance est transmise en théorie pendant le dérou-
lement des Ateliers Craft. Cependant, si on considère
le cas de nouveaux arrivants dans une équipe, n’ayant
donc pas pu participer aux précédents ateliers, ils n’au-
ront pas d’autre choix que d’aller consulter la docu-
mentation des pratiques déjà créées s’ils veulent être
informés de manière autonome. On rencontre le même
cas lorsqu’un développeur utilisant un linter dans son
IDE est alerté qu’il a écrit du code qui ne respecte pas
une pratique. Lorsqu’il est notifié d’une telle violation,
le développeur voudra corriger son erreur pour obtenir
un code conforme. S’il a déjà rencontré cette règle, cette
opération ne lui posera aucun problème, mais si ce n’est
pas le cas, il va là aussi parcourir la documentation de
la pratique associée. Cette documentation devient donc
un point d’entrée capital pour apporter la connaissance
aux développeurs, ainsi que pour promouvoir le res-
pect de ces pratiques. Dans cette thèse nous souhaitons
donc fournir des recommandations à destination des
rédacteurs de documentation. Nous souhaitons d’abord
établir un état des lieux sur la façon dont sont docu-

8. https://www.packmind.com
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mentées les pratiques de code, puis ensuite évaluer
les attentes des développeurs vis-à-vis de ce type de
documentation.
Apprendre automatiquement les pratiques in-
ternes. La seconde problématique est le suivi de la
mise en application des pratiques par les développeurs.
En effet, les Ateliers Craft sont des outils idéaux pour
faire émerger les pratiques, mais pas pour les faire
appliquer à l’échelle d’un projet. Certes les pratiques
sont validées en accord pendant les ateliers, mais leur
nombre grandissant fait qu’il devient difficile de toutes
s’en souvenir. De plus, le turnover important dans le
domaine de l’ingénierie logicielle implique un change-
ment régulier de développeurs au sein d’une équipe
à qui il faut inculquer ces pratiques. À l’image d’un
linter, nous souhaitons donc fournir un outil qui aler-
tera un développeur lorsqu’une pratique ne sera pas
respectée. Il ne devra nécessiter aucune intervention
humaine lorsqu’une nouvelle pratique est ajoutée à la
base de connaissances, et idéalement être indépendant
du langage de programmation.
Contributions
Pour répondre à la problématique sur la rédaction d’une
pratique de code, nous avons souhaité étudier des ou-
tils existants et déjà utilisés par les développeurs, à
savoir les linters. Ces outils sont très largement utilisés
par les développeurs pour diffuser et faire appliquer
les pratiques de code. Ils représentent un atout ma-
jeur lorsqu’ils sont directement intégrés dans les IDE
puisque la détection a lieu en simultanée avec l’écri-
ture du code. Lorsqu’une violation est détectée, le linter
alerte le développeur à travers une notification. Cette
notification affiche le minimum d’informations et il est
donc nécessaire de consulter la version en ligne afin
d’obtenir plus de détails. Nous pouvons donc utiliser
ces exemples de documentation afin de réaliser un état
des lieux sur leur composition. Nous avons ainsi analysé
la documentation de plus de 100 règles de 16 linters
pour 7 langages, et nous en avons extrait une taxono-
mie sur les objectifs (Quoi, Pourquoi, Correction) et les
types de contenu (Texte, Code, Lien) dans une docu-
mentation. Nous avons ensuite confronté ces résultats
en menant une enquête auprès des développeurs. Cela
nous a permis de mettre en avant des problèmes avec
la documentation du Pourquoi, considéré essentiel par
les développeurs, mais majoritairement absent ou de
mauvaise qualité en pratique. Nous avons aussi trouvé
que le Code et le Texte sont intéressants pour documen-
ter le Quoi et la Correction. Ce travail a contribué, en
plus de son package de réplication [2], à la publication
suivante :

C. Latappy, T. Degueule, J.-R. Falleri, R. Robbes, X.
Blanc, C. Teyton, "What the Fix ? A Study of ASATs
Rule Documentation", 46th International Confe-
rence on Program Comprehension (ICPC), Lisbon,
Portugal, 2024, doi : 10.1145/3643916.3644404

Nous avons également créé un outil web 9 permettant
d’accompagner notre publication en fournissant plus
de données, et notamment de consulter les résultats de
l’enquête de manière interactive.

Concernant la seconde problématique, nous avons voulu
répondre à la question de savoir si les pratiques de
code pouvaient être apprises automatiquement à par-
tir d’exemples de code. Nous avons ainsi réalisé une
étude de faisabilité à l’aide de CodeBERT, modèle de
ML, pour tenter d’apprendre des pratiques et de les
identifier par la suite. La spécificité de ce travail a été
de se placer dans le contexte que nous avons chez Pack-
mind. Ce contexte, inhabituel pour le machine learning,
nous a notamment permis d’étudier l’impact du nombre
d’exemples sur la qualité de l’apprentissage. Pour pro-
céder à cet apprentissage, nous avons généré un data-
set [1] contenant quasiment 13 millions de violations
pour 38 règles différentes du linter ESLint. Cela nous a
permis de réaliser diverses expériences mixant les tailles
d’apprentissage et les ratios entre du code conforme,
non-conforme et aléatoire. Bien que les résultats dans le
cadre expérimental soient prometteurs, nous obtenons
des résultats de précision trop faible pour que notre so-
lution soit utilisable dans un cas industriel. Cette étude
a mené à cette seconde publication :

C. Latappy, Q. Perez, T. Degueule, J.-R. Falleri, C.
Urtado, S. Vauttier, X. Blanc, C. Teyton, "MLinter :
Learning Coding Practices from Examples—Dream
or Reality ?", 2023 IEEE International Conference
on Software Analysis, Evolution and Reengineering
(SANER), Taipa, Macao, 2023, doi : 10.1109/SA-
NER56733.2023.00092
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T his thesis focuses on combinatorial reconfiguration and structural problems with a geometric flavor.
Reconfiguration is the study of configuration spaces with respect to an elementary operation trans-

forming a configuration into another. Famous reconfiguration problems include puzzle games such as
Rubik’s Cube or Sokoban for example, or problems on graphs such as reconfiguration of colorings. In this
thesis, we study several reconfiguration operations, such as Reidemeister moves of knot diagrams or a
generalisation of the Rubik’s Cube to square-tiled surfaces. In this extended abstract, we focus on another
operation : Kempe changes on colorings.

Kempes changes
In 1852, Guthrie observed while coloring maps of coun-
ties of England that it was possible to color them using
no more than four colors, ensuring that no adjacent
counties shared the same color. He wondered if this
phenomenon could be extended to all planar maps, gi-
ving rise to the renowned Four-Color-Problem : are all
planar graphs 4-colorable (a k-coloring of a graphG is a
map that assigns to each vertex ofG a color in {1, . . . k},
such that adjacent vertices have distinct colors) ?
In 1879, Alfred Kempe 10 introduced an elementary mo-
dification of a graph coloring as a tool toward solving
this problem. To change the color of a vertex u from a
to b and obtain a proper coloring, the neighbors of u
colored b need to be recolored. By recoloring them with
a and propagating the swapping of a and b recursively,
we obtain another proper coloring, with u colored b.
Formally, given a k-colored graph G and two colours a
and b, an {a, b}-Kempe chain is a connected component
in the subgraph induced in G by the vertices colored a
or b, and Kempe change consists in swapping the two
colors within a Kempe chain, thereby obtaining a new
k-coloring of the graph (see Figure 21.1).

Figure 21.1 – Two 3-colorings of the Petersen graph that
differ from one Kempe change. The corresponding {•,•}-
Kempe chain is thickened.

Using this notion, we can easily prove that all pla-
nar graphs are 5-colorable and while Kempe’s proof of

the Four-Color-Theorem turned out to be false, Kempe
changes are a crucial tool in the computer assisted proof
of Apple and Haken. Although this proof was since shor-
tened by Robertson, Sanders, Seymour and Thomas, it
still uses Kempe changes and computer-check. Finding
a shorter proof of the Four-Color-Theorem is still an
active field of research.
When considering edge-colorings instead of vertex-
colorings, Kempe chains are a lot more structured as
they are either paths or cycles. The chromatic index χ′,
which is the number of colors needed to color the edges
of a graph, is trivially lower bounded by the maximum
degree ∆ and Vizing proved that all graphs are (∆+1)-
edge-colorable. Kempe changes are here again decisive
in his proof as no proof avoiding this tool is known as
of today.
Two k-colorings of a graph are Kempe equivalent if
one can be obtained from the other through a series
of Kempe changes. Vizing proved that all the edge-
colorings of a graph of maximum degree ∆ are equi-
valent to a (∆ + 1)-edge-coloring up to a sequence of
Kempe changes. Vizing conjectured that in fact, every
k-edge-coloring of G should be Kempe equivalent to
an optimal coloring, that is a χ′(G)-edge-coloring. In
particular, this conjecture implies that all (χ′(G) + 1)-
edge-colorings ofG are Kempe equivalent. Recently, this
conjecture was confirmed, first by Bonamy, Defrain, Kli-
mošová, Lagoutte and Narboni on triangle free graphs
and then by Narboni on all graphs.
Main questions
The same questions can be asked on vertex-colorings :
under which conditions is a graph k-recolorable, that
is all its k-colorings are Kempe equivalent ? Is there an
optimal coloring in all the Kempe equivalence classes ;
is there an efficient algorithm to find it ? Our main in-
terest is the study of the reconfiguration graph Kk(G),
whose vertices are the k-colorings of G and in which

10. see [1, 2] and references therein for the complete bibliography
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two colorings are adjacent if and only if they differ
by one Kempe change. The former questions can be
restated as follows : in which setting is the reconfigu-
ration graph connected, that is, any two k-colorings
are Kempe equivalent ? When this is the case, can we
bound the length of the shortest sequence of Kempe
changes between any two colorings, i.e. the diameter of
the reconfiguration graph? Beyond the intrinsic interest
of theoretical results, Kempe changes are motivated by
practical applications in statistical physics, and closer to
graph theory, Kempe equivalence can be studied with
a goal of obtaining a random coloring. Random sam-
pling is also deeply related to approximate counting
the colorings of a graph. Efficient random sampling
can sometimes be achieved by applying random walks
and rapidly mixing Markov chains. In particular, the
Wang-Swendsen-Kotecký dynamics performs random
Kempe changes at each step and is studied in statistical
mechanics to understand the transition phase of the
Potts model.
Recoloring sparse graphs

Planar graphs

In 1975, Meyniel proved that the k-colorings of any pla-
nar graph are Kempe equivalent for k ≥ 5. This is tight
as there exists planar graphs with frozen 4-colorings :
colorings in which any two colors induce a connec-
ted subgraph, hence on which Kempe changes do not
modify the partition induced by the color classes (see
Figure 21.2). However, his proof produces a reconfigu-
ration sequence of length exponential in the number of
vertices. With Quentin Deschamps, Carl Feghali, Fran-
tišek Kardoš and Théo Pierron[2], we strengthened this
result by proving that for any planar graph G and any
k ≥ 5, the Kempe reconfiguration graph Kk(G) has a
polynomial diameter.

Figure 21.2 – Two frozen 4-colorings of a planar graph.

Degenerate graphs

In 1978, Las Vergnas and Meyniel studied the Kempe
equivalence in d-degenerate graphs. They proved that
all d-degenerate graphs are k-recolorable for k ≥ d+ 1.
Once again, their proof gives an exponential bound on
the number of Kempe changes needed to go from one
coloring to another, and finding a polynomial bound on
the diameter of Kk(G) in this setting is still a widely
open problem.
Graphs of bounded degree

Any graphG can be greedily colored with (∆+1) colors,
where ∆ is the maximum degree of G. Brooks’ theorem

states that if G is not a clique or an odd cycle, then
∆ colors suffice. Many different proofs of this theorem
exist, some of them using Kempe changes.
Mohar conjectured that all the k-colorings of a graph
are Kempe equivalent for k ≥ ∆. Note that the result of
Las Vergnas and Meyniel settles the case of non-regular
graphs. Feghali, Johnson and Paulusma proved that the
conjecture holds for all cubic graphs but the 3-prism
(see Fig 21.3). Indeed, the 3-prism K2□K3 admits fro-
zen 3-colorings and hence is not 3-recolorable.

Figure 21.3 – Two frozen 3-colorings of the 3-prism
K2□K3.

Bonamy, Bousquet, Feghali and Johnson later showed
that the conjecture also holds for∆-regular graphs with
∆ ≥ 4. Both papers heavily rely on a lemma of Las Ver-
gnas and Meyniel and provide sequences that possibly
have exponential length.
With Marthe Bonamy and Vincent Delecroix, we proved
in [1] polynomial bounds on the diameter of the Kempe
reconfiguration graph in three sparse graph classes. In
particular, we prove that for all graphG but the 3-prism,
all the k-colorings of G are Kempe equivalent up to
O(∆n2) Kempe changes for k ≥ ∆.
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I n the realm of medical imaging, the translation from MR to CT images represents a pivotal advancement,
aimed at combining the non-invasive nature of MRI with the superior spatial resolution of CT, without

the associated risks of ionizing radiation. This research delves into various deep learning approaches
for MR-to-CT lung synthesis, exploring generative adversarial networks, perceptual loss, and structure-
prioritized loss functions. Additionally, it assesses the performance of these approaches across different
image representations, such as 2D, 2.5D, and 3D, and evaluates these methods against both local and
global metrics, as well as their clinical relevance. The outcomes suggest promising avenues for enhancing
image synthesis fidelity, emphasizing the significance of anatomical structure reconstruction.

Introduction
Lung imaging using MRI is still a major challenge in
medical imaging, owing to the low proton content, the
rapid decay of lung signal due to susceptibility artifacts
and respiratory motions. Still, lung MRI would be a
desirable approach to computed tomography (CT) gi-
ven its lack of radiation exposure and the possibility to
combine both morphological and functional informa-
tion. The introduction of ultrashort or zero echo-time
(UTE/ZTE) MRI techniques has shown promise in captu-
ring detailed lung images but has not seen widespread
clinical adoption. This is partly because the images from
UTE MRI can look different from CT images, with va-
riations in texture and potential for blurring and noise.
Moreover, the adoption of UTE MRI is limited by the
need for specific MRI training for radiologists and the
lack of standardized procedures. Generating CT images
from MRI, particularly using UTE MRI, could address
these limitations in lung imaging, offering a promising
solution.

Corresponding CTUTE MRI

Figure 22.1 – Visual comparison of thoracic UTE MR and
CT modalities of the same patient at a corresponding coro-
nal slice. The CT scan shows a higher signal quality, greater
contrast and sharpness, and fewer artifacts compared to the
MRI.

Methodology
In our study, we explore deep learning methods, nota-
bly generative adversarial networks (GANs), renowned
for their ability to generate synthetic images closely re-
sembling original datasets. GANs consist of two parts :
a generator, which creates images, and a discriminator,
which evaluates them. By learning complex patterns
between MR and CT images, GANs can produce high-
quality synthetic data that mimics CT images from MR
inputs. Our initial studies aimed to demonstrate the
feasibility of using GANs for MR-to-CT lung image syn-
thesis. We employed the pix2pixHD architecture along
with SPADE normalization to prevent the generation of
false positives with a context-aware image translation.
Collaborating with radiologists, we confirmed the cli-
nical relevance of these methods and showcased that
synthetic CT images generated from MRI not only exhi-
bit almost perfect concordance with real CT images for
depicting CF-related lung alterations, but also surpass
the image quality of traditional UTE MRI scans [2].
Data representation

One of our initial efforts focused on optimizing data
utilization, as highlighted in our work [1]. In medical
imaging, where data availability can often be a bottle-
neck, leveraging the full potential of existing datasets
is paramount. We meticulously navigated through the
essential stages of MR-to-CT image translation using
GANs, covering data selection, registration, and norma-
lization for effective learning and reconstruction.
Expanding upon these findings, our most recent study
introduced a structure-prioritized loss function, desi-
gned to enhance the detail and accuracy of specific
anatomical features in synthesized images [5]. This ap-
proach, using feature maps from a pre-trained model
on a specific segmentation task, demonstrated superior
performance in reconstructing detailed structures like
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airways, beyond what traditional global reconstruction
methods achieve. Our findings emphasize the potential
of combining these innovative loss function to refine
MR to CT image synthesis, aiming for both global image
quality and precise structural detail. Future directions
will explore the extension of these methods to other
anatomical parts and further refine the synthesis pro-
cess, ensuring the broader applicability and utility in
clinical settings.
Loss function

Our research has contributed to refining the use of loss
functions in medical image synthesis, focusing on the
role of perceptual loss for enhancing the generation of
fine structures in MR to CT synthesis within 2D and
2.5D setups. We explored various perceptual loss ap-
proaches, particularly examining the impact of different
architectures and training datasets. This investigation
led us to observe that perceptual loss models based on
a broader range of natural images might offer more
robust feature extraction capabilities than those trained
exclusively on medical images [4]. Ultimately, our work
offers insights into optimizing the use of perceptual loss
for improving the quality of synthesized fine structures,
providing a basis for further research in this area. For
3D setups, however, there is no perceptual loss avai-
lable on natural images and only limited availability for
perceptual loss trained on medical data.

L1 loss L1 + structure-prioritized loss

Zoomed MRReal CT

Figure 22.2 – Comparison of MR to CT synthesis using a
traditional L1 loss and L1 loss combined with our structure-
prioritized loss on a pre-trained airways segmentation mo-
del embeddings. Sagittal slices are presented, including a
zoomed-in view of the bronchi reconstruction.

Expanding upon these findings, our most recent study
introduced a structure-prioritized loss function, desi-

gned to enhance the detail and accuracy of specific
anatomical features in synthesized images [5]. This ap-
proach, using feature maps from a pre-trained model
on a specific segmentation task, demonstrated superior
performance in reconstructing detailed structures like
airways, beyond what traditional global reconstruction
methods achieve. Our findings emphasize the potential
of combining these innovative loss function to refine
MR to CT image synthesis, aiming for both global image
quality and precise structural detail. Future directions
will explore the extension of these methods to other
anatomical parts and further refine the synthesis pro-
cess, ensuring the broader applicability and utility in
clinical settings.

Model Dice MAE
L1 loss 0.5521 35.40

L1 + percep. loss 0.5507 35.24
L1 + SP loss (ours) 0.5751 33.07

Table 22.1 – Comparison of 3D networks performances
with different loss functions, using MAE and airways Dice
score between real CT and synthesized CT [5].
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P orosity is present in a large number of materials. Natural materials such as soils and rocks have
porosities of various kinds, ranging from aggregates formed by the cohesion of particles, to tubular

pores created by the passage of water or by living beings, or cracks created by the action of various forces.
Other non-natural materials also have pores, such as the cavities in the surface of ceramics. As porosity
has a significant impact on the appearance of materials, it is vital to characterise it correctly in the context
of computer graphics.

Porous material analysis
Porous structures can be found at different scales. The
smallest porosities are in the nanometre range. They are
too small to be studied in a geometrical optics context,
but can be taken into account in aggregate (micro)
materials. Our work focuses on scales between the mi-
cron and the millimetre, on the BRDF (Bidirectional Re-
flectance Distribution Function). Above the millimetre,
pores are large enough to be visible to the naked eye,
and can therefore be modelled directly by geometric
details.
Our main objective is to characterise the effects present
in porous materials made up of opaque aggregates, both
surface and volume effects. To do this, we use simu-
lations to trace light paths in structures composed of
clusters of opaque spheres (mono-disperse distribution).
The clusters of spheres are parameterised by their po-
rosity, or the proportion of void in the material, and by
their anfractuosity, which determines whether they are
compacted at the surface (cf. Figure 23.1).

With anfractuosity

Without anfractuosity

Filling factor

Figure 23.1 – Various porous structures used to compute
light transport simulations.

Our simulations enable us to assess the relevance of exis-
ting porous material models. We show that these models
can only approach simulations for restricted structures :
the appearance space of porous materials remains lar-
gely uncovered. Our work highlights the effects that a
general BRDF model should reproduce, which will have
applications not only in computer graphics, but also in
remote sensing for astronomy or ecology.
The appearance of objects is affected by their microsco-
pic structure. Here we are interested in the appearance
of porous materials. The presence of pores has been

modelled in two ways in existing work : by modifying
the surface state of a material, or by modifying its vo-
lume properties. However, there is no model of porous
materials that is generic enough to take into account
both surface and volume effects. We propose a study of
these effects using light transport simulations. This ap-
proach reveals the limitations of existing models called
Bidirectional Reflectance Distribution Function (BRDF),
as well as promising avenues for the future develop-
ment of a material model that is sufficiently general
to take into account variations in porosity and surface
anfractuosity.
Micrograins
We introduce a new BSDF model for the rendering of po-
rous layers, as found on surfaces covered by dust, rust,
dirt, or sprayed paint. Our approach is based on a distri-
bution of elliptical opaque micrograins, extending the
Trowbridge-Reitz (GGX) distribution [7, 4] to handle
pores (i.e., spaces between micrograins). We use dis-
tance field statistics to derive the corresponding Normal
Distribution Function (NDF) and Geometric Attenuation
Factor (GAF) , as well as a view- and light-dependent
filling factor to blend between the porous and base
layers. All the derived terms show excellent agreement
when compared against numerical simulations.
Our approach has several advantages compared to pre-
vious work. First, it decouples structural and reflectance
parameters, leading to an analytical single-scattering
formula regardless of the choice of micrograin reflec-
tance. Second, we show that the classical texture maps
(albedo, roughness, etc) used for spatially-varying ma-
terial parameters are easily retargeted to work with
our model. Finally, the BRDF parameters of our model
behave linearly, granting direct multi-scale rendering
using classical mip mapping.
Porosity is common in natural and man-made materials.
We distinguish two types of structures : granular mate-
rials such as sand or earth where many tiny grains are
distributed in a volumetric fashion ; and porous layers
such as dust or dirt where grains are distributed onto
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Figure 23.2 – Micrograins on various surfaces.

another surface. The former type requires complex vo-
lumetric rendering techniques (e.g. [6]), or must be
restricted to simpler configurations to yield suitable
BRDF approximations (e.g., [9, 8]). In this paper, we
focus instead on the latter type, which permits the blen-
ding of two materials (the porous layer on the base
surface) with varying grazing-angle effects. Our objec-
tive is to derive a physically-based BSDF model for such
material configurations.
The key idea of our approach is to consider a distribu-
tion of micrograins on a surface, from which we derive a
BSDF model according to microfacet theory [5]. The mi-
crograins are thus considered too small to be visible to
the naked eye. Structures larger than a micrograin (e.g.,
meso-scale aggregates) should be modelled explicitly
(e.g., through displacement maps).
Our contribution is twofold. First, we define a micro-
facet Normal Distribution Function (NDF) from the
distribution of micrograins This new NDF extends the
Trowbridge-Reitz (GGX) distribution to handle poro-
sity (i.e., the spaces between micograins). Second, we
define visibility terms, the visible filling factor of a po-
rous layer on a base surface, as well as the Geometric
Attenuation Factor (GAF) required by microfacet theory.
The main advantage of relying on a micrograin distri-
bution is that it decouples structural from reflectance
parameters. As a result, our model is analytic for a range
of micrograin reflectances (diffuse, diffuse + specular
and conductor). Morover, all material parameters are
easily assigned to material texture maps, which eases
the adoption of our model in existing asset creation
workflows (see Figure 23.1).
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W ith the growth of data and digital tools, the development of artificial intelligence and the goal of
increasing train traffic, the role of humans will evolve. Today, operators are responsible for monitoring

and managing railway traffic. The goal of this thesis is to test if tangible interactions can help operators in
decision-making during incidents. For that, we conducted an in-the-field study identify the limits of the
current approaches in control centres. To test our hypothesis, we did a formative study by developing a
prototype to investigate the use of actuated tangible tokens. Our results suggest that actuated tangible
tokens are promising for collaboration, allowing the addition of information with a simple gesture and
understanding easily through movements on the table. Future work will measure the impact of actuated
tangible interactions on a focused attention task. An initial study will show whether actuated tangible
tokens reduce inattention blindness compared with a simple projection on the table. Then, we will go
further and compare actuated tangible tokens and projection during a remote collaboration task.

Introduction
In France, railway traffic is monitored and managed by
operators in control centres. During disruptions, ope-
rators must minimise the repercussions on the entire
traffic flow and ensure quicker response times to inform
passengers. However, incident management currently
requires operators to take time to understand the si-
tuation, to have an overall view of the traffic and its
particularities at a given moment in order to be able to
make a decision. Our research hypothesis in this thesis
is that integrating a table in the centre of the room with
tangible tokens could help operators in decision-making
by improving collaboration, communication and resolu-
tion solutions visualisation.
Ishii and Ulmer [1] define the Tangible User Interface
(TUI) as an interface that ”gives physical form to digi-
tal information, employing physical artefacts both as
representations and controls for computational media”.
Tangible interactions assist in structuring spatial infor-
mation and help when communication is difficult with
words. Tangible interactions have been also studied spe-
cifically with multi-user collaboration [2]. TUI seems
to have a remarkable effect on engagement during col-
laborative decision-making task. Specifically, they can
facilitate an understanding of complex systems while
supporting collaboration.
Control centres : field study

We visited 7 different control centres in Paris and Bor-
deaux. These visits allowed us to understand better how
operators are organised and how they manage both rou-
tine operations and critical events. We observed that
during an incident, operators are tasked with adjusting

services, devising alternative strategies, coordinating
resource availability and informing passengers. All of
these while still monitoring the traffic on the rest of the
network. For that, operators must possess a comprehen-
sive grasp of the network’s conditions at all times, along
with a high level of situational awareness. With the cur-
rent tools, information is scattered across all tools or
in operator’s head if they received a call for example.
Information is not shared with the entire room and it
can be difficult to get an overall picture. Operators are
forced to store information in their working memory
and to mobilise cognitive resources for mental represen-
tations. This leads to a slowdown in decision-making
and limits collaboration.
With all these observations, we concluded that operators
have some difficulties sharing information or maintai-
ning an appropriate level of awareness of the situation
when disruption happens on the network.
Prototyping tangible interactions for decision-
making in control centres

We explored a solution that takes benefits from both
a shared display and physical objects that can be ma-
nipulated. The goal is to leverage collaboration and
situation awareness. For that, we propose to explore
the use of a digital tabletop with actuated tangible to-
kens (i.e. tokens that can move by themselves on the
table and be moved by operators) as a tool for railway
control, illustrated in Figure 24.1.
To demonstrate a concrete use of our prototype, we
draw up a scenario inspired by a real event with an
incident-management expert. In this scenario, opera-
tors can visualise, create, compare or delete incident
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resolution solutions. For example, a train is stopped
in the middle of the tracks between two stations. The
operator can double-tap on the token that will then
demonstrate on the network the visualisation of the
solution (the next train will push the stopped train)
illustrated in Figure 24.2.
As such a system would represent an important change
in operators’ work environment and work method. We
wanted to first assess their acceptance of the use of
actuated tangible interactions and explore with them
how it could be integrated with their current practices
and setup. Therefore, we developed a prototype and
performed expert feedback sessions with 37 operators
including 34 in a control centre in charge of the high-
speed trains in the west of France and three crisis mana-
gement experts. Our results suggest that such a techno-
logy could help operators during crises with information
sharing, context understanding and time-saving.

Figure 24.1 – Schema of the setup of the prototype that
we implemented composed of a projector (for top-down pro-
jection) and actuated tangible tokens able to roll on a table.

Figure 24.2 – Photographs of an interaction on the proto-
type : operators double taps on the token to play the solution

Actuated tangible tokens as output for collabora-
tion

As explained before, operators need to maintain an ap-
propriate level of awareness of the situation. Several
times, operators missed information because they did
not see the app notification or did not hear oral infor-
mation. This phenomenon in control centres is called

"inattentional blindness". It occurs when an individual
is blind to the presence of an entire object while perfor-
ming a distracting task [3].
This second project aims to study remote collaboration
between two centres. We formulate the hypothesis that
actuated tangible tokens for feedback during incident
management could be better than current visual infor-
mation on screen in the context of remote collaboration.
In order to test our hypothesis, we will conduct two
experiments : (i) With an abstract task, we will compare
inattentional blindness with actuated tangible tokens
and with visual-only feedback both on a table with a
single user. (ii) We will create a more specific task for
remote collaboration. Two participants will use their
own tangible device. To compare actuated tangible to-
kens and visual feedback we will create two different
ways to communicate apart from verbal communication.
The tasks and measures for both experiments have yet
to be defined.
Conclusion
Tangible interactions have been used in different do-
mains, but have not been studied in incident manage-
ment situations for railway traffic. This thesis aims to
study these human-machine interactions, taking a glo-
bal approach by creating a prototype and then studying
more specifically actuated tangible tokens for remote
collaboration.
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L es programmes distribués sont une source de difficulté pour la vérification. La composition de systèmes
parallèles qui peuvent se synchroniser a souvent la puissance du produit de ces systèmes, rendant la

vérification bien plus complexe. Dans le cadre de la synthèse, à ces problèmes s’ajoute celui de la propagation
de l’information, car les actions d’une composante ne peuvent tenir compte que de la configuration globale.
Dans cette thèse, nous étudions des systèmes distribués avec une communication très restreinte entre les
composantes : d’une part les systèmes où la communication se fait via la prise et le relâchement de locks,
et d’autre part ceux où les programmes communiquent par des variables partagées. Nous établissons la
décidabilité de la vérification et de la synthèse dans plusieurs cas, et contrastons ces résultats avec des
résultats d’indécidabilité. Le résumé qui suit explore l’application de divers types d’automates à l’analyse
formelle de systèmes distribués.

Deadlocks et ω-automates à piles
Deadlocks. Un deadlock est une situation où plusieurs
agents se bloquent parce que chacun attend une action
des autres pour agir. Un exemple de deadlock est si
votre fournisseur d’internet vous envoie un mail vous
demandant de confirmer votre abonnement : Vous at-
tendez d’avoir accès à vos mail pour confirmer, tandis
qu’il attend votre confirmation pour vous donner l’ac-
cès internet. En informatique, ce genre de problème
peut notamment arriver dans les systèmes distribués
lorsqu’ils partagent des locks. Un lock est un marqueur
utilisé pour contrôler l’accès à une ressource ou une
variable partagée. Lorsqu’un agent veut utiliser cette
ressource, il prend le lock associé, ce qui empêche les
autres agents d’y accéder tant qu’il ne l’a pas rendu.
Modélisation. On utilise la convention, commune en
vérification formelle, que les agents peuvent se modéli-
ser par des systèmes à états finis avec une pile. La pile
sert à modéliser des appels récursifs du programme, et
les états servent à suivre l’endroit du programme qui
est exécuté, ainsi qu’une quantité bornée de mémoire
(par exemple la valeur de variables booléennes). On
surapproxime le comportement de l’agent par un tel
système : si aucune exécution du vrai système ne ren-
contre d’erreur, alors ce sera aussi le cas pour le système
abstrait. Cependant, il se peut que le second ait des er-
reurs que le premier n’a pas : c’est le prix à payer pour
des problèmes de vérification décidables.

Vérification et synthèse Les problèmes considérés
dans ma thèse se divisent en deux catégories : les pro-

blèmes de vérifications et ceux qui creusent et les pro-
blèmes de synthèse. Dans les premiers, on demande si
un système donné peut avoir un certain comportement
indésirable, tandis que dans les deuxièmes, le système a
la possibilité de choisir certaines actions, et on demande
s’il existe une stratégie pour éviter ces comportements.
Mais attention , comme on s’intéresse à des systèmes
distribués, ces stratégies doivent pouvoir être implémen-
tées de manière locale : Pour prendre ses décisions, un
processus ne peut pas tenir compte de ce que les autres
processus ont fait.
Systèmes à locks
Un premier modèle consiste à considérer un nombre
fixé de processus prenant et relachant des locks, cha-
cun modélisé par un automate à pile [4]. Ce modèle
donne des problèmes indécidables en général, mais on
peut contraindre les échanges de locks pour obtenir des
algorithmes.

Figure 25.1 – Le dîner des philosophes au moment du
drame.

Notamment, on peut restreindre chaque processus à
utiliser au plus deux locks (comme dans le célèbre dîner
des philosophes), ou encore demander que les locks
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soient gérés comme dans une pile (un processus ne
peut relacher que le lock pris le plus récemment). Ces
systèmes sont appelés LSS (Lock-Sharing Systems).
Pour analyser ces systèmes, on montre que les projec-
tions d’une exécution sur chaque processus peuvent être
résumées en de petites descriptions contenant toute l’in-
formation nécessaire à la synchronisation.
Nous pouvons ainsi encoder les contraintes de locks
comme des langages d’automates. Les propriétés à vé-
rifier sont, elles, écrites comme des automates sur des
runs infinis, ou ω-automates. En effet, on veut pouvoir
exprimer des choses comme "le système peut s’exécuter
indéfiniment sans blocage". Comme les systèmes sont
modélisés par des automates à piles, on obtient des
ω-automates à piles.
Théorème 1 ([2, 6]). La vérification de propriétés régu-
lières locales sur les LSS est NP-complète.

Les mêmes techniques s’appliquent dans le cas de la
synthèse :
Théorème 2 ([2, 6]). L’existence d’une stratégie garan-
tissant une propriétés régulière locale est ΣP

2 -complète.

Vers les arbres infinis
Forts des techniques utilisés dans la partie précédente,
nous nous sommes demandé si ces résultats pouvaient
être étendus au cas où les processus peuvent créer de
nouveaux locks et d’autres processus pendant l’exécu-
tion. La réponse est OUI, EXCELLENTE IDÉE! ! ! Ces
systèmes sont alors appelés Dynamic LSS, ou DLSS. On
fait encore une fois l’hypothèse que les locks sont gérés
comme dans une pile.
On remplace les exécutions linéaires d’avant par des
arbres : Un processus qui s’exécute correspond à une
branche. Chaque fois qu’un processus en crée un autre,
cela génère un noeud à droite, qui correspond au début
de l’exécution du processus créé [5].

P

Q

R

acqℓ

spawn : Q(ℓ)

relℓ

acqℓ

spawn : R(ℓ)

Figure 25.2 – Représentation (simplifiée) d’exécution d’un
DLSS : le lock ℓ est partagé, le processus P crée Q qui crée
R.

Nous avons créé un algorithme qui, à partir d’un DLSS,
construit un automate d’arbres qui reconnait les arbres
correspondant à ses exécutions. La principale difficulté
est de s’assurer qu’il n’y a pas de contradiction entre les
différentes branches.
Théorème 3 ([7]). La vérification régulière de DLSS est
EXPTIME-complète, et polynomiale si le nombre de locks
par processus est fixé.

Des variables partagées aux automates à
registre
Passons à une mode de communication un peu différent.
Imaginons un grand nombre de processus identiques
communiquant via une variable partagée x. Les pro-
cessus peuvent lire la valeur de la variable, ou bien y
écrire une nouvelle valeur. De plus, les messages sont
signés, c’est-à-dire qu’avec la valeur de la variable est
écrit l’identifiant du processus qui l’a écrite.
On considère le nombre de processus comme un para-
mètre qui peut être arbitrairement grand. Un problème
classique sur ce genre de modèles est la couverture : "Est-
ce l’état qerreur peut être atteint à partir d’un certain
nombre de processus?".
Une difficulté est le fait que les identifiants inscrits dans
la variables ne sont pas bornés : les automates habituels,
à alphabet fini, ne sont pas assez expressifs ! Pour cette
raison, on se tourne vers des automates à registres.
Ceux-ci permettent de lire des mots sur des alphabets
infinis, en utilisant des registres pour stocker les valeurs
reçues. Leurs transitions contiennent des tests du type
"la valeur reçue est égale à celle du 3e registre".
Le modèle ci-dessus s’appelle les BNRA (pour Broadcast
Networks of Register Automata) [1]. Une des contribu-
tions de ma thèse est d’avoir montré que la couverture
est décidable sur les BNRA.
Théorème 4 ([3]). Le problème de couverture est déci-
dable sur les BNRA.

Ce théorème vient avec une caractérisation de la com-
plexité du problème en fonction du nombre de registres
par processus, l’adaptations à plusieurs extensions du
modèle, et bien d’autres choses encore !
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P rogram synthesis is a task first imagined by Church that is still hailed as a holy grail. The goal of
generating a correct program matching a specified pairs of inputs, outputs examples has been tackled

in many different ways. We will first look at the enumerative approaches that can solve such tasks in a
domain agnostic manner. Then we will show how we contributed to improving such algorithms and how far
the state of such algorithms have changed. In order to scale, we will also show how to leverage semantic
properties automatically to improve scaling of our approaches. We will also look at including knowledge of
the oustide world in programs.

Program Synthesis From Examples
Program synthesis from examples is the following task :
given a grammar G that describes the space of possible
programs, and pairs of inputs, outputs examples find a
program that matches the given examples. Let us show
how this could work with an example :
f ([7 , 8 , 9]) = [8 , 8 , 10]
f ([15 , 4 , 8 , 9]) = [4 , 8 , 10 , 16]
f ( [ ] ) = []

and here is a possible solution :
def f ( x ) :

g = lambda y : y + 1 i f isOdd (y ) else y
x = map(g , x )
x = sorted ( x )
return x

There are different approaches to tackles this synthesis
task. The first one being the enumerative approach [2],
the idea is that we are given some cost function over pro-
grams and we will enumerate each program by order of
increasing cost. Then each program is tested against the
input output examples. The advantage of this approach
is that it requires minimal knowledge and it is domain
agnostic. A second approach is counter example guided
synthesis (CEGIS) [1], this assumes that each concept
of the grammar is translated into typed first order logic,
this becomes a theory. As before, programs are enu-
merated, an enumerated program is rejected if it does
not match the logical specification, it if matches then
it is sent to an SMT solver which guarantees that the
program matches the examples or provides a counter
example in the form of first order logic that is added
to the specifciation. The advantage of such a method is
that it enables to prune large part of the search space
however it requires the specification of the concepts and
that such concepts can be embedded into first order
logic. A third approach which has boomed recently is
using neural networks to produce programs. Here code

is no different from text, thus it has skyrocketed with
the rise of large language models, however radically
different from the previopus approaches is the fact that
the ouput program has no guarantee of being correct
on the given examples, it even does not guarantee that
the program is well typed nor syntactically correct.
Enumerative Approach

Figure 26.1 – Pipeline of a classic enumerative program
synthesis solver

First, let us describe the classic enumerative program
synthesis pipeline as shown on Figure 26.1. Examples
are fed into a prediction model, usually a neural net-
work, which produces probability distributions at the
non terminal level of the grammar, this will be used as
a cost function. Users only have to specify the syntax
and the semantic of the primitives such as textttsorted
for example. This approach relies on two key compo-
nents : the quality of the cost function with respect to
the task and the speed of the enumerative algorithm.
The faster the enumerative algorithm the less impactful
the cost function is, therefore to support a wide variety
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of tasks it is necessary to have efficient enumerative
algorithms. Our first contribution was the HeapSearch
algorithm [4], an enumerative algorithm that satisfies
the property fo enumerating programs deterministically
in the correct order while being twice as fast as pre-
vious approaches. Furthermore, since the future is a
parallel one, we also contributed with an algorithm that
enables a linear scaling with the number of processors
by splitting the probabilistic grammar. A forthcoming
contribution is a new algorithm that is an order of ma-
gnitude faster than HeapSearch and other algorithms
and scales dramatically better than them with the in-
crease of the grammar complexity.
An other way to reduce the space of programs sear-
ched is to look into semantic equations for example
sorted(x) == sorted(sorted(x)) or a + b == b +
a. Such equations can be used to reject programs that
are semantically equivalent to another during the enu-
meration since enumerating is rather cheap compared
to testing a program on the examples. In order to en-
code such constraints we can use deterministic bottom
up tree automata since we can leverage the fact that our
enumerative approaches are bottom up this naturally
flows with the automaton. In order not to have the user
specify a possibly humongous list of equations, we can
start at no equation, then enumerate small programs
and evaluate them on a wide range of examples and
build set of equivalent programs. This produces a set of
equivalent programs used as equations. A nice property
is that this can be done once and for all at the language
level, only the automaton needs to be saved.
Knowledge powered programs

Classic program synthesis is limited in the sense that
programs cannot talk about the real world. Our contri-
bution [5] is a technique that enables solving such tasks,
without relying on machine learning that is the knwo-
ledge manipulated is certain there is no possible halluci-
nation. An example of a knowledge powered task is on
Figure 26.2. The task is to go from a city to its country
and its phone code. In order to tackle such a task that is
actually quite common in the real world, we will make
use of a knowledge graph. The idea is to split the task
in subtasks, on the example we split around " code: "
since this part is constant and then we try to solve each
subtask. To solve a subtask we try in parallel to solve
it using the classical program synthesis pipeline that
does not talk about knowledge and at the same time
we try to find a common path amongst the examples
on the knowledge graph that can solve the subtask, this
translates into a SPARQL query. On the example to get
from texttt"France" to texttt"Paris" you have to follow
the CapitalOf edge in the graph.

Figure 26.2 – Overview of the techniques used to deal and
solve a knowledge powered program synthesis task

Conclusion
Our contributions have paved the way for faster and
more complex program synthesis approaches. We have
contributed with faster and better enumerative algo-
rithms for enumerative approaches but they can also
be used by CEGIS approaches since they also need enu-
merative approaches. We also looked into including
real knowledge in programs and contributed with an
algorithm so solve them efficiently. However, CEGIS
approaches and LLM have advantages that cannot be
underestimated and an avenue of future work is combi-
ning these approaches in order to leverage the advan-
tages of the different approaches.
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C reative problem solving (CPS) activities observation can enrich our understanding of human learning
by facilitating the access to adaptive behaviors related to learning mechanisms. Actions taken by an

individual during a CPS task are situated in time, thus allowing to create time sequences of observations.
Sequence analysis should allow us to overcome the limits of current observations of such activities. We
aim to develop a novel analysis approach on a set of time sequences based on the configurations of a
game-based robotic activity consisting of assembling modular robotic cubes. This allows the creation of
clusters of sequences or subsequences of actions, in order to help the characterization of different types
of behaviors. We base our work on CPS configuration identification analyzed in Romero et al. (2018) [1]
on the CPS activity named CreaCube in order to characterize a subject’s individual task. Our clustering
method requires to measure the similarity between sequences, thus calling for a definition of a distance
between observables. We propose to consider a distance using Dynamic Time Warping as a measure of
similarity. By having access of a similarity, we compare the results of multiple executions of clustering
methods to existing models of behaviors from the literature.

While research in well-defined problem solving has per-
mitted to characterize certain tasks such as the Tower of
Hanoi and to formalize general procedures for problem
solving using computational representations (Newel
& Simon, 1976) [2], the study of problem solving in
learning sciences has broaden to include complex and
domain-specific problem-solving tasks. In CPS tasks, a
learner has to build representations of those problems,
and use them to decide on a behavior to adopt, inclu-
ding goal choice. Actions undertaken by the learner
may result in a change in the CPS situation that can
be used as a feedback to evaluate the advancement
of an intermediate situation and decide to adapt the
behavior, according to their updated representation of
the problem. We focus on CPS tasks in which the sub-
ject needs to search for a novel solution for ill-defined
problems. The research objective is to characterize in-
dividuals’ behaviors by identifying recurring behavioral
patterns across experiments using clustering methods,
and analyzing the resulting clusters with regard to ca-
tegorizations of behaviors proposed in CPS research.
We thus focus on a task named CreaCube, an ill-defined
robotic game-based activity studied by Romero et al.
(2018) [1]. In this CPS task, the participant is invited to
manipulate four cubes of different colors. Each cube has
different properties such as wheels or sensors, but these
technological affordances are unknown to the subject
when starting the activity. The goal of this CPS task is to
build a vehicle composed of four pieces that can move

autonomously from one point to another, without any
further initial information about the problem. Based on
a subset of the CreaCube corpus, selecting only children
(7-12 y.o) who performed the task individually (93 sub-
jects), we have for each experiment a data set including
a time sequence starting when the subject hears the
instructions for the first time and stopping when the
subject succeeds or gives up. In each sequence, some
key events that can be observed have been annotated,
resulting in 83 different types of observables annota-
ted across all experiments. These observables, detailed
in Mercier et al. (2022) [3], mainly correspond to the
discovery of affordances (the discovery of properties of
some cubes), the realization of the most common four-
cubes structures, the criteria those structures fulfill (or
not) with regard to the guideline, and the final outcome
of the activity. Those time sequences are thus symbolic
trajectories (see Figure 27.1), and we want to cluster
those trajectories.
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Figure 27.1 – An abstract symbolic representation of a
problem space and two possible trajectories that can solve it
with Creacube states.

We propose to apply a K-nearest-neighbors (KNN) al-
gorithm to this corpus of time sequences. This clus-
tering algorithm requires the definition of a distance
between trajectories. For this purpose, we use the Dy-
namic Time Warping (DTW) algorithm, since it allows
to measure the similarity between two time sequences
while slightly realigning them to mitigate small time
variations among trajectories. In order to compute an
average sequence from a set of trajectories (required
for applying KNN), we transform symbolic trajectories
into numerical sequences based on the increading num-
ber overtime of Creacube 4-cubes structures based on
the DT components of Guilford : fluidity, flexibility and
innovation [4] (see Figure 27.2).

Figure 27.2 – DTW distance on two sequences (left) and on
two Creacube trajectories (right). The Creacube trajectories
are composed of fluidity (number of structures done, blue),
flexibility (number of different structures done, orange) and
innovation (number of structures done by less than 5 % of
subjects, green)

Taking advantage of our small dataset, we are intro-
ducing a method called metaclustering [5], consisting
on creating a distance matrix storing the number of
times two different sequences were clustered together
with every possible clustering outcome. Divided by the
total number of clustering executions, we can the apply
hierarchical clustering in order to create a dendogram
allowing to see the proximity between each sequence
(see Figure 27.3).

Figure 27.3 – Dendogram of the hierarchical clustering
based on the metaclustering matrix.

We are comparing such grouping to existing behavioral
models in psychology or educational science and to ge-
neralize this method to other problem-solving activities.
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Efficient use of heterogeneous computing systems is essential for scientific and industrial applications.
Task-based programming is effective, but scheduling is crucial for performance, especially on hete-

rogeneous systems. We present MultiPrio, a dynamic task scheduler that aims to minimize completion
time by considering resource affinity, task criticality, and data locality. Priority queues and heuristics are
used to assign tasks to resources. Evaluation on Fast Multipole Method, dense and sparse linear algebra
applications shows up to 31% performance improvement over state-of-the-art schedulers.

Motivation
Modern high-performance computing systems are beco-
ming increasingly heterogeneous, with a wide variety
of parallelism, such as multiprocessors and accelera-
tors, such as graphical processing units (GPUs). This
complexity poses a challenge to application developers
who want to take full advantage of these platforms. To
simplify utilization of these architectures, task-based
programming paradigms have emerged, representing
applications as directed acyclic graphs (DAGs) of tasks
with data dependencies. The execution of these tasks is
managed by runtime systems, which serve as interme-
diaries between the user application and the underlying
hardware infrastructure, orchestrating task execution
and data movement across heterogeneous resources to
optimize performance. Runtime systems like StarPU [1]
employ dynamic scheduling strategies categorized into
resource-centric (e.g., work stealing) and task-centric
(e.g., Heterogeneous Earliest-Finish-Time) approaches.
However, existing schedulers have limitations, particu-
larly in scheduling irregular DAGs, and often consider
only a limited set of criteria for decision-making. In
response, we propose a multi-criteria scheduler that
combines elements from both families, leveraging task-
resource affinity and criticality scores for efficient work-
load distribution.
Dynamic Scheduler Design
A heterogeneous computing system consists of different
types of processing units, such as CPUs and GPUs. The
system includes a set of memory nodes. In our study,
we see the main RAM of a computing node as a single
memory node despite the NUMA effects but otherwise
the approach remains valid. A memory node can be ei-
ther the main RAM, a GPU-embedded memory or disk
memory.

Figure 28.1 – MultiPrio scheduler example with 2 GPUs
and 1 CPU. The tasks in the priority queues are ready for
execution and are sorted according to their scores, which can
be different depending on the type of processing unit. For
example, the ready task H has the highest score on the GPU
(and is stored at the top of the queue) and a lower score on
the CPU.

Our proposed dynamic scheduler manages priority
queues, each assigned to a memory node. Given the
limited number of memory nodes in typical systems,
the overhead remains reasonable. The scheduler inserts
each ready task t in all respective priority queues such
that t can be executed on the corresponding processing
unit. Tasks are then duplicated in the data structures,
since a task may have multiple implementations per
resource. Each task is assigned a pair of scores, first an
affinity score and then a criticality score. They are calcu-
lated using various heuristics. Heuristics use estimation
of task execution time which is provided by a history-
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based performance model from the runtime system. The
scores are used to sort tasks without immediately de-
ciding which worker is responsible for executing them.
Idle workers select prioritized tasks with the most avai-
lable data from the memory node’s queue. This strategy
allows slower workers to take over tasks when faster
workers are too busy, under certain conditions. The aim
is to balance the workload on the heterogeneous re-
sources while prioritizing critical and local tasks for the
fastest ones.
Experimental Evaluation
We evaluate our proposed scheduling strategy on a hete-
rogeneous computing node, studying the performance
of regular and irregular task-based applications. This
covers various real-world scenarios with different ap-
plication characteristics. Regular applications have task
graphs that remain the same regardless of the input
data, like Cholesky factorization in dense linear alge-
bra. User priorities for such applications are optimized
offline by experts. It is also possible to define a fine-
grained task submission strategy for the DAG. That’s
the case of several routines in the chameleon library.
On the other hand, irregular applications, have task
graphs that change with the input data. These applica-
tions, like the Fast Multipole Method (FMM), which is
used in various scientific simulations, and qr_mumps,
a sparse linear algebra library, pose more challenges
for schedulers. As an illustration, we show the perfor-
mance results of QR multi-frontal factorization from
qr_mumps on a set of sparse matrices detailed in the
table 28.1. It introduces highly irregular workloads, in-
cluding tasks of different granularities, while exhibiting
variable memory consumption. In this evaluation, we
compare the MultiPrio scheduler and its potential with
the existing state-of-the-art schedulers (Dmdas [2] and
HeteroPrio [3]) in StarPU on a heterogeneous node
with 2 Nvidia V100 GPUs and 2 Intel Xeon Gold with
16 cores each. The figure 28.2 shows the performance
ratio of each scheduler in comparison to the Dmdas
scheduler, used as a reference. Higher ratios indicate
better results, i.e. shorter execution times. MultiPrio
optimizes the performance of most matrices, with an
average gain of 31% over Dmdas. This is mainly attri-
buted to the increased parallelism in the DAG.

Matrix name Rows Cols op.count
(Gflop)

cat_ears_4_4 19020 44448 236
flower_7_4 27693 67593 889
e18 24617 38602 1439
flower_8_4 55081 125361 3072
Rucci1 1977885 109900 5527
TF17 38132 48630 15787
neos2 132568 134128 31018
GL7d24 21074 105054 26825
TF18 95368 123867 229042
mk13-b5 135135 270270 352413

Table 28.1 – Matrices used for qr_mumps sorted by Gflops
count.
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Figure 28.2 – Performance of QR factorization (ordering
METIS) using 2 GPUs and 32 cores, relative to the Dmdas
scheduler. Matrices sorted by Gflops count.

MultiPrio is efficient in optimizing irregular task-based
applications and remains comparable for regular ones.
In chameleon, task criticality is the primary factor
affecting performance, followed by resource manage-
ment. Dmdas with user-defined priorities is able to fur-
ther optimize performance by leveraging user expertise
on regular DAGs. Additionally, optimizing data transfer
times is critical for such intensive workloads.
Conclusion
Effective use of heterogeneous computing systems for
resource-intensive applications depends on efficient
scheduling. We propose a novel multi-criteria dynamic
scheduler that finds a balance between resource affi-
nity, task criticality, and data locality. The novelty of
our scheduler lies in its ability to automatically and
efficiently schedule irregular applications, while being
competitive with highly tuned schedulers on a more
regular workload. Further refinement of the data loca-
lity strategy could be an area for improvement. Ano-
ther interesting research direction, we aim to extend
our research to another paradigm with recursive tasks.
These tasks submit subgraphs at runtime. This strategy
exposes different task sizes in the DAG, providing a suf-
ficient amount of large-granularity tasks to efficiently
utilize GPUs, along with fine-granularity tasks to take
advantage of CPUs and thus unlock more parallelism.
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U sing Brain computer interfaces (BCI) for stroke therapy has shown significant improvements in the
movement abilities of stroke patients compared to traditional therapies. This effectiveness is attributed

to the therapy’s ability to establish a proprioceptive loop, where sensory feedback is directly linked to brain
activity. This simultaneous activation helps to rebuild stronger connections in the brain based on neural
plasticity, or the brain’s ability to adapt and reorganize itself. During my Ph.D., I am focusing on enhancing
this therapy. My goal is twofold : first, to understand which clinical, physiological, and psychological factors
affect this type of therapy, and second, to develop algorithms that are robust against these factors.

Introduction

Brain-Computer Interfaces (BCI) are technologies that
monitor (e.g., using electroencephalography), process
(using machine learning techniques), and translate pat-
terns of brain activity into commands for various digital
technologies. They are utilized in post-stroke motor
rehabilitation to deliver optimal time-matched visual
and/or somatosensory feedback based on the activity in
the somatosensory andmotor cortices. The effectiveness
of BCIs in enhancing plasticity and motor rehabilita-
tion post-stroke has begun to emerge from extensive
research in this field. The literature suggests that mo-
tor imagery or motor attempt training procedures si-
gnificantly enhance motor function improvement com-
pared to solely employing motor imagery or muscle
and proprioception stimulation [1]. BCIs facilitate the
co-activation of both top-down processes (i.e., motor
imagination or attempts) and bottom-up processes (i.e.,
coherent somatosensory afferences resulting from vi-
sual or somatosensory stimulation of the affected limb).
To advance current therapies, two critical aspects re-
quire attention. Firstly, understanding the factors that
influence motor rehabilitation is essential for selecting
the most appropriate therapy tailored to the patient’s
characteristics. Secondly, there is a need to refine the
classification algorithms used in these therapies to en-
hance patient agency during the treatment process. Du-
ring my Ph.D., I focused on those questions aimed at
understanding and improving BCI-based motor rehabi-
litation after a stroke.
Potential predictors that influence motor rehabili-
tation after a stroke.

Initially, we conducted an extensive literature review
to identify factors influencing motor rehabilitation the-
rapy. This included factors affecting the control of BCIs

for neurotypical users and factors known as predictor
of motor rehabilitation for stroke patients without BCI-
based therapy. The potential predictors of rehabilitation
can be either psychological factors, mental state, neu-
rophysiological predictors, demographical or medical
information. This comprehensive synthesis helped us
identify critical factors potentially influential in BCI-
based therapy, which need to be validated in medical
experiment.

Figure 29.1 – Illustration of the experimental setup during
MI-BCI based therapy. Left and right hand motor imagery is
decoded with the electroencephalographie and is displayed
on the screen.

Developing new classification algorithms robust
to factors of variability in BCI classification

Subsequently, we developed a modification of the Linear
Discriminant Analysis algorithm (LDA), termed Inva-
riant Linear Discriminant Analysis (iLDA) and presented
in Algorithm 1. This model, robust against covariates
known to influence BCI control, showed significant im-
provements in classification accuracies on simulated
data. However, it did not demonstrate enhanced classi-
fication performance in EEG data considering the iden-
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tified influential covariates.

Exploring new axis for developing robust algorithms,
I focused on deep learning techniques for EEG signal
classification. We confirmed that deep learning tech-
niques surpass linear models in classification accuracy
on our open-source dataset. Interestingly, factors corre-
lating with BCI performance in linear models were no
longer significant using deep learning models, sugges-
ting that the latter might extract more complex, non-
linear features robust against known linear covariates.
Deep learning models could thus enhance BCI control
in stroke rehabilitation, offering resistance to factors
traditionally influencing motor rehabilitation.
Validating efficacy of deep learning classifier in an
online experiment

We aim to compare the performance and user expe-
rience with two different classifiers, one linear classifier,
Filter Bank Common Spatial Pattern (FBCSP) combine
with (LDA), and a deep learning classifier, Deepconvnet
[2]. Both model will be evaluated in the same MI-based
BCI training with healthy participants. As deep learning
models need a large amount of data and are able to
generalize patterns across subjects, the model will be
trained on a dataset from 87 participants performing
the same motor imagery tasks (subject-independent
design). FBCSP+LDA will be trained using calibration
data from each subject, as they have poor generalization
performance (subject-specific design). Our experiment
will involve 20 subjects participating in six runs : two
calibration runs with sham feedback, two runs utilizing
the DeepConvNet classifier with feedback, and two runs
with the FBCSP+LDA classifier with feedback, in a ran-
dom order and unknown to the participants. We will
evaluate the classifiers in terms of performance and user
experience metrics including anxiety, agency, fatigue,
frustration, subjective user performance, feedback com-

prehension, and feedback informativity.
Validating predictors of BCI-based motor rehabili-
tation after a stroke

Lastly, we developed an experimental protocol sche-
duled to be conducted at CHU Pellegrin. This proto-
col involves BCI-based motor rehabilitation therapy for
chronic-phase stroke patients. Addressing the question
of factors influencing post-stroke motor rehabilitation.
We planned to include 20 participants. Before, directly
at the end and 3 months after the BCI therapy, the func-
tional abilities (EmNSA and UE FMA) and the physiolo-
gical profile (TMS measures (e.g. amplitude ; cortical
excitability)) of the participants will be evaluated. Once
included in the study, patients will perform 10 BCI trai-
ning sessions based on motor attempt of around 1 hour
each. Additionally, clinical, physiological and psycholo-
gical profile of the patients will be evaluated through
the completion of several questionnaires, tests and neu-
rophysiological analysis. First, the psychological profile
of the participants will be evaluated through the Men-
tal Rotation Questionnaire, the 16PF5 questionnaire
and the Kinaesthetic and Visual Imagery Questionnaire.
Second, the neurophysiological and anatomical profile
of the patients will be assessed through lesion characte-
ristics on MRI, SSEP, EEG and MEP. This study aim to
identify the potential predictors of motor rehabilitation
performances by comparing the evolution of the motri-
city after the therapy and the different predictors that
we extracted during the study. Those finding will allow
us to propose recommendation to who are the patient
that are more suitable to benefits from the therapy and
create algorithms that take into account those charac-
teristic into account and therefore create an adapted
and personalized therapy for the patients.
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L es lignes sont un aspect important de beaucoup de styles de dessin, mais les intégrer dans un rendu n’est
pas simple. Les détecter est un problème complexe, et conrôler leur apparence est encore un problème

ouvert. Faire tout ça, en temps réel critique (<12ms), est un tour de force, mais c’est les conditions pour
pouvoir l’utiliser dans des applications comme le jeu vidéo. Cette thèse cherche à voir comment celà
pourrait être possible.

Rendu de Lignes

Vue d’ensemble

Le rendu de ligne se passe en deux étapes conceptuelles
principales :
— La détection, où l’algorithme doit trouver la po-

sition des lignes en utilisant l’image ou la scène
3D

— Le rendu, où les lignes sont choisies puis dessinées
à l’écran selon plusieurs paramètres

Chaque étape a ses difficultés associées. La détéction
doit pouvoir trouver les lignes que l’artiste souhaite af-
ficher, et donc doit pouvoir comprendre quelles lignes
un artiste souhaite dessiner, tandis que le rendu doit
pouvoir dessiner selon le style de l’artiste sans sa super-
vision.
Types de lignes

Pour pouvoir comprendre mieux, Cole et al. [1] ont
fait une étude en demandant à plusieurs artistes de
dessiner par dessus un modèle 3D, et ont montré une
forte correlation entre des différences de gradients sur
le modèle ou sur l’image et une ligne dessinée, ce qui
permet de guider les algorithmes.
Afin de pouvoir les reproduire, les lignes peuvent être
classés en plusieurs catégories (Fig. 30.1) en fonction
du gradient sur lequel elles sont basées :
— Occlusion : quand un objet passe devant un autre,

il s’agit d’un gradient de profondeur
— Courbature : quand une surface se plie, il s’agit

d’un gradient de normales
— Séparation : quand un objet ou matériau change
— Illumination : présentes dans certains styles, il

s’agir d’un gradient de lumière
— Arbitraires : lignes dessinées directement par l’ar-

tiste sans relation à l’objet, sont souvent utilisées
pour représenter autre chose ou pour des explica-
tions

Ces lignes peuvent être associées aux gradients à plu-
sieurs degrés de dérivation, et certaines sont dépen-
dantes de paramètres externes comme du point de vue

ou de la lumière. Par exemple, beaucoup de lignes de
courbature peuvent être précalculer, mais les lignes
d’occlusion doivent être calculées à chaque rendu. Nous
nous concentrons sur ces dernières.

Figure 30.1 – Explication visuelle des types de lignes pré-
sents sur un rendu de gomme. Les lignes arbitraires ici sont
les lignes utilisées pour expliquer les lignes d’autres types.
Image par Panthavma [4]

Détection

Méthodes Existantes

Il existe trois méthodes principales pour la détections
de contours d’occlusion sur modèles 3D. Parmi-elles,
deux sont utilisables en temps réel.
Inverted Hull. Il s’agit d’une méthode rapide à mettre
en place utilisant le backface culling du GPU. En créeant
une copie du mailliage, l’agrandissant, et en inversant
les normales, il est possible de faire une sorte de "co-
quille" autour du mailliage qui s’affichera autour de lui.
Cette méthode permet un bon contrôle de la taille et
couleur des lignes, mais est limitée aux contours d’occlu-
sion et présente de nombreux artéfacts. Des méthodes
plus avancées utilisent les geometry shaders pour offrir
plus de contrôle direct à l’utilisateur.
Extraction en Espace Ecran. Cette méthode
consiste à utiliser des convolutions afin de trouver les
discontinuités en espace écran, à travers des buffers spé-
cialisés (profondeur, normales, object ID). Il s’agit d’une
méthode très rapide et capable de trouver beaucoup de
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types de lignes différents, mais elle est difficile à contrô-
ler, et a du mal avec les lignes épaisses, demandant des
heuristiques et des algorithmes spécialisés.
Mesh Contours

La dernière méthode est les meshs contours [2], qui
sont le sujet de ces travaux. Au lieu de rechercher les
discontinuités en espace écran, on va tester chaque ar-
rête du mailliage individuellement afin de déterminer
les contours. Cette méthode permet une détection plus
précise, ainsi que beaucoup plus d’options de style à
travers ses primitives de ligne au lieu de pixels, mais
est trop lente pour le temps réel.
Algorithme. Les meshs contours fonctionnent en 4
étapes :
— Détection : On vérifie chaque arrête en regardant

si une de ses faces regarde la caméra, et l’autre
non. Si c’est le cas, l’arrête est considérée comme
contour et passe à l’étape suivante. (Fig. 30.2)

— Visibilité : Les contours détectés ainsi peuvent être
cachés derrière l’objet. Une étape est nécéssaire
pour filtrer les lignes visibles et invisibles.

— Chaînage : Les segments de ligne sont encore sé-
parés à ce moment, donc pour pouvoir faire des
stylisations plus avancées, il est nécéssaire de les
assembler en des lignes plus grandes.

— Rendu : Une fois ces lignes assemblées, on peut
désormais les afficher selon différents paramètres
de style. L’utilisation de primitive de ligne permet
une meilleure qualité que les méthodes précé-
dentes.

La majorité de nos travaux repose sur la première étape
de détection, étant lente par elle même.

Figure 30.2 – Explication visuelle du test de contour. Une
arrête est considérée comme contour uniquement dans la
condition où une face regarde la caméra et l’autre non. Image
par Panthavma [4]

Accélération. Afin de pouvoir réaliser le calcul dans
un temps raisonable, il est nécéssaire d’éliminer une
partie des tests avant leur réalisation. Les structures
d’accélération existantes étaient faites pour le CPU, avec
des structures hierarchiques non-adaptés au GPU [5],
et limités aux modèles rigides.
GPU. Quelques travaux récents ont appliqué les meshs
contours sur GPU en temps raisonnable [3], mais l’étape
d’extraction était basique et limitée aux modèles rigides.

Notre méthode. Nous avons amélioré ces méthodes
en proposant une structure d’accélération adaptée au
GPU, avec des tests de performance plus poussés. Notre
contribution se concentre sur la méthode de construc-
tion de cette structure, qui utilise de nouvelles avancées
mathématiques pour permettre un groupement plus
efficace, dont les résultats sont dans la table 30.1. Ces
travaux sont en cours de publication.

Méthode Temps
Bruteforce (CPU) 1259.13ms
SNCH (CPU) [5] 808.76ms

Notre méthode (CPU) 290.66ms
Bruteforce (GPU) 88.50µs

Notre méthode (GPU) 29.70µs

Table 30.1 – Performance comparison sur le modèle du
Stanford Armadillo
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P assive Brain-Computer-Interfaces (BCIs) able to decode aesthetic preference could improve user
experience in digital spaces by personalizing aesthetic stimuli selection without requiring explicit user

feedback that might interrupt aesthetic experience. However, neuroscientific understanding of aesthetic
experience remains lacking, while the tried and tested BCI classification algorithms have not yet been
applied to decode aesthetic preferences from EEG signals. We thus conducted an experiment in which
participants where exposed to visual artworks in a virtual museum and requested to grade their preferences
for each of them, all this while their EEG was being measured. Previous neuroaesthetic research suggested
that oscillatory modulations in different neural frequency bands could be informative of aesthetic preference.
Therefore, we tested a time-frequency feature classification method widely used in BCIs, i.e. Filterbank
Common Spatial Patterns feature extraction together with shrinkage Linear Discriminant Analysis, in a
2-class aesthetic preference classification problem. We report promising aesthetic preference decoding
accuracies significantly and substantially above chance level.

Introduction
Humans today are surrounded by a vast amount of
artworks in digital spaces, e.g. social media. In such
spaces, the presentation of art, e.g. visual art or mu-
sic, often relies on preference-based recommendation
systems that require explicit feedback from the user.
However, explicit feedback, e.g. clicking on a Like but-
ton, requires cognitive effort which can diminish the
aesthetic experience.
Brain-Computer-Interfaces (BCIs) able to decode aes-
thetic preference could improve user experience in di-
gital spaces by personalizing aesthetic stimuli selection
without requiring explicit user feedback [1]. However,
neuroscientific understanding of aesthetic experience
remains lacking, while the tried and tested BCI clas-
sification algorithms have not yet been applied to de-
code aesthetic preferences from Electroencephalogra-
phy (EEG) signals [2]. Therefore, we have been investi-
gating if commonly used BCI methods can be applied
in aesthetic preference decoding.
Materials and Methods
We established a diverse dataset of more than 200 high
quality digital reproductions of artworks originating
from almost all continents and ranging from pre-historic
to contemporary time periods in the public domain. Fi-
gure 31.1 shows one participant gazing at AI-generated
art during data recording. We conducted an experiment
in which 13 participants were exposed to 120 visual
artworks in a virtual museum. The participants were
ask to grade their preferences for each of them, all this
while their EEG was being measured. Figure 31.2 shows
the experimental protocol.

Figure 31.1 – A participant taking part in the aesthetic
preference decoding BCI experiment

Previous neuroaesthetic research suggested that oscil-
latory modulations in different neural frequency bands
could be informative of aesthetic preference. There-
fore, we tested a time-frequency feature classification
method widely used in BCIs, i.e. Filterbank Common
Spatial Patterns (FBCSP) [3] feature extraction toge-
ther with shrinkage Linear Discriminant Analysis (sLDA)
[4], in a 2-class (Like vs Dislike) single-trial aesthetic
preference classification problem. EEG Artefacts were
removed using Independent Component Analysis prior
to feature extraction. Chance level classification perfor-
mance for 2-class classification with a minimum of 55
samples per class was estimated at 60.9%. Classification
performance was validated with a 10-fold shuffled and
stratified cross-validation. In addition, we also ran a
10-fold shuffled an stratified cross-validated CSP-sLDA
classification for each band-pass filter individually, in
order to investigate the discriminatory power of each
frequency band.
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Figure 31.2 – The data collection included 6 blocks of 20
visual art stimuli presentations and subsequent subjective
aesthetic evaluations

Results
For FBCSP-sLDA, we report promising offline aesthetic
preference decoding accuracies above chance level with
a mean of 0.798%± 0.162. Figure 31.3 shows the mean
FBCSP-sLDA classification performance for all subjects

Figure 31.3 – Mean FBCSP-sLDA Aesthetic Preference Clas-
sification Scores For All Subjects

CSP-sLDA classification on individual EEG frequency
bands performed much worse and well below the esti-
mated chance level on average with a mean accuracy of
0.541% ± 0.052 and showed a large variability across
subjects.
Discussion
Despite the relatively high FBCSP-sLDA classification
performance, closing the gap towards online aesthetic
preference decoding, and thus automated art presen-
tation BCIs, remains challenging. Many BCIs require
training on balanced data samples. However, it is often
uncertain beforehand whether an individual will like
an artwork of not. Objective properties of an artwork,
such as symmetry or complexity, have been correlated
with subjective aesthetic ratings [5] and could be used
to estimate aesthetic preference a priori. In conclusion,
aesthetic preference decoding BCIs seem feasible, but

future work needs to investigate optimal training data
selection during online calibration.

Figure 31.4 – Variability of CSP-sLDA classification perfor-
mance between subjects for all frequency bands
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M y thesis presents several contributions to the refined asymptotic enumeration of square-tiled surfaces.
Using a natural geometric decomposition, this problem reduces to the study of counting functions for

metric ribbon graphs. We use purely combinatorial tools to compute some of these counting functions.
This allows us to generalize formulas previously obtained by algebraic methods.

Introduction
Square-tiled surfaces. A square-tiled (ST) surface
is a closed oriented surface constructed from a finite
collection of Euclidean unit squares [0, 1]2 by isome-
trically identifying their sides and respecting the fol-
lowing gluing rule : sides are only identified in pairs
of type top/bottom or left/right (see Figure 32.1 for
an example). A ST surface is equipped with a flat me-
tric (coming from the squares) except at the possible
conical singularities – points where more than 4 ver-
tices of squares are identified. The gluing rule implies
that the holonomy of this singular flat metric is trivial.

1

2
3 4

5

67

8

Figure 32.1 – Identifying the opposite sides of this poly-
gon, one obtains a surface of genus 2 tiled with 3 squares.
All of the vertices of the squares are identified together into
one conical singularity of angle 12 · π

2
= 6π. The numbered

arrows represent the order in which the corners are visited
when going around the singularity.

Masur–Veech volumes. The motivation for the study
of ST surfaces comes from the theory of translation
surfaces – arbitrary flat surfaces with conical singula-
rities and trivial holonomy. They come in continuous
families called strata. It turns out that asymptotic enu-
meration of ST surfaces in a given stratum is equiva-
lent to the computation of its volume (Masur–Veech
volumes). Precise knowledge of these volumes is impor-
tant for the study of a natural dynamical system on the
strata (Teichmüller flow), with applications to billiards
in rational polygons.
Algebraic vs combinatorial approach. Despite the
combinatorial nature of the problem, explicit generating
functions and recursions for the volumes were obtai-

ned via algebraic geometry [1, 2] by identifying them
with certain intersection numbers on the strata. Never-
theless, a combinatorial approach was recently revived
[3] in the context of half-translation surfaces (here the
holonomy of the surface is allowed to be Z/2Z), moti-
vation being the high genus asymptotic analysis of the
volumes.
Cylinder decomposition of ST surfaces. The gene-
ral strategy in [3] is to decompose (in a canonical way)
a ST surface into simple geometric pieces (cylinders)
glued along graphs embedded into the surface (metric
ribbon graphs, see Figure 32.2). The enumeration of
ST surfaces then reduces to the study of the counting
functions for metric ribbon graphs. The volumes are
decomposed into a sum of contributions of surfaces of
different combinatorial types. When divided by the to-
tal volume, these contributions can be interpreted as
the probabilities of a random ST surface to have a given
type.

1

1
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2
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Figure 32.2 – Examples of ribbon graphs with one vertex
and labeled boundary components of two colors.

Main result
Cylinders in ST surfaces of minimal strata. The
idea of my paper [5] is to use the strategy of [3] in
the context of translation surfaces. The motivation is
to prove the following conjecture made by the same
authors.
Conjecture 1. The distribution of the number of cylin-
ders in a random ST surface of genus g is asymptoti-
cally equivalent when g → ∞ (in a certain strong sense)
to the Poisson distribution with parameter log(4g − 3).
This approximation is uniform over all (non-hyperelliptic)
connected components of all strata.
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The natural place to start are the minimal strata, where
surfaces have exactly one singularity. The main result
of my paper [5] is the following exact enumeration
formula.
Théorème 5 ([5]). The contribution of n-cylinder
ST surfaces to the volume of the minimal stratum in
genus g is equal to 2(2π)2g

(2g−1)!ag,n, where the numbers
ag,n ∈ Q, and whose generating function C(t, u) =
1 +

∑
g≥1 (

∑g
n=1 ag,nu

n) (2g − 1)t2g satisfies for all

g ≥ 0 : 1
(2g)! [t

2g]C(t, u)2g = [t2g]
(

t/2
sin(t/2)

)u

. Here [t2g]
stands for the extraction of the corresponding coefficient.

Setting u = 1 in Theorem 5, we recover the generating
function for the total volumes of the minimal strata,
obtained previously by Sauvaget [1] via intersection
theory.
A word about the proof. In order to obtain this re-
sult, I had to study the counting functions for a certain
family of metric ribbon graphs which has not been pre-
viously considered. The main tool for this study was
the bijection of Chapuy, Féray and Fusy [4] between
ribbon graphs with one boundary and properly decora-
ted plane trees, which allows for explicit enumeration
of the former. The main complication was the presence
of metric on the ribbon graphs, which must also satisfy
certain linear conditions on the lengths of the edges. It
turned out that the bijection also allows to control the
metric. This led to an unexpected polynomiality of the
top-degree term of the counting function, which is a
priori only piecewise polynomial (this phenomenon also
occurs for the counting functions in [3], the Kontsevich
polynomials).
Further results
Cylinders in connected components of minimal
strata. Generically, each minimal stratum of transla-
tion surfaces has 3 connected components. One of them,
the hyperelliptic component, represents surfaces with
a symmetry of order 2, and is easy to analyze. The other
two are distinguished by a topological invariant, called
the parity of the spin structure.
It turns out that the approach of my paper [5] can be
generalized to find the cylinder statistics as in Theo-
rem 5, but for each of the connected components. This
boils down to finding a combinatorial analog of the
aforementioned topological invariant for ribbon graphs
and computing the corresponding counting functions,
whose top-degree terms also turn out to be polynomial.
The obtained explicit formula also gives a refinement
of a formula for the total volumes previously obtained
by Chen, Möller, Sauvaget and Zagier [2] algebraically.
Volumes of odd strata of half-translation surfaces.
This is joint work with Eduard Duryev and Élise Gou-
jard. The aim here is to generalize the combinatorial
formulas of [3] for the volumes of principal strata of
half-translation surfaces to more general strata (with
the degrees of all singularities being odd).

The motivation is that the necessary counting functions
for metric ribbon graphs are known, and are the gene-
ralizations of the ones from [3]. What makes the case
of non-principal strata more difficult, is that the direct
application of the previous strategy actually overcounts
ribbon graphs – one also obtains certain degenerate,
disconnected ones.
My contribution to the project is a combinatorial proof
of the formula for these degeneration coefficients. It
is a generalization of similar computations performed
in my paper [5]. Here, the degenerate ribbon graphs
form tree-like structures but, again, because of certain
linear constraints on the metric, not all trees appear. I
succeeded in proving the formula by devising an analog
of the well-known Prüfer code for trees, which takes
into account the constraints on the metric.
Triangulations of the product of simplices. While
studying the spin parity invariant for ribbon graphs, I
found a family of (asymptotically) (n+m−1)! different
triangulations of the product of simplices ∆n × ∆m,
which come from certain collections of labeled plane
trees. What is surprising here is that simplices on the
vertices of ∆n ×∆m correspond naturally to non-plane
trees. The additional planar structure produces a fa-
mily of triangulations which seems to have not been
considered before.
The interest here comes from the fact that, despite the
simplicity of the polytope, the set of its triangulations
is not completely understood : only a couple of explicit
constructions are known; describing the structure of
the secondary polytope of ∆n ×∆m is a long-standing
open problem.
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W e present Rockmate, an efficient memory-reducing framework to enable fine-tuning large language
models on a single GPU. Rockmate uses integer linear programming to combine re-materialization,

activation offloading, and CPU optimization in a holistically optimized way, ensuring an efficient usage of
available resources. In the same way that PyTorch Dynamo takes a model and automatically changes it to
reduce the execution time, Rockmate takes a model and automatically adapts it to fit memory constraints.
This makes it possible to perform a full model fine-tuning of Llama-7B in full precision on a 12GB GPU,
which originally requires 100GB of memory, with very limited communication overhead. Rockmate is
designed to be compatible with reduced precision and parameter-efficient fine-tuning techniques, so that
the memory benefits can be combined.

Intrduction
Large Language Models (LLMs) have demonstrated
good performance in various language-related domains,
including question answering, code generation, and na-
tural language translation. Inspired by the transformer
structure, LLMs with different architectures such as
GPT [2], Bloom [1], Llama [3] and Mistral [4] have
been trained and demonstrate excellent performance
on general tasks. Based on these large pre-trained mo-
dels, which require a significant amount of resources to
train, many fine-tuned models have been proposed and
contribute to a variety of fields. Compared to training
an LLM from scratch, fine-tuning is more accessible to
broader communities of artificial intelligence (AI) en-
thusiasts because it requires less data, less computing
power, and less training time.
However, a common challenge for fine-tuning LLMs is
the memory bottleneck of the training process. Most
billion-parameter models can hardly be stored on consu-
mer graphics cards, which typically have between 8GB
and 24GB of video RAM (VRAM). Depending on the
choice of hyperparameters and optimization settings,
the training process can require far more memory than
the VRAM available on a single GPU. While most LLMs
are pre-trained using parallel approaches across hun-
dreds of GPUs, many works [6, 7] have been proposed
to allow fine-tuning of LLMs on a single GPU. Most me-
thods reduce memory requirements by simplifying the
training process, such as lowering the data precision
or reducing the number of trainable parameters. These
strategies have proven to be efficient in many cases
without degrading the accuracy of the resulting model.

Strategies
The memory footprint when training a large model
consists of two parts : (1) intermediate activationsMact,
whose size depends on the input batch size and which
can be efficiently rebuilt using re-materialization to
reduce the associated peak memory usage ; (2) mo-
del states, which consist of parameters Mparam, para-
meter gradients Mp_grad, and optimizer states Mopt_st.
Once the model is selected, the size ofMparam depends
only on the data type of the parameters. The size of
Mp_grad is the size of trainable parameters, which can
be much smaller than Mparam when using PEFT me-
thods. The size of Mopt_st depends on the choice of
the optimizer and is typically a multiplicative factor of
Mp_grad : for the Adam family of optimizers, the mul-
tiplicative factor is 2. For example, the relative sizes
of each part when training a full-precision Llama2-
7B model with batch size 2 and sequence length 512
are Mparam = Mp_grad = 25GB and Mact = 24GB. If
the model is optimized with the Adam optimizer [5],
Mopt_st = 50GB, so that the total memory requirement
is 124GB. If gradient accumulation is not used, para-
meter gradients can be removed from memory at each
iteration, Mp_grad and Mact are not always required
simultaneously. Still, the peak memory usage for such
a training task is expected to be 100GB, which is not
feasible on any consumer GPU.
In Rockmate, we adopt the same assumption of a block
sequential structure that is relevant for many Large
Language Models, but we aim to reduce all sources
of memory consumption. To reduce Mact, we use the
rk-Checkmate formulation to generate multiple re-
materialization schedules for each block. Instead of
applying Rockmate Phase (2), we combine these sche-
dules with a new linear programming formulation called
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O-Ilp, which incorporates techniques for reducing all
other sources of memory consumption.
To reduce Mparam, each parameter can be offloaded
onto CPU RAM. To reduce Mp_grad, each parameter is
optimized immediately when the associated gradients
are generated and no gradient accumulation is applied.
To reduce Mopt_st, since the basic variant of O-Ilp per-
forms all optimization steps onto GPU, the optimizer
states can either be kept on GPU or offloaded to CPU
RAM and moved back to GPU before the next optimiza-
tion step (as proposed by Paged Optimizers [6]).
We also propose a "CPU optimization" variant of
Rockmate that allows parameters to be optimized on
CPU, in which case optimizer states will always be kept
in CPU RAM. This idea was originally proposed in ZeRO-
Infinity [7], where it was noted that since it is possible
to (i) offload the gradient of a parameter, (ii) optimize
on the CPU, and (iii) prefetch the new optimized para-
meter, CPU optimization involves the same amount of
data transfers as regular offloading.
The main contribution of Rockmate is to perform a
holistic optimization of all these techniques simulta-
neously, so that different parameters can be handled by
different techniques to minimize the iteration time wi-
thin a limited memory budget. This combination makes
it possible to train the entire network within the me-
mory requirements of a single block : in the context of
very tight memory budgets, all data related to other
blocks can indeed be offloaded to the CPU. When more
memory is available, Rockmate automatically reduces
the amount of offloaded data.
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Figure 33.1 – Average iteration time vs. number of hidden
layers (Llama2-7B corresponds to 32 layers). Batch size is 4
and sequence length is 512, resulting in Mact = 45GB. Peak
mem PyTorch represents the expected memory usage if GPU
memory is infinite.

Conclusion
We present Rockmate, a framework for efficiently re-
ducing memory requirements when fine-tuning Large
Language Models on a single consumer-grade GPU.
Rockmate relies on integer linear programming to com-
bine different memory-reducing approaches in a holisti-
cally optimizedmanner, ensuring efficient use of all avai-

lable (computing, storage, communication) resources.
Experiments on typical fine-tuning scenarios show that
Rockmate can achieve a 10× reduction in memory at
the price of a 1.5× increase in training time, without
modifying the training task (e.g., lowering data preci-
sion or reducing the number of trainable parameters).
We also show that Rockmate can be combined with
parameter-efficient fine-tuning methods such as LoRA.
Rockmate is an easy-to-use framework that can enable
fine-tuning on resource-constrained machines and is
expected to have a significant impact for individual AI
researchers.
Future research efforts could add support for gradient
accumulation, allow fine-grained offloading within a
block to reduce the minimum memory requirement,
and include activation offloading to further improve
resource utilization.
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I n this thesis, we focus on facility location and network design problems that arise in disaster or relief
management. To account for the uncertainty inherent in these problems, we use risk measures to assess

the resilience of solutions. Given the critical and humanitarian importance of the problems considered,
this thesis focuses on the use of robust optimization methods as a modeling and solution approach.

Scientific Context
The optimization problems that can be modeled with
a mixed integer linear program have been intensively
studied in the last decades. Historically, because of the
difficulty of these problems, mostly deterministic ver-
sions of these problems have been investigated : all data
are supposed to be perfectly known at the moment of
the decision. However, these hypotheses do not corres-
pond to the reality of decision-making, where data may
vary between the moment the decision is taken and the
moment the decision is implemented.
To take into account the uncertainty of the input data,
two main approaches are used in the literature : sto-
chastic and robust optimization. Stochastic optimization
requires knowledge about the probability distribution
of the data, represented by stochastic variables. This
approach aims at providing good solutions on average.
Robust optimization (see e.g. [2]) provides solutions
that will not be very bad, even in the worst-case scena-
rio. This approach can be used even when the amount
of data is not sufficient to infer relevant probability
distributions for the input parameters.
An important part of the optimization problems under
uncertainty can be modeled as two-stage or multi-stage
optimization problems. At the first stage, or during
planning, decisions must be taken based on uncertain
data. At the second stage, or recourse, the real values of
uncertain parameters are revealed and the decision is
either updated or completed. In the case of a two-stage
setting, the considered robust optimization problem
takes the following min-max-min form :

min
x∈X

max
ξ∈Ξ

min
y∈Y(x,ξ)

f̄(x, ξ, y)

Under this form, function f̄ integrates the necessary re-
course to make the final solution feasible : f̄(x, ξ, y) =
f(x, ξ, y) + IX(ξ)(x, y) where IX(ξ) takes infinite va-
lue if its argument is not feasible under the realiza-

tion of ξ. Efficient solution methods have been deve-
loped for the special case of static robust problems
minx∈X maxξ∈Ξ f(x) + IX(ξ)(x), where Ξ is a convex
compact set and minx∈X f(x) is a mixed integer linear
program (MILP) or a convex program [3]. However, the
optimization problems with recourse (a fortiori with
integer recourse) have been less frequently considered.
To give an idea of the difficulty of such problems, let
us mention that many deterministic problems belon-
ging to class P have an NP-hard robust counterpart, and
the problems considered here are already NP-hard in
their deterministic version. Recent approaches aim at
leveraging advanced MIP reformulation techniques to
address these problems (see e.g. [5, 1]).
Objectives
The main objective is to develop efficient solution me-
thods for robust optimization problems with integer
recourse. In particular, the problems of facility location
and network design will be considered. The uncertainty
setting will be inspired by disaster or relief manage-
ment. Theoretical analysis of the complexity of such
optimization problems will also be investigated.
Contributions
In our work, we study the strategic design of blood
supply-chain logistics to face disasters caused by earth-
quakes. The goal of this supply chain is to convey blood
from a set of donors to a set of patients in hospitals.
We develop two-stage and multi-period risk aversion
models for the blood supply chain in disaster manage-
ment, focusing on measures such as mean-CVaR and
robust worst-case. The objective is to provide decision-
makers with a comprehensive comparison of risk-averse
models for the design of a blood supply chain to guide
their choices for ethically acceptable optimization in
the context of mitigating the damages caused by an ear-
thquake. We therefore review the relevant existing lite-
rature, introduce the considered optimization problem,
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present different mathematical models for risk aversion,
and evaluate these models on an out-of-sample set. The
numerical results indicate that our approaches manage
risk more effectively than the solutions presented in the
previous model [4].
Additionally, We provide insights for policymakers, heal-
thcare practitioners, and logistics professionals to im-
prove blood supply chain management strategies in
disaster response and preparedness efforts.
In addition, we presented a simulation algorithm for
generating a discrete set of scenarios to model uncer-
tainty. This algorithm evaluates the impact of earth-
quake and aftershock scenarios on a population divided
into groups over a given area. And by grouping, we
obtain the demand for blood in hospitals.
The size of the uncertainty set affects the complexity
of the models. Numerical results show that a coarse
approximation of the uncertainty is more effective than
a fine approximation for the problem at hand.
Perspectives
Having demonstrated the effectiveness of the robust
worst-case model, our next step will be to extend our
study to solve a larger number of instances. We’ll start
by finding an efficient way to transition from a discrete
to a polyhedral uncertainty set. Next, we will investi-
gate the extent to which we can apply reformulation
techniques such as K-adaptability, decision rules, and
dualization. In parallel, we will try to improve the qua-
lity of the solution by using decomposition methods.
These perspectives will allow us to extend our unders-
tanding and optimize the proposed solutions.
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D uality is a mathematical principle allowing to give two points of view on the same object. Equivalently,
information about a mathematical object can be obtained thanks to its "dual". This principle is present in

different areas of mathematics (geometry, algebra, analysis). An example from geometry is the symmetrical
relationship between points and lines in the projective plane : two different points can be joined by a
unique line, and two different lines intersect in a unique point. Another example from algebra is the
relationship between a finite-dimensional vector space and the vector space of linear forms on it.
In the following we present an instance of duality theorem in number theory : the local Tate duality.
Moreover, we see how this theorem can be enlarged.

Some expressions of duality
We use the example of finite-dimensional vector spaces
to show that some mathematical dualities can be ex-
pressed both as perfect pairings and as equivalence of
categories.
Let M,N and D be abelian groups. A pairing is a biad-
ditive map M × N → D. This pairing is said to be
perfect if the induced morphisms M → Hom(N,D)
and N → Hom(M,D) are isomorphisms. In this case,
N is the dual ofM and viceversa, andD is the dualising
abelian group. We can replace abelian groups by vector
spaces (or objects of other categories) in the previous
discussion. If k is a field and V is a finite-dimensional
k-vector space, the valuation pairing

V ×Homk(V, k) → k, (v, f) 7→ f(v).

expresses the duality between V and Homk(V, k).
We can also express this duality in a categorical way as
follows. If we denote by Vectfdk the category of finite-
dimensional k-vector spaces, the functor
(−)∗ : (Vectfdk )op → Vectfdk , V 7→ V ∗ := Homk(V, k)

is an equivalence of categories. This means that there
is an isomorphism between V and (V ∗)∗, natural in V .
The Pontryagin duality

Locally compact abelian groups are topological abelian
groups whose underlying space is locally compact. For
any locally compact abelian group A, we endow the
abelian group Hom(A,R/Z) of continuous homomor-
phisms A → R/Z with the compact-open topology. We
obtain a topological abelian group A∨, the Pontryagin
dual.
Pontryagin duality states that A∨ is a locally compact
abelian group if A is. Moreover, the functor (−)∨ :
LCAop → LCA is an equivalence of categories. This
restricts to a duality between discrete abelian groups
and compact abelian groups.

A Duality Theorem in Arithmetics
In number theory, important duality theorems due to
Tate and Poitou are collected in [4]. They deal with
Galois cohomology, an arithmetic invariant associated
to a field F .
Galois cohomology

Let F be a field and let F be its algebraic closure. The
Galois group GF := AutF (F ) is the group of automor-
phisms of F which fix F . Topologically, it is a profinite
group.
This group acts continuously on some sets coming from
arithmetics. For example, if Zf (F ) ⊂ F

n is the set of
solutions in F

n of a polynomial f ∈ F [t1, . . . , tn], then
GF acts on Zf (F ), and the set of fixed points is Zf (F ),
i.e. the solutions which lie in Fn. Consequently, we can
recover rational points of varieties as fixed points of a set
under the action of the Galois group. Sometimes Zf (F )
has the structure of an abelian group. In this case we
can use techniques from homological algebra to study
the action of GF . This is done via Galois cohomology.
If GF acts continuously on an abelian group A, we
can define cohomology groups Hq(GF , A). The abelian
group H0(GF , A) is the abelian group of fixed points
AGF , while Hq(GF ,−) is the qth derived functor of
the fixed point functor. These cohomology groups are
involved in the local Tate duality.
Local Tate Duality

Let F be a non-archimedean local field, e.g. a finite
extension of Qp. In [6], Tate proves a duality theorem
on the Galois cohomology of F . If A is an abelian group
with a continuous action of GF , we define the dual
module as

A∗ := Hom(A,F
×
).
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This has the structure of a continuous GF -module via
(g · f)(a) := g · f(g−1 · a), ∀g ∈ G, ∀f ∈ A∗, ∀a ∈ A.

In [6], Tate shows that we have a (cup-product) pairing
Hq(GF , A)×H2−q(GF , A

∗) → Q/Z (35.1)
for all q. Moreover, he states that if A is finite, the co-
homology groups are finite and this pairing is perfect.
This result is called local Tate duality and it identifies
H2−q(GF , A

∗) with the Pontryagin dual of Hq(GF , A)
for all q. This result is very important, but it has some
shortcomings.
— Any attempt to enlarge this duality to finitely ge-

nerated coefficients fails. Indeed, if A = Z and
q = 0, (1.1) is the pairing Z × Q/Z → Q/Z,
which can’t be perfect.

— The topology is not taken into account in this
treatment. For example, if A = F

×, we are consi-
dering both A and H0(GF , A) = F× as mere dis-
crete abelian groups. In this way, we lose precious
information about their topology.

Condensed local Tate duality for the Weil
group
During my PhD I overcome the two shortcomings pre-
sented at the end of the previous section in the case
where F is a p-adic field, i.e. a finite extension of Qp.
I build a "topological" cohomology theory for the Weil
group of F . The cohomology groups are proved to coin-
cide with Galois cohomology groups when the coef-
ficients are finite, and they are proved to be locally
compact in some special cases. This allows to enlarge
the local Tate duality to a more general class of non-
necessarily finite coefficients, where it takes the form of
a Pontryagin duality between locally compact abelian
groups.
The following results are proved in [1].
The tools

First of all, following Lichtenbaum’s intuitions [3] and
inspired by Karpuk’s work [2], I replace the Galois group
GF with its subgroup WF , the Weil group.
Secondly, in order to topologise the coefficients and the
cohomology groups, I use the theory of Condensed Ma-
thematics [5]. This theory provides a framework where
it is possible to do algebra with topological spaces. In
particular, locally compact abelian groups embed in
condensed abelian group, an abelian category where it
is possible to do homological algebra.
Enlarging local Tate duality as a Pontryagin dua-
lity

If A is a condensed abelian group with an action of
the pro-condensed group ŴF , I define for all q conden-
sed abelian groups Hq(ŴF , A), called condensed Weil
cohomology groups. Moreover, I define a dual ŴF -
module AD and I show that there is a cup-product
pairing

H2−q(ŴF , A)×Hq(ŴF , A
D) → R/Z. (35.2)

When A is finite, this pairing coincides with (1.1) and
hence it is perfect by local Tate duality.
I prove that this pairing is perfect for a class of
non-necessarily finite coefficients A (including finite-
dimensional real vector spaces, finitely generated dis-
crete abelian groups, finite powers of R/Z) with an
action of a finite quotient of GF . In these cases, the co-
homology groups H2−q(ŴF , A) and Hq(ŴF , A

D) are
locally compact abelian groups. Consequently, (1.2) en-
larges Tate duality, expressing it as a Pontryagin duality
between locally compact abelian groups.
Perspectives
Another important duality theorem in arithmetics is the
Tate duality for abelian varieties ([4, Corollary 3.4]).
If A is an abelian variety over a p-adic field F and At

is its dual abelian variety, then GF acts continuously
on A(F ) and At(F ). Moreover, we have a perfect cup-
product pairing for all q

Hq(GF ,A(F ))×H1−q(GF ,A
t(F )) → Q/Z.

My goal is to rephrase this duality theorem as a Pon-
tryagin duality for the condensed cohomology of the
Weil group. Combining this with the results of [1], I
could obtain a common generalisation of condensed
local Tate duality for finitely generated modules and
for abelian varieties, thanks to algebraic objects called
1-motives.
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E ncrytion based on class groups - especially the CL encryption scheme - presents properties that make it
a useful primitive for multiparty computation. However, MPC protocols use zero-knowledge arguments,

that are tricky to design for CL statements. We provide some efficient protocols for zero-knowledge in the
CL framework, using partial extractability and the C-rough assumption.

Context

Encryption based on class groups

Asymmetric encryption. In asymmetric encryption,
every user has a couple of keys (pk, sk), with a public
key pk that they can broadcast to anyone wanting to
communicate with them, and a secret key sk that is
kept private. The public key allows to encrypt messages,
while the secret key is necessary to decrypt ciphertexts.
In this context, we consider semantic security : an ad-
versary who knows a ciphertext, and all the public pa-
rameters, including the public key, should not be able
to learn any information on the encrypted message.
To ensure security, encryption schemes rely on hard-
ness assumptions. Such an assumption states that a
given computational problem is a hard problem, i.e.
there exists no algorithm solving it in polynomial time.
An encryption scheme is said secure under a hardness
assumption if obtaining information on the message
without the secret key is at least as difficult as solving
the underlying problem. With well-chosen parameters,
an adversary with a polynomial computing capacity will
not be able to obtain information.
Hardness assumptions come in various flavors, depen-
ding on which mathematical objects are considered.
Amongst the most famous ones, we can cite the facto-
rization problem over integers, the discrete logarithm
problem over groups, or the short vector problem over
lattices.
Class groups in cryptography. Since the late 80s,
class groups of quadratic fields have been used as buil-
ding blocks in cryptography, following the development
of techniques that allow to perform computation effi-
ciently over these groups. In addition to having a hard
to compute discrete logarithm, these groups are said
"of unknown order”, as the best existing algorithms for
computing a class group’s order have sub exponential
complexity. In particular, computing a class number is
considered harder than the factorization problem or
discrete logarithms in multiplicative groups of finite

fields, which means that the parameters can be chosen
smaller for class groups based encryption than they are
for RSA or Paillier.
The CL cryptosystem. The CL encryption scheme is
a discrete-logarithm based asymetric cryptosystem, pro-
posed by Castagnos and Laguillaumie in [3]. It is built
upon groups of unknown orders, and more particularly
class groups of imaginary quadratic fields. Concretely,
we construct a cyclic group G of unknown order, and
sample a generator g of the subgroupGq of q-th powers.
We also construct a subgroup ⟨f⟩ = F ⊂ G of prime
order q, in which the discrete logarithm is easily com-
putable. The group G is such that G ∼= Gq × F . The
secret key is an integer x ∈ Z, and the public key is
h = gx. The CL ciphertext for a message m ∈ Zq with
randomness r ∈ Zq is

c = (gr, hrfm).

This encryption scheme is linearly homomorphic, mea-
ning that from encryptions of messages m and m′, one
can compute an encryption of any am + m′, without
knowing the secret key.
Multiparty computation (MPC)

Multiparty computation allows two or more parties to
perform computations together while preserving their
privacy. More precisely, each party Pi has a secret in-
put xi, and P1, . . . , Pn want to compute a function
f(x1, . . . , xn) without revealing anything about their
input more than what can be learned from the value of
f . A useful tool for performing multiparty computation
is homomorphic encryption, which allows to perform
some of the computation directly inside ciphertexts,
without having to decrypt. The CL scheme, thanks to
its linear homomorphy, and exploiting the fact that the
space of messages is Zq, has proved a very interesting
primitive for multiparty computation.
Aside from privacy, MPC needs to guarantee the re-
sult of the computation, and avoid misbehaviours from
the parties. Once again, CL presents an advantage for

Page 81 sur 130



this matter, as its parameters can be computed in a
transparent manner. This way, the correct generation
of parameters is guaranteed without having to rely on
an external trusted party.
To ensure correctness, MPC protocols also make ex-
tensive use of zero-knowledge proofs and arguments.
Zero-knowledge arguments of knowledge (ZKAoK) are
two-party protocols between a prover and a verifier
designed to allow the prover to convince the verifier
that he knows a specific value, and can be used for him
to prove that he performed a computation honestly.
To exploit CL’s advantages in MPC, we need efficient
zero-knowledge arguments in the CL framework. Ho-
wever, designing such arguments raises technical chal-
lenges due to the unknown order of the underlying
group.
ZKAoKs for CL statements

ZKAoKs for CL : a technical challenge

Schnorr in a group of prime order. In Schnorr pro-
tocol, the prover tries to convince the verifier that he
knows the discrete logarithm x of a group element h in
base g. It consists in 4 steps :

1. The prover sends h̃ = ga, for a ∈ Zq random.
2. The verifier sends a random challenge b ∈ Zq.
3. The prover answers with y = a+ bx.
4. The verifier accepts the proof if h̃.hb = gy.

If the prover is able to answer correctly for a random
challenge, we can assume he can answer for two dif-
ferent challenges b and b′. In this case, gy−y′

= hb−b′ ,
δ := b − b′ ̸= 0 is invertible modulo the order of the
group, so that h = g(y−y′)δ−1 , and the discrete loga-
rithm can be extracted from accepted proofs, by com-
puting (y − y′)δ−1. The protocol is said knowledge
sound.
Switching to CL statements. In the CL framework,
achieving knowledge soundness is more technical : as
the order of the group is unknown, we cannot check that
δ is invertible, let alone compute an inverse. However, if
δ is invertible, the equality gy−y′

= hδ still guarantees
that h ∈ ⟨g⟩. Some previous solutions for obtaining
knowledge soundness used challenges in {0, 1} [2], or
relied on the C-rough assumption [1]. This assumption
states that, given a class group, one cannot decide whe-
ther or not it has subgroups of order smaller than C.
This assumption allows to assume that, by default, the
considered class number does not have small factors.
Contributions

Partial extractability. To improve the efficiency of
proofs for CL statements, we exploit the structure
G = Gq × F . Indeed, a closer look at CL ciphertexts
shows that although the group has unknown order, the
meaningful information, i.e. the message, is encoded
in a subgroup of prime order, while the unknown or-
der part only contains the randomness. But, most ar-
guments on ciphertexts - such as arguments of correct

generation, application of homomorphic operations, cor-
rect decryption - aim at proving that the ciphertexts
can be decrypted to the expected message, but do not
need to specify the randomness. We thus define partial
extractability, as an intermediary soundness notion,
allowing to only extract a part of the witness.
Efficient and succinct arguments. Using the C-
rough order assumption, we design a batched argument
for correctness of CL ciphertexts with partial extracta-
bility on the messages, and a constant communication
cost. A batched argument allows to prove many simi-
lar statements in a unique argument, in a way that’s
more efficient than running a single argument for each
statement.
We also focus on the design of efficient shuffle argu-
ments. A shuffle is an operation consisting in mixing
and rerandomizing a set of ciphertexts, and has appli-
cations in MPC protocols such as mixnets or private
set intersection. We propose two protocols for an ar-
gument of shuffle. The first one has a communication
sublinear in the number of cipheretexts and a constant
number of rounds, while the second, based on bullet-
proofs techniques [4], has logarithmic communication,
at the expense of a logarithmic number of rounds.
Bibliographie
[1] L. Braun, I. Damgard, and C. Orlandi. Secure

multiparty computation from threshold
encryption based on class groups. In Advances
in Cryptology - CRYPTO 2023, pages 613-645,
Cham, 2023. Springer Nature Switzerland.

[2] G. Castagnos, D. Catalano, F. Laguillaumie, F. Sa-
vasta, and I. Tucker. Two-party ECDSA from hash
proof systems and efficient instantiations. In Ad-
vances in Cryptology - CRYPTO 2019, Part III, vo-
lume 11694 of Lecture Notes in Computer Science,
pages 191-221. Springer

[3] G. Castagnos and F. Laguillaumie. Linearly
homomorphic encryption from DDH. In Topics in
Cryptology - CTRSA 2015, volume 9048 of Lec-
ture Notes in Computer Science, pages 487- 505.
Springer

[4] M. Hoffmann, M. Klooß, and A. Rupp. Efficient
zero-knowledge arguments in the discrete log
setting, revisited. In ACM CCS 2019 : 26th Confe-
rence on Computer and Communications Security,
pages 2093-2110. ACM Press

Page 82 sur 130



NON-CONVEX METHODS FOR INVERSE PROBLEMS
WITH LOW DIMENSIONAL MODELS
Pierre-Jean BÉNARD
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D ans cette thèse nous proposons d’étudier la reconstruction de signaux parcimonieux sur le domaine
continu à l’aide d’une acquisition compressée composée de mesures linéaires dans le cadre des

problèmes inverses. Bien que de nombreux algorithmes et leurs études théoriques associées existent
dans ce domaine, leur temps d’exécution en pratique est d’autant plus ralenti que la taille des signaux
à reconstruire est grande. Nous proposons une nouvelle méthode basée sur l’état de l’art qui élimine ce
ralentissement. Nous fournissons également des garanties théoriques en lien avec ce nouvel algorithme,
quelques applications pratiques ainsi que des axes d’accélérations supplémentaires.

Contexte
La reconstruction de signaux parcimonieux en continu
est un problème classique dans le champs des problèmes
inverses avec de nombreuses applications. Nous posons
x0 comme le signal inconnu à reconstruire qui l’on mo-
délise comme une somme de K mesures de Dirac sur
Rd :

x0 =

K∑
i=1

aiδti (37.1)

avec a ∈ RK les amplitudes et t ∈ RK×d les positions
des impulsions. En ce basant sur ce modèle, les seules in-
formations nécessaires pour reconstruire x0 sont ses am-
plitudes a et positions t associées. L’observation y ∈ Cm

correspond à l’acquisition compressée composée de m
mesures linéaires. Elle peut être modélisée dans le cas
sans bruit par

y = Ax0 (37.2)
avec A l’opérateur linéaire qui fait correspondre l’es-
pace M des mesures finies et signées sur Rd dans Cm.
L’opérateur linéaire A modélise l’acquisition, il peut
représenter par exemple un échantillonnage de m me-
sures de Fourier ou l’intensité de chaque pixel d’une
image prise au microscope. L’une des manière de recons-
truire x0 à partir de y et A est de trouver le minimiseur
d’un problème des moindres carrés non-convexe :

P : x∗ ∈ argminx∈ΣK,ϵ
∥y −Ax∥22 (37.3)

avec ΣK,ϵ l’ensemble des signaux de K impulsions avec
une contrainte de séparation entre les impulsions. Des
garanties théoriques de reconstruction ont été données
dans [1] pour des opérateurs d’acquisition A ayant une
propriété d’isométrie restreinte (RIP). D’autres résul-
tats théoriques s’articulent autour de ce problème et
expliquent en partie le succès d’un méthode gloutonne :
le Sliding Continuous Orthogonal Matching Pursuit (Sli-
ding COMP). À noter que P n’est pas la seule formula-
tion du problème capable de reconstruire x0, on peut

citer sa version relaxée (et donc convexe) qui impose un
contrainte sur le nombre d’impulsions sur le signal es-
timé. Un algorithme associé est le Sliding Frank-Wolfe,
méthode similaire à Sliding COMP dans leur structure.
Ces deux méthodes agissent comme une boucle qui à
chaque itération ajoute une impulsion au signal estimé
basé sur sa corrélation avec le résidu entre l’observa-
tion y et l’estimation actuelle. Puis à la fin de chaque
itération, elles effectuent une descente sur l’ensemble
des paramètres (a, t) du signal estimé. Cette descente
(l’étape la plus coûteuse des deux méthodes) est de plus
en plus ralentie au fur et à mesure que le nombre d’im-
pulsions estimées augmente. C’est pourquoi nous avons
introduit la méthode COMP sur-paramétrisé avec des-
cente de gradient projetée (OP-COMP + PGD), basée
sur Sliding COMP, pour palier à ce problème.
COMP sur-paramétrisé avec une des-
cente de gradient projetée

Introduction à la méthode et résultats théoriques

Notre méthode OP-COMP + PGD (introduite dans [2])
est une modification de la méthode état de l’art Sliding
COMP. Elle peut être décomposée en deux parties dis-
tinctes. La première partie (OP-COMP) est équivalente
à Sliding COMP, à la seule différence que nous sup-
primons la descente sur tous les paramètres à chaque
itération. En sur-paramétrisant le signal, c’est à dire en
ajoutant plus d’impulsions que nécessaire, nous com-
pensons le manque de descente. En deuxième partie
(PGD), elle effectue une unique descente sur tous les
paramètres une fois toutes les itérations de OP-COMP
terminées. Afin de réduire le nombre d’impulsions du
signal estimé, elle procède à une projection heuristique
qui fusionne les impulsions trop proches l’une de l’autre.
Cela impose au signal estimé de rester dans notre en-
semble des solutions ΣK,ϵ.
Nous accompagnons ce nouvel algorithme avec une
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étude théorique sur OP-COMP [3] indiquant alors que,
pour un opérateur linéaire A suivant une RIP, les K
premières itérations de OP-COMP, les impulsions esti-
mées peuvent être initialisées arbitrairement proches
des impulsions du signal à reconstruire x0. En combi-
nant ce résultat avec des travaux portant sur la taille
des basins d’attraction du problème des moindres car-
rés non-convexe P, nous pouvons alors assurer qu’avec
une bonne initialisation du signal estimé, ce dernier se
trouve dans le basin d’attraction du minimum global
et donc OP-COMP + PGD peut reconstruire x0 exacte-
ment.
Résultats expérimentaux

En termes de résultats expérimentaux, nous avons com-
paré OP-COMP + PGD à Sliding COMP sur plusieurs
configurations : différents opérateurs linéaires tels que
l’échantillonnage de Fourier et MA-TIRF en microscopie
et avec un nombre d’impulsions par signaux à recons-
truire variant de 5 à 100. En récapitulatif, la qualité de
reconstruction par OP-COMP + PGD est identique à
celle de Sliding COMP. En terme de temps de calcul,
pour des très petits nombre d’impulsions K (inférieur
à 15), Sliding COMP reste plus rapide mais au-delà,
OP-COMP devient moins coûteux avec un temps total
d’ordre O(K) contre O(K2) pour Sliding COMP.
Méthodes d’accélérations
En ajout de OP-COMP+PGD, nous avons égalementmis
au point d’autres techniques d’accélération qui peuvent
se combiner l’une à l’autre.
La descente en coordonnées par blocs

L’idée derrière la descente en coordonnées par blocs
profite de la parcimonie de notre modèle. Cette mé-
thode cherche à réduire les coûts de calculs lors de la
descente de gradient projetée [4]. Elle agit ainsi en dé-
coupant le signal estimé en différent blocs en fonction
d’un critère similaire à celui de Gauss-Southwell. Ce
critère examine chaque impulsion i ∈ {1, . . . ,K} sépa-
rément et détermine si cette dernière a convergé ou non
en regardant la norme du gradient de la fonctionnelle
associé aux paramètres (ai, ti). Ensuite, l’ensemble des
impulsions qui ont déjà convergé sont mises de côté
et l’on effectue une descente de gradient uniquement
sur les impulsions qui n’ont pas encore convergé. En
répétant ce processus jusqu’à convergence du signal
estimé, nous réduisons les calculs impliqués dans la
descente des paramètres. En comparant cette méthode
à OP-COMP + PGD sans descente en coordonnées par
blocs, nous observons une amélioration en terme de
temps de calcul total de 35% sans perte de précision
dans la reconstruction de x0.
L’esquisse de l’opérateur linéaire

Dans cette section, nous étudions l’échantillonnage
d’opérateur linéaire. Dans certains cas, les calculs impli-
quant l’opérateur linéaire peuvent être très coûteux dû,
soit au grand nombre de mesures, soit à l’expression

et implémentation de l’opérateur linéaire. Pour cher-
cher à réduire le nombre de mesures et/ou simplifier
l’expression de A, nous effectuons un échantillonnage
dans l’espace des fréquences avec une transformée de
Fourier [5]. Nous obtenons alors la transformée exacte
d’un opérateur SAid et la transformée discrète Sdy de
notre observation y. En résolvant un problème simi-
laire à P avec nos nouvelles données, nous pouvons
alors reconstruire un signal approximant x∗ et dont la
précision avec x0 dépend du nombre de fréquence mS

choisi. En comparant cette méthode avec OP-COMP +
PGD sans échantillonnage, nous obtenons une précision
comparable à la méthode sans échantillonnage dès que
l’on prend un nombre de fréquencemS supérieur à 15%
du nombre de mesures total de A. Concernant le temps
de calcul total, à 15% d’échantillonnage, nous obtenons
une accélération de 80% par rapport à la méthode sans
échantillonnage.
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L ’objectif dema thèse est l’étude des couplages demouvements browniens en géométrie sous-riemannienne,
plus particulièrement sur SU(2), SL(2,R) et sur les groupes de Carnot libres d’ordre 2. Les couplages

ont de nombreuses applications en géométrie, en transport optimal ainsi qu’en analyse. Leur utilisation
est en particulier très pertinente en géométrie sous-riemannienne car on peut alors se passer de certaines
notions difficiles à définir et à utiliser (la courbure par exemple). Le but de cette thèse est d’utiliser cette
approche pour obtenir de nouveaux résultats ou de nouvelles preuves tels que des inégalités de gradients
pour le semi-groupe de la chaleur ou des propriétés sur les fonctions harmoniques.

Contexte d’étude

Notion de couplage

Nous donnons tout d’abord une définition de la notion
de couplage. Soit G une variété et g, g̃ ∈ G. On appelle
couplage de deux mouvements browniens partant de
(g, g̃) toute mesure de probabilité sur C([0, T [, G×G)
(où T ∈ [0,+∞]) pour laquelle la première marginale
suit la loi d’un mouvement Brownien (Bt)t partant de
g et la seconde marginale suit la loi d’un mouvement
brownien (B̃t)t partant de g̃. En d’autres termes, il s’agit
d’étudier la loi jointe du processus (Bt, B̃t)t
Donnons quelques exemples simples (mais non moins
utiles) de couplages partant de (g, g̃) sur R2.

1. Le couplage synchrone : On construit Bt et B̃t

égaux à une tranlsation près : B̃t − g̃ = Bt − g.

2. Le couplage par réflexion : On choisit une base
orthonormée (e1, e2) de R2 telle que e1 :=

g−g̃
∥g−g̃∥2

. Soit (B1
t , B

2
t )t un mouvement brownien

2-dimensionel partant de 0. On construit alors :

Bt = g +B1
t e1 +B2

t e2 et B̃t = g̃ −B1
t e1 +B2

t e2.

Les deux mouvements browniens (Bt)t et (B̃t)t
sont en fait construits grâce à une symétrie axiale.

Notons que ces deux couplages sont co-adaptés, c’est
à dire que le futur des deux processus construits ne
dépend que de leur passé commun. En fait (Bt, B̃t)t
est même markovien. Nous proposons un troisième
exemple qui n’est pas co-adapté :

3. Un couplage par décomposition : Soit T > 0,
on peut décomposer lemouvement brownien dans
une base de L2([0, T ]). Par exemple, en utilisant

la décomposition de Karhunen Loève, on a :

Bt = g +
√
T
∑
j≥0

ξj

√
2

jπ
sin

(
jπt

T

)

B̃t = g̃ +
√
T
∑
j≥0

ξ̃j

√
2

jπ
sin

(
jπt

T

)

où (ξj)j (resp. (ξ̃j)j) sont identiquement et indé-
pendemment distribuées et suivent une loi nor-
male N(0, 1). On peut alors construire le couplage
(Bt, B̃t)t en choisissant un couplage (ξj , ξ̃j) pour
tout j ≥ 0. En prenant par exemple ξ1 ̸= ξ̃1 et
ξ0 = ξ̃0, on a B̃T = BT − g + g̃ : le couplage n’est
pas co-adapté puisqu’on a besoin de la connais-
sance du futur (la valeurBT ) de l’un des processus
pour construire le second.

Ces exemples se généralisent à Rn en toute dimension
ainsi qu’à certaines variétés riemanniennes comme la
sphère ou le plan hyperbolique.
Temps de couplage

Pour un couplage (Xt, X̃t)t donné, il peut être intéres-
sant d’étudier le premier temps de couplage τ , c’est à
dire le premier temps de rencontre des mouvements
browniens. En effet, il est aisé de montrer l’inégalité de
couplage suivante :

P(τ > s) ≥ dTV (L(Xs),L(X̃s)) ∀s > 0

où dTV est la distance en variation totale. En particulier,
les couplages pour lesquels cette inégalité devient une
égalité sont appelés couplage maximaux. Si P(τ > t)
et dTV (L(Xt),L(X ′

t)) ont le même ordre de grandeur
pour t grand, le couplage est dit efficace. Dans le cas de
variétés riemanniennes qui ont de bonnes propriétés de
symétrie, ces couplages sont obtenus avec un couplage
par réflexion. En étudiant la quantité P(τ > t), on peut
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aussi obtenir des inégalités pour le gradient du semi
groupe de la chaleur et des résultats sur les fonctions
harmoniques.
Mouvements Browniens en géométrie sous-
riemannienne

Sur des variétés sous-riemanniennes, les mouvements
browniens peuvent souvent s’écrire sous la forme Bt =
(Xt, zt) avec (Xt)t un processus de diffusion elliptique
et zt = f(Xs)s≤t où f est une fonctionnelle. Grâce
à cette structure, il suffit de construire un couplage
de processus elliptiques (bien mieux connus) (Xt, X̃t)t
pour obtenir un couplage de mouvements Browniens.
Durant ma thèse j’ai étudié les couplages de mouve-
ments browniens sur les variétés sous-riemannienne
suivantes :
— Le groupe d’Heisenberg H, pour lequel Xt est un

mouvement brownien sur R2 et zt est l’aire signée
(à valeurs dans R) balayée par (Xs)s≤t.

— Le groupe spécial unitaire SU(2), où Xt est un
mouvement brownien sur la sphère S2 et où zt est
l’aire signée (modulo 4π) balayée par (Xs)s≤t.

— Le groupe spécial linéaire SL(2,R), où Xt est un
mouvement brownien sur le plan hyperbolique
et où zt est l’aire signée (modulo 4π) balayée par
(Xs)s≤t.

Ces trois espaces peuvent êtres vus comme les espaces
modèles de courbure constante en géométrie sous-
riemannienne.
Plus récemment, je me suis aussi intéressée aux groupe
de Carnot libres d’ordre 2 et de dimension n ≥ 3.
Dans ce cas, Xt est un mouvement brownien sur Rn

et zt = (zi,jt )1≤i<j≤n ∈ R
n(n−1)

2 où zi,jt est l’aire signée
(à valeurs dans R) balayée par le processus (Xi

s, X
j
s )s≤t.

Résultats
J’ai majoritairement étudié les couplages avec succès
sur les espaces susmentionnés. Dans le cas du groupe
d’Heisenberg nous pouvons citer deux constructions no-
tables (à quelques variantes près). Le premier est un
couplage avec succès co-adapté proposé par Kendall [1].
Cette construction utilise en alternance les couplages
miroirs et synchrone. Notons que ce couplage a été gé-
néralisé par Kendall [1] aux groupe de Carnot libres
d’ordre 2. Le second est un couplage non co-adapté
proposé par Banerjee, Gordina et Mariano [2]. Ce cou-
plage est construit en se ramenant à deux mouvements
browniens partant de la même fibre et en utilisant le
couplage par décomposition. On choisit alors ξk = ξ̃k
pour tout k ̸= 1. En particulier il a été prouvé que ce
couplage est efficace et que ce critère d’efficacité ne
peut être atteint avec un couplage co-adapté (ce critère
inclut le couplage de Kendall). On obtient :

P(τ > t) ≤ C

(
∥X0 −X ′

0∥2√
t

+
|z0 − z′0 +X1

0X
2
0
′ −X1

0
′
X2

0 |
t

)
.

Ce résultat permet d’obtenir des inégalités de gradients.
En particulier, pour toutes fonction positive harmonique
sur un domaine D, il existe une constante C telle que
pour x ∈ D et δx = d(x,Dc), on obtient :

∥∇u(x)∥ < C

(
1 +

1

δx
+

1

δ4x
+

(1 + δx)
3

δ4x

)
u(x).

J’ai pu généraliser ces deux couplages à SU(2) dans
[3, 4]. En considérant des mouvements browniens par-
tant de la même fibre (X0 = X̃0), le couplage non
co-adapté se généralise aussi à SL(2,R). Une des dif-
ficultés majeures de ce travail est la prise en compte
de la courbure de la sphère dans laquelle vit (Xt, X̃t)t.
Sur SU(2), en notant dcc la distance sous-riemannienne
usuelle et pour t suffisamment grand, le couplage non
co-adapté entraine l’inégalité suivante :

P(τ > t) ≤ Ce−ctdcc ((X0, z0), (X
′
0, z

′
0))

où C et c sont des constantes indépendantes de la dis-
tance initiale (pour SL(2,R) cette inégalité reste vraie
pourvu que X0 = X ′

0). On peut déduire de ce résultat
une inégalité de gradient sur SU(2). Pour t suffisam-
ment grand :

||∇HPtf(g)||H ≤ 2||f ||∞Ce−ct p.s..

Sur SL(2,R), on obtient un argument direct pour prou-
ver que toute fonction harmonique bornée est constante
sur chaque fibre.
La généralisation du couplage non co-adapté et de
toutes ses applications au cas des groupes de Carnot
libre d’ordre 2 en toute dimension est un travail en
cours. La difficulté majeure vient du fait de devoir tra-
vailler sur une des aires balayées (zi,jt )t tout en gardant
un certain contrôle sur les autres.
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L ’objectif de cette thèse est d’analyser les algorithmes d’optimisation intervenant dans l’entraînement
des réseaux de neurones. Ces derniers sont extrêmement sensibles aux réglages d’un certain nombre

d’hyperparamètres et souffrent d’un manque de garantie théorique sous des hypothèses générales de
non-convexité. Notre approche permet à la fois de rendre ces algorithmes adaptatifs et de donner des
garanties de convergence pour les optimiseurs les plus populaires.

Stabilité de Lyapunov

Instabilités et ODEs

Pour des choix d’hyperparamètres assurant empirique-
ment la convergence vers un point critique de l’erreur
R(θ) du réseau (θ les poids), les optimiseurs classiques
(p-GD, Momentum, RMSProp, Adam) présent des insta-
bilités : initialisés arbitrairement proche d’un minimum
global, ils peuvent converger vers un minimum local
de piètre performance [1]. Ce phénomène disparaît
quand le taux d’apprentissage (pas de temps : η) se
rapproche de 0. Il est alors naturel de s’intéresser au
système asymptotique.
A la limite η → 0, ces algorithmes peuvent être appro-
chés par une famille d’EDOs. Ces dernières admettent
des fonctions de Lyapunov, c’est-à-dire, des fonction-
nelles qui décroissent le long des trajectoires solutions.
L’existence de telles fonctions permet d’établir la stabi-
lité et l’attractivité de ces EDOs.
Schéma d’approximation stable

Dès lors, les optimiseurs du Deep Learning sont stables
et attractifs asymptotiquement quand le pas de temps
est arbitrairement proche de 0. Par conséquent, cela
signifie que l’algorithme, c’est-à-dire, la discrétisation
des EDOs susmentionnées ne préserve pas la stabilité
continue. Considérons une ODE y′(t) = F (y(t)) sur Rm

stable au voisinage de ses équilibres admettant une
fonction de Lyapunov V : Rm 7→ R+ et notons V̇ sa
dissipation :

V̇ (y) := ∇V (y) · F (y) ≤ 0.

Une manière d’espérer la conservation de la stabilité
consiste à discrétiser l’EDO de sorte à ce que V (yn) dé-
croisse à la même vitesse que V̇ (yn), ce qui s’écrit avec
un schéma d’Euler explicite (ηn pas de temps adapta-
tif) : {

yn+1 = yn + ηnF (yn),

V (yn+1)− V (yn) ≤ −ληnV̇ (yn),
(39.1)

pour λ ∈]0, 1[. La condition sur V peut-être assurée
algorithmiquement par une recherche linéaire et géné-
ralise la fameuse règle d’Armijo. Nous prouvons qu’un
tel schéma assure la stabilité quels que soient les hy-
perparamètres mis en jeu ainsi que l’attractivité [2] :
d(yn,Z) → 0, où

Z =
{
y ∈ Rm, V̇ (y) = 0

}
.

Ces résultats peuvent être vus comme une générali-
sation du théorème de Lyapunov et de LaSalle à des
systèmes discrets discontinus étant donné que la re-
cherche linéaire n’est pas un procédé continu. Ce nou-
veau type d’optimiseur basé sur le contrôle de Lyapunov
[3] présente d’excellentes performances sur des réseaux
feed-forward et convolutionnels dans le cadre détermi-
niste.
Sur la figure 39.1, les 4 premières lignes retranscrivent
les meilleures performances connues pour la reconnais-
sance des images FASHION-MNIST : les réseaux corres-
pondants possèdent des millions de paramètres et les
hyperparamètres sont optimisés par une "gridsearch".
Notre nouvel optimiseur (dernière ligne) appliqué sur
un réseau convolutionnel à seulement 3000 paramètres
dépasse ceux qui étaient obtenus avec des modèles vo-
lumineux.
Archs Perfs(%) Params Réglage
VGG8B 95.47 7.3M Manual
Resnet110 95.99 1.7M Manual
WRN28-10 96.35 36.5M Manual
Fine-DARTS 96.91 3.2M Gradient Based
LeNet1 99.1 3.2K None

Table 39.1 – Meilleures réseaux sur la base de donnée
FASHION-MNIST
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Convergence globale
La règle imposée sur le pas de temps (1.1) transforme
les différents optimiseurs en des systèmes discrets dissi-
patifs. Pour les ODEs dissipatifs, il est possible d’assurer
la convergence des solutions vers un point stationnaire
pour les fonctions dites de Kurdyka-Lojasiewicz [4],
c’est-à-dire vérifiant l’inégalité suivante au voisinage de
chaque point critique θ∗ :

∥∇R(θ)∥ ≥ ϕ (R(θ)−R(θ∗)) ,

pour ϕ une fonction concave définie dans le voisinage
de 0. Ces fonctions comprennent une grande classe
de fonctions non-convexes, dont les fonctions semi-
algébriques et semi-analytiques [5] qui englobent la
plupart des surfaces de réseaux de neurones.

Dans ce cadre, nous montrons que la plupart des optimi-
seurs du Deep Learning (p-GD, Momentum, RMSProp)
agrémentés de notre règle d’Armijo convergent globale-
ment vers un point critique de R tout en explicitant les
taux de convergence locales sur cette classe de fonctions.
En particulier, nous établissons la première preuve de
convergence de RMSProp déterministe à pas constant
sans supposer que le gradient est bornée.
Accélération pour les réseaux profonds
L’approche précédente ne permet pas d’établir une ac-
célération de convergence pour les méthodes inertiels
[6]. Cependant, les méthodes de type Adam et gradient
normalisé semblent mieux se comporter sur les réseaux
très profonds de type RNN/LSTM comparées à de la
descente de gradient. Il est vérifié empiriquement que
ce type d’architecture satisfait une hypothèse dite de
(L0, L1)-régularité :

∥∇2R(θ)∥ ≤ L0 + L1∥∇R(θ)∥.

Il est prouvé que la descente de gradient subit une dé-
célération sur ce type de fonctions [7] due à une trop
grande sensibilité à la condition initiale. Nous avons
établi que notre algorithme adaptatif ne subit pas cet
effet et obtenu une borne moins sensible à la raideur du
problème comparée à d’autres techniques d’adaptivité
comme le gradient clipping.
Le cadre mini-batch
Dans le cas où les données ne peuvent entrer en mé-
moire, la fonction de coût est découpée en plusieurs
groupes appelés batches : R =

m∑
i=1

Ri. L’approche cou-

ramment utilisée (SGD, Momentum stochastique,...)
consiste à tirer uniformément un groupe i et à appliquer
une itération classique de l’optimiseur qu’à partir de
l’information sur∇Ri. Nous avons constaté qu’une telle
approche (à pas constant) ne permet pas de minimiser
la fonction somme R sans l’hypothèse d’interpolation
en chaque point critique θ∗ :

∇R(θ∗) = 0 =⇒ ∀1 ≤ i ≤ m,∇Ri(θ
∗) = 0.

Notre approche pour palier à ce problème consiste à
interpréter le gradient stochastique comme un splitting
d’opérateur (Lie-Trotter) et à construire un splitting dit
re-balancé afin de traiter le cas non-interpolant avec
des méthodes adaptatives. Cette méthode a des liens
profonds avec les récentes méthodes de réduction de
variance (SVRG, SARAH,...).
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L arge B-cell lymphoma is a type of Non-Hodkin lymphomawich is a blood cancer that affects the lymphatic
system where the body makes abnormal B-lymphocytes. This cancer is aggressive and progressive and

characterized by a multifocal nature with intra and inter-lesion texture heterogeneity. As medical imaging
is a useful tool for diagnosis in a non-invasive way and contains a huge amount of information not yet
investigated, recent researches especially in oncology started focusing on the use of Radiomic features
that are not visible to the naked eye and extracted form medical imaging with mathematical methods for
the purposes of increasing there predictive potential. Since patients with Large B-cell lymphoma are at
high risk of relapse, we aim in this study to set up a Machine Learning model based on Radiomics that can
predict patient relapse and the relevant features, the thing that can enhance Radiomics-based decision for
precision diagnosis and treatment.

Introduction
In this work, we are going to explore the use of Radio-
mics to enhance the prediction of relapse for patients
with Large B-Cell lymphoma.
Materials and Methods

Study population

In this study 80 patients diagnosed and treated in CHU
of Bordeaux. 18F FDG PET/CT was performed in these
patients as a component of baseline staging. The seg-
mentation of these images was semi-automatic by thre-
sholding and manually cleaned by physicians ensuring
the registration of images from both modalities. The
number and location of lesions vary widely from patient
to patient.
Features Extraction and Selection

Once the method of proceeding is established and the
ROI is set, the binary mask and the image from one of
the modalities are given to a function of Pyradiomics
platform to extract the Radiomics. These characteristics
are divided into several groups, histogram and shape
and texture, we end up with more than 107 feature
compared with the number of patients we are left with
the curse of dimensionality that may impact the model
ability to learn, In this case the dimensionality reduction
is necessary by removing pairwise correlated features
and features that provide redundant information. (see
Figure 40.1, 40.2 and table 40.1)

Figure 40.1 – Different groups of Radiomic features.

Machine learning model

A statistical model fitted to predict the desired outcome
of the study, in this case, patients relapse. The algorithm
basically used in our methods is the logistic regression
which is suitable for the low number of patients. The
metrics used to evaluate the performance of our models
ares ROC-AUC curve, and the Brier score to measure
there calibration. The model is trained on a set of data,
then its performance is tested on another set not seen
during the training phase, in our case we use 10-fold
cross-validation to avoid the bias.
Methods

We’ve proceeded with three different methods, the first
one we used a mask of combined lesions that we consi-
dered as one lesion for each patient then we extracted
the Radiomics based on this mask, and in the second one
we considered only the biggest lesion of every patient.
As this methods do not take into account the spatial
distribution of the lesions a Multi-Instance method was
used to preserve this information.
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Figure 40.2 – A diagram summarizing the various steps.

Results

Clinical Model

Among the information provided by physicians we have
clinical data such as sex, age,Dmax wich is the maxi-
mum distance between lesions for each patient and
TMTV (Total metabolic tumor volume) and TLG (total
lesion glycolysis). We built a model based only on this
data as explained previously. We used the AUC as a
metric of evaluation in a 10-fold cross validation.

Figure 40.3 – ROC-AUC curve of clinical model.

Multi-Instance Radiomics Model

In this method, we considered all the lesion for each
patient we calculated the Radiomics for each lesion se-
parately then we aggregated them with a MIL method.
Same as the clinical method we used AUC as metric and
10-fold cross validation for the evaluation.

Figure 40.4 – ROC-AUC curve of the MIL model with Pet
scan Radiomics

Models results and Comparison

Model AUC std
Clinical 0.65 0.16

Radiomics 0.72 0.2

Table 40.1 – AUC table of the two models clinical and ra-
diomics

We can see that comparing to clinical model, the Ra-
diomics model with MIL improved significantly the pre-
diction of the relaps. The relevant feature with the Pet
scan for this model are shape features. There will be a
comparison with Radiomics of the CT scans since it has
better resolution and thus more details about texture.
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T he electrical excitation of the myocardium is a pivotal mechanism for sustaining proper cardiac
function. Related diseases such as arrythmias or atrial fibrillation have major impact on heart failure

and infarction, contributing significantly to mortality rates in developed countries. Numerical simulation
of cardiac excitation mechanisms helps understanding of disease onset and progression, offering valuable
tool for improving diagnosis and therapies. In this context, as part of the European project MICROCARD,
the objective of my thesis is to develop suitable Finite Volume schemes ensuring numerical efficiency in
terms of convergence order, sparsity, and condition numbers. Moreover, these schemes should be suited for
current and future HPC architectures in terms of parallelization and vectorization opportunities.

Introduction

Scientific Context and Motivation

The standard mathematical models for describing the
electrical activity of cardiac tissue, such as the bidomain
and monodomain models, were established by homoge-
nizing the myocardium. While they are very successful
in reproducing many effects and mechanisms, some
aspects caused by heterogeneous microstructure of the
myocardium cannot be captured. This includes hetero-
geneity on the cellular scale as present in fibrosis, spatial
distribution of ion channels and gap junctions, or the
shape and interconnection of myocytes. For that rea-
son, detailed models representing the discrete cellular
structure of the myocardium have recently gained atten-
tion. The most prominent example is the Extracellular-
Membrane-Intracellular (EMI) model (see [1]), repre-
senting all myocytes as individual subdomains, and
treats the nonlinear dynamics of ion channels only on
the subdomain membranes.
Indeed, the challenge here is that the cell-by-cell mo-
del has unique aspects requiring non-standard discre-
tization techniques. First, the computational domain
is heterogeneous, with different unknowns being asso-
ciated to subdomains of varying dimension, and only
piecewisely continuous solutions. Second, the temporal
dynamics are restricted to the cellular membrane, while
a global quasistatic electric balance must be ensured.
Hence, semi-discretization in space yields a system of
differential-algebraic equations (DAE).
Many research studies have proposed various ap-
proaches to address the EMI problem, among them
the Finite Element Method (FEM) and the Boundary
Element Method (BEM). To our knowledge, there have
been no works covering the finite volume approach for
the microscopic model, so that the originality of our
work lies in being the first step towards implementing
the FVM for the EMI model.

Micro-scale Model

The EMI model consists of NC + 1 piecewise electro-
static equations coupled through non-standard time
dependent transmission conditions on the cell mem-
branes (see [3]). Assuming NC = 1, for i = 0, 1, and
T > 0, the model reads


−∇.(σi∇ui) = 0, in Ωi,

Im : = cm∂tv + f(v, w), on Σ,

−σ0∇u0.n0 = σ1∇u1.n1 = −Im, on Σ,
(41.1)

where σi stands for the subdomain conductivities, cm
the membrane capacitance, the function f for the ionic
current, the state variables v = u1 − u0 and w stand
for the transmembrane voltage and gating/concentra-
tion variables respectively. This system is completed by
mixed Dirichlet and Neumann inhomogeneous boun-
dary datum, gD on ΓD and gN on ΓN resp., with initial
datum v0 and w0 on the membrane Σ. The main physi-
cal unknowns are the electrical potentials ui.
Objective

In my thesis, we aim at developing suitable finite vo-
lume schemes, which is needed to be numerically effi-
cient in terms of convergence order, sparsity, condition
numbers, as well as suited for current and future HPC
architectures in terms of parallelization and vectoriza-
tion opportunities.
Methodology
For the well-posedness proofs, a comprehensive range of
functional analysis tools was employed, with reference
to a previous works (see [2]). Spatial discretization
involved the classical cell-centered scheme, Two-Point
Flux Approximation (TPFA) for admissible meshes, be-
side more flexible schemes as Hybrid Finite Volume
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(HFV) and other FV classes. Regarding time integra-
tion, Implicit-Explicit Euler (IMEX), Backward Diffe-
rentiation Formula (BDF) and Rush Larsen (see [4])
time-stepping methods were used. Mesh generation,
while adhering to admissibility constraints for the TPFA
scheme, used a variety of software tools, including Tri-
angle, Gmsh, Mmg, PyDistmMesh python library ... All
together by some tools providing by MICROCARD part-
ners specializing in Mmg to address the obtuse mesh
angles. The codes used, based on a data structure al-
ready exists in CARDIOLIB Inria Software to handle
and read meshes.
Results and Contributions
Results of the first part show the well-posedness of the
micro-model with one myocyte, including an extension
to the case of a sequence of cardiac cells, with more
general assumptions on the domain.
The second part presents a comprehensive and quite
technical analysis of the convergence for the TPFA
scheme (well-posedness of the discrete system, discrete
norms, errors estimates, ...) with different regularity as-
sumptions (see [1] for C2 regularity). The formulation
of the TPFA discrete flux on the membrane, is expres-
sed as a linear combination of the cells unknowns and
the interface voltages which is exclusive for the FVM.
Numerical results were obtained to confirm the theore-
tically predicted convergence rates. Numerical tests was
conducted using various time integration methods (BDF,
IMEX and RL), and several manufactured solutions tai-
lored to the domain geometry and multiple geometrical
settings. The convergence can be deduced from the exis-
tence proof already established, with fewer regularity
assumptions on the solution and the prescribed data.
The FVM naturally yield a large sparse linear system
similar to that of FEM, or a much smaller one exclusi-
vely for the membrane unknowns, as observed in BEM.
Hence, FV formulation allows us to write the governing
system as an evolution one only on the cell membranes,
computing the Shure complement and iterating with(

C −BTA−1B +
cm
∆t

D
)
vnΣ =(cm

δt
vn−1
Σ − f(vn−1

Σ )
)
D −BTA−1Gn

(41.2)

which reduce the system size, as well as the computa-
tional cost. Moreover, we investigated a comprehensive
comparison in both sparse and dense versions, in terms
of nonzero elements, numerical solutions (are similar
in both versions up to numerical precision), discrete
errors, and convergence rates. Moreover, we computed
some illustrative electrical wave propagation.
A real challenge encountered was in constructing the
admissible constrained mesh. Several software tools
were employed to enhance the mesh quality under such
constraint, resulting in the successful identification of
admissible meshes with various geometrical settings for
FV4’scheme (ECCOMAS abstract).
Ongoing joint work with MICROCARD partners focuses
on benchmarking space discretisation for the EMI mo-

del, comparing FVM with BEM and FEM (Benchmark
paper).
A coding contributions has been made to the CARDIO-
LIB Inria Software, involving the implementation of the
aforementioned numerical schemes and mesh genera-
tion scripts.
Ongoing and Outlooks
In practice, the scheme is intended to be used for si-
mulating billions of cardiac cells, using HPC solutions
developed within MICROCARD consortium. Indeed, the
ODEs from the second Eq. of (1.1) are coupled with
large sets of nonlinear equations that requires time-
integration specific to cardiac models. The FVM simplify
the implementation of this coupling, by introducing the
voltage v as an explicit unknown. The extension of TPFA
method to higher dimensions proves challenging due to
the admissibility constraint. Consequently, in the third
part we intend to explore more flexible FVM, such as
HFV (SUSHI for example) and polynomial construction
based method, which can be generalized for higher di-
mensions, more sophisticated geometrical settings and
general meshes.
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Implicit time discretization in computational fluid dynamics to compute steady state solution of hypersonic
flows was an intense field of researches in the 70’s-80’s. Since then, only few novel methods have arised.

It is suitable for computational efficiency to use implicit finite volume schemes to compute steady state
for hyperbolic systems, because theoretically these schemes do not suffer from time step restrictions to
guarantee stability, unlike the explicit schemes. Nonetheless, CFL like time restrictions are still required
in practice, especially for stiff numerical test cases such as high Mach number stationary flow with bow
shocks around obstacles [3]. Nowadays, the well-known Yee’s method [1] is commonly used to solve CFD
problems the implicit way. However, this method has no formal theoretical basis for systems of conservation
laws [2]. Consequently, time step is driven by several ad-hoc parameters depending on the test case. The
explicit CFL constraint is still required to capture the solution, after which it can be slowly relaxed. The
purpose of this work is to study the mathematical environment of implicit finite volume schemes to enlight
their weaknesses and bring out a more adequate linearization processes [4] presented firstly for the Roe
scheme [5], but in a general framework of finite volume schemes. Numerical 2D results will assess this
study, in particular hypersonic Mach flows for reentry vehicles will be presented.

Analysis of multi-D Euler equation lineari-
zation procedure
Recall about Finite Volumes. In this section we brie-
fly recall the design of explicit Finite Volume schemes in
2D, more specifically when used with hypersonic fluid
flows modeled by Euler system of PDEs. In this work we
focus on the special case of the Euler hydrodynamics
system of conservation laws in d = 2. The system of
PDEs expresses the conservation of mass, momentum
and total energy, and writes as :

∂U

∂t
+∇ · F(U) = 0 (42.1)

Here, U is the vector of conservative variables. This
vector is such that U = (ρ, ρv, ρE)t ∈ Rd+2 where ρ is
the mass density, v = (u, v)t the velocity vector and E
the specific total energy. The physical flux is described
by the (d + 2)× d tensor,

F(U) =

 ρvt

ρv ⊗ v + pId
ρevt + pvt

 . (42.2)

Using, FV formalism on unstructured mesh, (1.1) is
written at cell c as

Un+1
c −Un

c

∆t
+
∑
f

SfΦ
n+1
f .ncf = 0, (42.3)

where Sf , Φn+1
f and ncf are respectively the face sur-

face, the numerical flux at time n+ 1 and face f and
the outgoing normal vector of cell c at face f .

Analysis of linearization procedure. The equation
(1.3) is linearized writing Φn+1

f in time increment
form :

Φn+1
f .ncf = Φn

f .ncf +Φn+1
f .ncf −Φn

f .ncf , (42.4)

and using the classic [1] linearization procedure,
∆Fc ≈ Jn

c∆Uc where Jn
c is the jacobian of the sys-

tem at time n and cell c. The linearization procedure
yields to a linear system :

A∆U = B, (42.5)

where A is a bloc matrix of dimension (d + 2)× (d + 2).
To analyse such a system, we propose a von Neumann
type analysis on the 1D system for each of its component
α. In order to proceed with the analysis, we assume
that block matrices are frozen at time tn values. Let us
consider one single Fourier mode k for cell j at time tn

of the vectors : Ûn+1
j = θÛn

j , and, Ûn
j±1 = e±ik∆xÛn

j .
Notice that vector Ûn

j has three components. With ana-
logy to von Neumann analysis, the amplification factors
θα should be defined for each component α ∈ (1, 2, 3)

of vector Ûn
j , i.e Ûn+1

j =

 θ1ρ̂
n
j

θ2ρ̂u
n
j

θ3ρ̂e
n
j

. Unfortunately

considering the vector form leads to an unexploitable
situation. Contrarily, in the following, we consider each
component α separately. Then assuming that for any
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component α we have

(
AjÛ

n+1
j

)
α
=

Aj

 θ1ρ̂
n
j

θ2ρ̂u
n
j

θ3ρ̂e
n
j


α

≃ θα

(
AjÛ

n
j

)
α
.

(42.6)
Then the amplification factors expression leads to a
stability criterion extended to multi-D as

∑
f

Sf
(AcfUc)α
(Uc)α

≥

∣∣∣∣∣∣
∑
f

Sf
(AdfUc)α
(Uc)α

∣∣∣∣∣∣ , (42.7)

where Acf and Adf are respectively the diagonal and
extra-diagonal matrices of matrix A from 1.5. We noti-
ced that this criterion is related to diagonal dominance
property as it is an a extension of scalar diagonal domi-
nance property to system.
To respect this stability criterion, we proposed to use a
monotone linearization process [4]. This implicit me-
thod presents an interesting property, that is Acf = Adf .
Hence, the criterion from 1.7 is respected by construc-
tion.
Numerical Result
Mach 20 bow shock around cylinder. We compare
the classic implicit scheme [1] to the monotone linea-
rized implicit scheme [4]. The classic implicit linea-
rized scheme does not respect the stability criterion
(1.7) while the monotone implicit scheme does. The
comparison is done over a 2D case involving a Mach
20 stationary bow shock around an half cylinder. The
mesh is unstructured and composed 6 971 triangles.
The inflow boundary conditions correspond to Mach
20 shock conditions, same as the computational do-
main initial conditions which is filled with diatomic
gas at shock velocity speed u0 = us = Ms

√
γ p
ρ , so

(ρ0, u0, v0, p0, γ) = (1, us = 23.66, 0, 1, 1.4). The im-
plicit schemes are ran using FV-Roe numerical scheme
to capture the steady state solution. We tailor the stiffest
CFL profile allowed to run each linearization process
without failing. The results are given in figure 1.1 and
1.2.

Figure 42.1 – 2D M = 20 half cylinder density map and
mesh — Numerical results using FV-Roe scheme.

Figure 42.2 – CFL rampings

On figure 1.2, we see that we can only use the monotone
linearization process with CFL > 1. Indeed, to ensure
stability, the maximum CFL value for the classic lineari-
zation process is CFL = 1, which is the limit between
explicit and implicit CFL values. For the monotone li-
nearization process, we can run the computation using
CFL = 50 000 from start and remains constant until the
steady state is captured. Under the conditions of this
test case, the classic linearization process is not capable
to catch the M = 20 shock wave, contrarily to the mono-
tone linearization process, which can be used with very
high implicit CFL values from start. To allow implicit
values of CFL for the classic linearization process, we
should define a CFL fine ramping.
Through preceding 2D test case, we see that the mo-
notone implicit linearization procedure is more robust
than the classic implicit linearization procedure. The
monotone procedure respects by construction the sta-
bility criterion based on the analogy to diagonal domi-
nance, while the classic linearization procedure does
not. We assume the observed differences between those
two implicit methods to be explained in the light of
this stability criterion. We took this several test cases
as illustrative of the relevance of stability criterion.
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P rediction is a classical problem in Statistical learning aiming to predict some target knowing covariates.
In the era of Big Data, predicting models tend to have more and more parameters bringing both

computational and mathematical issues. This yields the emergence of High Dimensional Statistics, a field
studying efficient predicting models, methods and algorithms dealing with massive dimension of nowadays
data. In this work, we propose to use Random Matrix Theory and Free Probability to study some regression
models with non-identically distributed data in high dimension. Among these models, Neural network (NN)
appeared to be efficient in various regression applications with moderate or high dimension. However, a
certain number of open questions remain to be answered in NN learning. In fact, some misunderstood
behaviors of NN modeling deserve investigations.

Ridge regression with variance profile
We first focus on the following linear regression model

Yn = Xnθ∗ + εn, (43.1)

whereXn is n×pmatrix of random predictors, εn ∈ Rn

is a noise vector independent of Xn with E[εn] = 0 and
E[εnεtn] = σ2In, θ∗ ∈ Rp is a vector of unknown parame-
ters, and Yn ∈ Rn is the vector of observed responses.
Classically, the predictors are assumed to be inde-
pendent and identically distributed (iid) data, meaning
that the rows of the matrix Xn are independent vectors
sampled from the same probability distribution. In this
paper, we propose to depart from this assumption by
considering the setting where the rows of Xn are inde-
pendent but non-identically distributed. To this end, we
suppose that Xn is expressed in the following form

Xn = Υn ◦ Zn,

where ◦ denotes the Hadamard product between two
matrices, Zn = (Zij) has iid centered entries with va-
riance one, and Υn = (γ

(n)
ij ) is a deterministic ma-

trix. To simplify the notation, we shall sometimes write
γ
(n)
ij = γij and thus drop the (possibly) dependence of

γij on n. The matrix

Γn = (γ2
ij) ∈ Rn×p

governs the variance of the entries ofXn, and it is called
a variance profile.
We consider the high-dimensional context (with p gro-
wing to infinity at a rate proportional to n) for which the
least squares estimator is possibly not uniquely defined.
Thus, we focus our analysis on the ridge regression
estimator that is the minimizer of the following loss

function

θ̂λ = argminθ∈Rp

1

n
∥Yn −Xnθ∥2 + λ∥θ∥2,

for some regularization parameter λ > 0.
To study the statistical performances of the ridge regres-
sion estimator, we analyse its predictive risk defined as

r̂λ(Xn) = E[(Ỹ − X̃tθ̂λ)
2|Xn], (43.2)

where (Ỹ , X̃) ∈ R × Rp is independent from (Yn, Xn)
and satisfies

Ỹ = X̃tθ∗ + ε̃,

with E[ε̃] = 0, E[ε̃2] = σ2 and X̃, ε̃ and θ∗ independent.
In the above formula, X̃ = S̃

1/2
p Z̃ with Z̃ ∈ Rp a ran-

dom vector with iid centered entries and variance one,
and S̃p = E[X̃X̃t] = diag(γ̃2

1 , . . . , γ̃
2
p) denotes the va-

riance profile of X̃. Note that the risk r̂λ(Xn) is condi-
tioned on the predictors Xn, and it is thus a random
variable.

Figure 43.1 – Comparison of the predictive risk and its
deterministic equivalent for various values of λ.
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In this context, we are able to determine a determinis-
tic equivalent of r̂λ(Xn) which can be easily computed
numerically through the following theorem (see Figure
43.1).
Theorem 43.0.1. Under some assumptions, there exists
a deterministic matrix Tp(z) which allows us to provide
the following deterministic equivalent of the deterministic
risk

rλ(Υn) = σ2 +
σ2

n
Tr[S̃pTp(−λ)] (43.3)

+λ

(
λα2

p
− σ2

n

)
Tr[S̃pT

′
p(−λ)],

in the sense that it satisfies

lim
n→∞, p/n→c

|r̂λ(Xn)− rλ(Υn)| = 0, almost surely,

where T ′
p(z) denotes the derivative of Tp(z) with respect

to z.

The matrix Tp(z) is defined in [3] which strongly ins-
pired this result. A key argument to derive the compu-
tation of rλ(Υn) is to prove that the matrix Tp(z) is a
relevant deterministic equivalent of the diagonal ma-
trix ∆[Qp(z)] for an appropriate notion of asymptotic
equivalence between matrices of growing size. This is
done in [1] by using random matrix theory tools.
Neural Networks and Free Probability
We are interested in the performance of high dimen-
sional neural network. Thus we focus on the following
model of single layer neural network

Mn =
1√
n
g

(
WX√

n

)
,

where
— g is a smooth function such that E[g(N(0, 1))] =

0.
— W is a m × n matrix, X is a n × p matrix and

their entries are centered i.i.d random variables.
The performance of the model in high dimension is re-
lated to the singular value distribution of Mn which is
encoded by

µ̂Mn
=

1

n

n∑
k=1

δλk
,

where δx is the Dirac measure supported on {x} and
λk is the k − th singular value of Mn. Since we are in-
terested by the high dimensional framework, we study
the behavior of µ̂Mn

when n,m and p tends to +∞.
According to Free Probability Theory, this behavior can
be retrieve from the computations of the following mo-
ments

lim
n→+∞

1

n
E[Tr((MnM

∗
n)

q)],

for q ∈ N. We use these limits in order to extend a result
from [2] by proving the following theorem which gives
a random matrix model whose spectrum is similar to
Mn spectrum.

Theorem 43.0.2. Under some assumptions, Mn has the
same limiting singular value distribution as the following
matrix√

θ2(g)
WX
√
np

+
√

θ1(g)− θ2(g)
Z
√
p
+ θ4(g)

J
√
np

,

where θ1(g) = E[g2(N(0, 1))], θ2(g) = E[g′(N(0, 1))],
θ4(g) = E[K6 g

′′′(N(0, 1))], Z ∈ Rm×p with i.i.d N(0, 1)
entries and J ∈ Rm×p with entries equal to 1.

Thanks to this new random matrix model, we obtain a
deterministic equivalent of the limiting singular value
distribution of Mn. We are then able to compute nume-
rically an accurate estimation of this singular value dis-
tribution (see Figure 43.2). Therefore we can evaluate
the performance of the neural network in the high di-
mensional framework. We are currently willing to study
a more general neural network model by endowing W
and X with variance profiles. We have good hope that
Theorem 43.0.2 can be extended in this context howe-
ver this is not trivial.

Figure 43.2 – Comparison of the histogram of singular
values of Mn and its deterministic equivalent (orange line).
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W ith the rapid increase in data collection, the presence of missing values is an ubiquitous challenge
across various domains. One usually prefers missing data imputation which consist in filling missing

entries with estimated values using the observed data. We propose a modified Denoising AutoEncoders,
called mDAE, dedicated to missing data imputation.

Introduction
With the rapid increase in data collection, the presence
of missing values is an ubiquitous challenge across va-
rious domains. Data may be missing for several reasons
as for instance it was never collected, records were lost
or merging several datasets failed. It is then generally
necessary to deal with this problem before performing
machine learning methods on these data. Several op-
tions are available to address this issue including remo-
ving or recreating the missing values. One usually pre-
fers missing data imputation which consist in filling mis-
sing entries with estimated values using the observed
data. We propose a modified Denoising AutoEncoders,
called mDAE, dedicated to missing data imputation. Au-
toEncoders (AE) [1] are artificial neural network used
to learn efficient representation of unlabeled data (en-
codings) and a decoding function that recreates the
input data from the encoded representation. Denoising
AutoEncoders (DAE) where first proposed by [2] to re-
cover, from noisy data, the original data without noise,
by simply corrupting the inputs of a standard AE. Our
mDAE is a DAE that one can apply on input data with
missing data.
Theorical background

The DAE

DAEs [2] are a variant of AEs developed to build a net-
work trained to reconstruct a corrupted version of input
data. A DAE is, therefore, an AE that receives corrup-
ted input data. The corruption is done by changing the
initial input x to get a noisy version N(x). This is done
using a stochastic mapping N(x) ∼ qD(N(x)|x) [2].
In our experiments, we consider a corrupting process
named masking noise. During this process, a fixed pro-
portion µ of component is chosen at random and their
value is forced to 0, while the others are left untouched.
µ is an hyper-parameter that can be optimized. This
corrupting process is motivated by the goal of learning
representations of the input that are robust to small

irrelevant changes in input. For [2], adding a denoising
criterion helps to capture interesting structure in the
input distribution. This leads to intermediate represen-
tations much better suited.
In the DAE, the corrupted input N(x) is mapped, as
with the basic AE, to a hidden representation y =
fθ(N(x)) = s(WN(x) +b) from which we reconstruct
a z = g′θ(y) = s(W′y + b′). As before the parame-
ters are trained to minimize the reconstruction error
∥X− Z∥2F , i.e to have z as close as possible to the inco-
rupted input x. The Figure 44.1 represent a scheme of
a DAE.

Figure 44.1 – Scheme of a DAE. c is the corrupting process
of the input data x : the masking noise. In this case, µ = 0, 5.
The red crosses represent the components forced to zero. y
is the latent space. z is the output. L is the reconstruction
error.

The mDAE

With the description of a DAE, we can proceed to ex-
plain our method : the mDAE. More than just an algo-
rithm, we aimed to present a turnkey method to use on
numerical datasets containing missing values.
Notations. Let Xn×p be a matrix of centered (or
centered-reduced) incomplete data, and Ω ⊂ 1, ..., n×
1, ..., p be the set of indices where the data is not mis-
sing. We define a matrix PΩ(X) of dimension n× p as
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follows :

PΩ(X) =

{
Xij if (i, j) ∈ Ω
0 if (i, j) /∈ Ω

which we will refer to as the projection of the matrix X
onto the available data. Similarly, we define the comple-
mentary projection P⊥

Ω (X) through P⊥
Ω (X)+PΩ(X) =

X.
The imputed data will then be :

PΩ(X) + P⊥
Ω (Z),

where Z is the matrix reconstructed by the network.
The method. The mDAE is an imputation method for
numerical data with missing one (Figure 44.2). First
step is the standardization. Each column is with the
mean and the variance of the column itself regardless
the presence of missing data. A neural network can
not work with "NA’s". The method propose a step of
pre-imputation. The missing data of a same column
are replaced by the mean of this column. As the data
set is standardized, the mean equals 0. The missing
data are replaced by 0’s. At this stage the data set is
noted PΩ(X). It is on PΩ(X) that is applied the DAE. A
proportion µ of masking noise is declared among the
indices of Ω. Like in the former subsection, the encoder
and the decoder optimize the parameters of the neural
network to give an output z. The specificity of mDAE is
to modify z by forcing the component that do not be-
long to Ω to 0 : PΩ(Z). The optimized reconstruction
error is then :

L = ∥PΩ(X)− PΩ(Z)∥2F
By modifying the output of the DAE, we allow the use
of data set with missing data as input of the mDAE. The
loss is not perturbed by the presence of missing data.

Figure 44.2 – Scheme of a mDAE. The violet dots represent
the missing data equal to 0. The input data is PΩ(X). For
the corrupting process µ = 0, 5 of masking noise is applied.
The output z is modified to get PΩ(Z). The reconstruction
error L is calculated between PΩ(X) and PΩ(Z)

Results

Our method is evaluated on UCI datasets 11. UC Irvine
Machine Learning Repository maintain 664 datasets
as a service to the machine learning community. To
compare mDAE to others baselines and evaluate the
quality of imputation we use metrics. The widely used
Mean Absolute Error (MAE). Let m0 denote the total
number of missing values artificially put in a dataset d.
We define MAE as :

MAEd = 1
m0

∥P⊥
Ω (X)− P⊥

Ω (Z)∥2F .

In the procedure of comparing imputation method we
need to artificially add missing data in order to to
control the quantity, the type and to have the true value
(Missing Completely At Random (MCAR), Missing At
Random (MAR) and Missing Not At Random (MNAR)).
To evaluate and compare the mDAE with competing
methods, we start with complete datasets and generate
missing data. In the results we see that our method
mDAE always out performs the methods based on Ge-
nerative Neural Networks and the methods of Optimal
Transport. Surprisingly (never seen in other articles)
methods of standard machine learning out performs all
the other methods on all the datasets.
Bibliographie
[1] Yoshua Bengio et al. (2009) Learning deep ar-

chitectures for ai. Foundations and trends® in
Machine Learning, (1) :1-127.

[2] Pascal Vincent, Hugo Larochelle, Yoshua Bengio,
and Pierre-Antoine Manzagol. (2008) Extracting
and composing robust features with denoising
autoencoders. In Proceedings of the 25th interna-
tional conference on Machine learning, pp. 1096-
1103.

11. https ://archive.ics.uci.edu/datasets

Page 98 sur 130
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I n this thesis, we study the problem of structure-texture decomposition, where we wish to decompose
the image into two components. Tuning the parameters in the decomposition methods can be time

consuming and disrupt the larger process the decomposition algorithm may be part of. We investigate
different strategies to free ourselves from the tuning parameters that balance the structure and texture
output. In a first part, we show that the tuning parameters in the low patch rank model can be automatically
tuned by estimating the gradient sparsity of the structure component and estimating the patch-rank of the
texture component. In a second part, we examine the mixed structure-texture model, where we have a
unique regularization that takes both component into account.

Structure texture decomposition

Background

The problem of image structure-texture decomposition
problem is stated as follows : given an image f ∈ Rn,m,
find a decomposition f = u + v such that u contains
information on the general content in the image and
v contains the textural information in the image. Ma-
thematically, we ask that u is piecewise constant or
smooth and v is a zero-mean, highly oscillating, with
local patterns. The problem is notoriously ill posed as
the associated system is under-determined. Hence, set-
ting constraints upon u and v is necessary in order for
them to be recovered.
The decomposition is useful in many image processing
applications, for example :

1. Image/Video compression : the structure and tex-
ture components provide different visual informa-
tion and belong to two low dimensional models.
This allows for an efficient compression, without
losing to much perceptual differences.

2. Material recognition : the texture layer provides
important information regarding the material.

3. Medical imaging : the structure or texture may
contain unnecessary details regarding the diag-
nosis.

4. Texture enhancement/removal : extracting the
texture from the image allows to enhance/remove
some details without interfering with the geome-
try of the image.

A popular way to frame image decomposition is by consi-
dering it as a low-dimensional model recovery problem.
In this setting, we assume that f = u0+v0 with u0 ∈ Σs

and v0 ∈ Σt, where Σs and Σt are two low-dimensional
models/spaces. In this configuration, we aim to recover
u0 and v0 via solving an optimization problem of the

form

min
(u,v)

µRs(u)+γRt(v) subject to f=u+v, (45.1)

where Rs and Rt are regularization functions that aim
to enforce u and v towards Σs and Σt respectively, and
µ, γ are the tuning parameters.

Figure 45.1 – Illustration of the structure-texture decom-
position

Motivations

Currently, structure-decomposition models suffer a
range of shortcoming. Most notoriously, in order to
obtain a satisfactory decomposition a lot tweaking of
the many different tuning parameters has to be done.
This is especially important as the computations may
be expensive when dealing with large amounts data
(e.g biomedical images) or if the decomposition is but a
step in larger procedure.
Adaptive parameter selection for gradient-sparse
+ low patch rank recovery

In this work, we are interested in gradient sparse + low
patch-rank signal recovery for image structure-texture
decomposition. Recent theoretical results on sparse +
low rank recovery [2, 3] have shown that a sparse ma-
trix ū ∈ Rn,m such that ∥ū∥0 ≤ s and a low rank matrix
v̄ ∈ Rn×m such that rank(v̄) ≤ r can be recovered
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from a linear measurement b = A(ū + v̄) under cer-
tain conditions via the L1-nuclear norm minimization
scheme

min
u,v

b=A(u+v)

µ ∥u∥1 + γ ∥v∥∗ (45.2)

when µ
γ = c

√
s
r , where c is a specified constant.

Coincidentally, this result also holds in the context of
the low patch-rank (LPR) interpretation of texture [1],
where it is assumed that the set of patches of textures is
of low patch-rank and the structure is gradient sparse.
Indeed, numerical experiments [4] show that for a
range of values c∈(0.5, 0.75), a structure-texture couple
(u0, v0) with a gradient sparsity s and a patch-rank r
can be recovered from f = u0 + v0, in the same way to
the sparse+low rank case, via the optimization problem

min
u,v

f=u+v

µ ∥∇u∥1 + γ ∥Pv∥∗ , (45.3)

where P is the patch operator.
By estimating the gradient sparsity of u and the patch-
rank of v in the iteration of the minimization scheme
of (45.3), we are able to estimate the optimal parame-
ters (µ, γ) and thus implement a near parameter-free
implementation of the LPR model. More importantly,
this strategy makes it possible to implement a localized
version of the LPR model.

Figure 45.2 – Example of a decomposition obtained with
the localized LPR model, with no additional tuning (c =
0.65). From left to right : original image f , structure com-
ponent u, the texture component v

Mixed structure-texture regularization

In a second part of the thesis, we investigate the mixed
structure-texture model. In most decomposition mo-
dels up to this point, the resulting decomposition was
achieved via the minimization of the sum of two regu-
larization (one for the structure component and one
for the texture component), as in (45.1). However, this
approach forces the introduction of tuning parameters
in order to balance the output structure/texture. Fur-
thermore, it considers the structure and texture as part
of two very separate models, disregarding that in natu-
ral images the two components are actively linked by a
shared support.
In the mixed structure-texture model, we explore the
possibility of recovering the decomposition via the mi-
nimization of a single regularization which takes both
cartoon and texture as input,

min
x=(u,v)T

R(x) subject to f = Ax, (45.4)

where A = (Id Id) is the composition operator. To
construct such regularization, we adopt the gradient
step denoiser from [5], where

— R(x) = 1
2 ∥x−N(x)∥ is the regularization,

— N : Rn,m → Rn,m is parametrized by a neural
network,

— D(x) = (Id−∇R)(x) is the associated denoiser.
We learn the regularization by training D to denoise
structure-texture couples, using a dataset comprised of
randomly generated synthetic structure-texture couples
that are created on-the-fly during the training process.
Once the regularization trained, we may decompose
the image via a forward-backward iterative scheme

xk+1 = PCf
(xk − λ∇R(xk)), (45.5)

where PCf
is the orthogonal projection onto the convex

set Cf={(u, v) | f = u+ v}.
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O n étudie la répartition des automorphismes de Frobenius dans des extensions de corps de nombres.
Étant donné une extension Galoisienne de corps de nombres L/K, des disparités inattendues appa-

raissent dès que le groupe de Galois G := Gal(L/K) satisfait des conditions provenant de la théorie des
groupes.

Introduction aux biais de Tchebychev
En 1853, Tchebychev cherchait à effectuer une compa-
raison entre les nombres premiers p ≡ 1 mod 4 et les
nombres premiers p ≡ 3 mod 4. Dans une lettre en-
voyée à Fuss [1], Tchebychev a noté que pour un x ≥ 2
donné, la quantité π(x; 4, 3), décrivant le nombre des
premiers p ≤ x vérifiant p ≡ 3 mod 4 semble être plus
grande que π(x; 4, 1) (le nombre des premiers p ≤ x
tels que p ≡ 1 mod 4). Depuis, cette disparité a été
désignée sous le nom de biais de Tchebychev. Pour tout
q ≥ 3, Rubinstein et Sarnak ont étudié dans [5] la ques-
tion générale du biais de Tchebychev entre les classes
inversibles modulo q. En notant pour tout x ≥ 2

π(x; q, a) = #{p ≤ x : p ≡ a mod q} ,

Rubinstein et Sarnak ont prouvé, Sous l’hypothèse
de Riemann généralisée, pour q ≥ 3, et a ̸=
b deux classes inversibles modulo q, l’existence
de la densité logarithmique δ(q; a, b) définie par
lim

X→+∞
1

log(X)

∫X

2
1π(x;q,a)>π(x;q,b)(t)

dt
t . En supposant

également une hypothèse d’indépendance linéaire sur
les zéros non triviaux des fonctions L de Dirichlet,
ils confirment l’observation originale de Tchebychev
de l’existence d’un biais en faveur de a (c’est-à-dire
δ(q; a, b) > 1

2) si et seulement si a n’est pas un résidu
quadratique mod q et b est un résidu quadratique mod
q.
Biais de Tchebyshev dans les corps de
nombres
Suivant les idées de Rubinstein et Sarnak, Ng [4] a étu-
dié le biais de Tchebychev dans le contexte des corps
de nombres. Soit L/K une extension galoisienne de
corps de nombres de groupe de Galois G. Considérons
C ⊂ G une classe de conjugaison dans G. Définissons
la fonction de comptage des idéaux premiers pour tout

x ≥ 2 :
π(x;L/K;C) :=

∑
p◁OK
Np≤x

1C(φp) ,

où 1C est la fonction indicatrice de C. Ici la somme
porte sur les idéaux premiers non nuls p de OK et φp

désigne la classe de conjugaison de Frobenius corres-
pondante.
En notant PC1,C2

l’ensemble{
x ≥ 2:

π (x;L/K;C1)

|C1|
>

π (x;L/K;C2)

|C2|

}
,

la densité logarithmique de PC1,C2
(lorsqu’elle existe)

est la généralisation aux extensions galoisiennes de
corps de nombres de δ(q; a, b), c’est-à-dire

δ(PC1,C2
) := lim

X→+∞

1

logX

∫ X

2

1PC1,C2
(x)

dx

x
.

Dans sa thèse [4], Ng a étudié les densités de type
δ(PC1,C2). En supposant la conjecture d’holomorphie
d’Artin, GRH, ainsi qu’une hypothèse d’indépendance
linéaire sur l’ensemble des zéros des fonctions L d’Ar-
tin, Ng a prouvé dans [4] l’existence de δ(PC1,C2

) et a
calculé sa valeur dans plusieurs cas explicites. En 2020,
Fiorilli et Jouve ([2]) montrent, en ne supposant au-
cune hypothèse, qu’il existe une infinité d’extensions
galoisiennes de corps de nombres présentant un biais
de Tchebychev extrême (δ(PC1,C2

) = 1).
Prolongement des travaux de Fiorilli et
Jouve
Dans ma thèse j’étudie les possibles généralisations du
travail de Fiorilli et Jouve [2]. Leur résultat principale
étant la possibilité de construire des extensions ga-
loisiennes de corps de nombre L/K ayant un biais
extrême sous des conditions de théorie de groupes
sur le groupe de Galois G := Gal(L/K). Plus préci-
sément, ils prouvent, pour une tour L/K/Q de corps

Page 101 sur 130



de nombres telle que L/Q est galoisienne de groupe
de Galois G+, que si deux classes de conjugaison C1

et C2 dans G = Gal(L/K) ne possèdent pas le même
nombre de racines carrées dans G mais sont contenues
dans une classe de conjugaison commune C+ de G+,
alors L/K présente un biais de Tchebychev extrême par
rapport à C1 et C2. Mon travail [3] consiste à alléger
ces hypothèses sur G et C1 et C2. Une conséquence
de mes résultats est que pour tout groupe G de cardi-
nal |G| ≥ 7 il existe une extension galoisienne, que je
construis explicitement, de groupe de Galois G, dans
laquelle des cas extrême pour le biais de Chebyshev
apparaissent. Mon travail actuel consiste a généraliser
ces resultats lorsqu’on regarde un nombre quelconque
de classes de conjugaisons au lieu de deux classes C1

et C2.
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T his work aims to provide efficient computer vision tools to facilitate the electroporation-based ablation
of deep-seated tumours. Intraoperatively, this procedure requires the localization of the electrodes

used to deliver the electric pulses, and the registration of the cone beam computed tomographies captured
before -where we easily segment the tumour and the organ of interest- and after the needle insertion. In
this work, we associate deep learning with more traditional methods, such as the Hough transform or
variational problems, to extract useful information while interventional radiologists perform the procedure.
This involves fast programs, enabling a precise estimation of the effective treatment area, to guide the
therapy in real-time.

Introduction
Irreversible electroporation (IRE) ablation is a non-
thermal ablation technique using electromagnetic fields
to create irreparable pores in cells, leading to cell death.
It is non-thermal and can thus be used for deep-seated
tumours, near vital structures. However, it requires ca-
reful planning and evaluation, due to the presence of
electric pulses.
This work provides computer vision tools to facilitate
IRE evaluation in the operation room. As seen in Figure
47.1, there are several needs :

— Tumor and organ segmentation, i.e tumour ROI
extraction (currently done semi-automatically)

— Needle localisation
— Computed Cone Beam Tomography (CBCT) regis-

tration i.e. ROI propagation
Here, we propose solutions to the needle localisation
and image registration problems by combining deep
learning approaches and more traditional methods.
Needle localisation
We propose a coarse-to-fine approach to locating the
needle tip delivering the electric pulses for IRE.
Coarse segmentation

Firstly, we segment the needle on the CBCT scan using
deep learning, that is, we attribute a class, either needle
or background, to every pixel of the 3D image.
A U-Net is adapted to the data and task at hand. Zeo-
padded 3D convolutions and non-overlapping patches
are used to avoid unnecessary cropping steps and ac-
commodate the CBCT scan dimensions. Also, twice as
many decoder features are concatenated with the en-
coder features, given that extremely thin objects are of
interest (0.9-1.3mm).

Figure 47.1 – Clinical and numerical workflow for IRE
ablation of hepatocellular carcinoma (HCC) [1].

The training strategy is thought through to counter
the class imbalance in the data. The combo loss, asso-
ciating Dice loss and binary cross-entropy, is chosen.
Moreover, the training data set consists of patches selec-
ted according to the information they carry, i.e. needle
or background, to increase the representation of the
needle class artificially. An equilibrium is reached for
50% needle patch.
Also, the inference threshold is increased in favour of
the needle class to take into account that, despite the
patch selection strategy the network had more oppor-
tunity to learn the background class.
Fine localisation

Lastly, the needle tip is precisely localised using the
segmentation mask as input to a Hough transform with
a voting procedure. The Hough transform counts every
point belonging to every parametrised shape in the
image.
The needles are approximated as lines and paramete-
rised using Robert’s optimal line representation. After
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selecting k times the number of needles, a vote takes
place according to the number of points belonging to
the line, the distance between extremities (i.e. needle
length), the mean distance between the points and their
projections on the line, and the distance between the
extremity and the centre of the image, since we are
interested in the needle tip, close to the tumour.
Results

Compared to the previously used thresholding method
with the same Hough algorithm, the machine learning-
based coarse segmentation allows more robust, more
precise and more stable localisation, thus improving
the electromagnetic field estimation. The main control
parameters appear to be the loss function, the needle-
to-background ratio and the inference threshold in the
training set.
CBCT registration
Image registration consists of finding a transformation
T , taking a moving image J to a fix image I. It may
be formulated as a variational problem where we aim
to minimise an energy, generally composed of a data
fidelity term to have the registered image resemble
the fix image, and a regularisation term to make the
transformation more plausible. In this work, we use a
gradient-based data fidelity term [2] to remain appli-
cable to multi-modal registration tasks, and a diffusion
regularisation.
Boundary conditions

Medical imaging often presents partial fields of view
due to capture limitations and/or dose exposure. In
these cases, suitable boundary conditions are crucial
to controlling error propagation towards the centre.
However, both most commonly used boundary condi-
tions, namely homogeneous Dirichlet and homogeneous
Neumann, are too restrictive and do not allow prior in-
formation to be taken into account.
Here, we propose adaptive boundary conditions using
flow fields detected via a motion inverse consistency
map g.It takes the form of the following Fourier-Robin
boundary condition :

As∇Ts · n+ (1−As)Ts = γgs, on ∂Ω (47.1)

for s ∈ x, y, z, γ ∈ R and As : gs 7→ [0, 1].
Results

The proposed boundary conditions were tested on two
different tasks : a mono-modal lung CBCT registration
task and a multi-modal abdominal CBCT to MRI task. In
both cases, the novel boundary condition successfully
hindered the propagation of errors from the boundary
to the centre and produced equivalent or better results
than both homogeneous Neumann and homogeneous
Dirichlet boundary conditions.
The hyper-parametrisation was successfully automated
by minimising the energy through a grid search.

This framework, being independent of the registration
algorithm, can be adapted to other registration solu-
tions straightforwardly.
Conclusion and perspectives
In this thesis, two novel computer vision tools are deve-
loped to improve the precision of electromagnetic field
estimation, central to determining the efficacy of IRE
ablation.
The addition of deep learning to the Hough transform
with voting procedure allowed a more accurate localisa-
tion of the needle tip from where the electric pulses are
delivered. The proposed learning strategy is applicable
to all sorts of skewed data sets.
The careful consideration of boundary conditions in va-
riational methods for registration led to better motion
estimation, including in the regions of interest closer to
the image centre. In future work, we will evaluate the
effect of such adaptive boundary conditions on the elec-
tromagnetic field estimation in the case of IRE ablation.
Currently, the evaluation procedure, including the
needle localisation, the CBCT registration and the elec-
tromagnetic field estimation, takes under 2 minutes.
The proposed solution is thus applicable in clinical set-
tings.
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W ind turbine developments have led to more powerful offshore rotor systems, creating complex
aero-hydro-servo-elastic behaviors that require numerical analysis. Multi-physical problems can be

modelled in several ways : through a "monolithic" approach that combines each domain, or through
"partitioned" methods where the equations of each physics as well as their time integration are separated.
Among the latter, various coupling algorithms exist such as the "CSS" (Conventional Serial Staggered)
which imposes a common time step for coupling, or "sub-cycling" where the timesteps of the different
physics can be separated. Different coupling time integration schemes are to be compared in the context
of fluid/structure interactions on a large-scale wind turbine, where gain in computational time, stability
and accuracy of the different methods will be discussed.

Introduction
Offshore wind turbines, evolving rapidly, face new de-
sign challenges such as increasing rotor sizes with
blades over 100 meters long, requiring consideration of
a double constraint linking mass to structural stiffness.
Designing these turbines necessitates a balance bet-
ween blade mass and structural flexibility, making the
accurate capture of structural dynamics under various
conditions crucial. Numerical modeling, particularly for
aeroelastic behaviors that account for interactions bet-
ween the turbine’s structure and aerodynamics, is essen-
tial. The aero-servo-elastic modelling tool used throu-
ghout this work is DeepLines Wind [4]. The structural
aspect of the wind turbine, controlled by the ROSCO
[3] controller, is modelled using a finite element me-
thod, where the tower and blades are modelled through
3D non-linear geometrically exact beam elements with
large transformations for the latter. The aerodynamic
side of the problem can be modelled through the Blade
Element Momentum (BEM) method which is one of
the most commonly used in wind turbine aerodynamic
simulations due to its low computational cost. BEM is a
well suited design tool, but the method’s theory makes
strong hypothesis such as constraining loads evaluation
in a rotor plane which can be violated for large offshore
(floating) wind turbines with highly flexible blades. In
the present work, a less assumption-heavy code using
an inviscid free vortex wake (FVW) method, CASTOR
[1], is used for aerodynamic loads computations. While
higher fidelity is ensured by the vortex method, its use
in aeroelastic simulations makes overall computatio-
nal costs higher, rendering it impractical as a viable
design tool. In the framework of this thesis, the aim
is to demonstrate how implementing alternative par-

titioned coupling techniques allows for computational
time reduction when using the FVW method for aeroe-
lastic simulation purposes, while maintaining sufficient
accuracy and stability.
Methodology

Free vortex wake code

CASTOR is a GPU accelerated solver which uses an in-
viscid 3D FVW method based on the lifting-line theory.
Solving Euler equations, which in this case are written
in vorticity form, is achieved using a Lagrangian me-
thod, in which Lagrangianmarkers delimit sets of vortex
filaments used to model the vorticity field behind the
rotor 48.1 (more detail on the method is given in [1]).
The high computational costs of the FVW come mainly
from the coupling of such method to a servo-elastic sol-
ver which can impose small time steps in comparison to
a stand alone vortex code. In such case, each coupling
time step provokes the generation of an extra row of vor-
tex filaments behind the rotor, making the wake more
filament dense as the coupling time step gets smaller.
To remedy this, several approaches can be considered
such as filament merging methods, process that was
used in [1], or partitioned time integration coupling
schemes where different temporal discretisations are
allowed. The latter is the retained technique for this
work.
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Figure 48.1 – Schematic representation of a rotating blade
and the associated wake filament discretisation.

Multi-physics coupling schemes

The CSS scheme [2] is one of the most commonly used
amongst partitioned methods as it is one of the simplest
configurations for sub-domain time integration separa-
tion. The different steps of such algorithm are depicted
in 48.2. In order to go from time steps n to n+ 1, four
main steps are carried out :

1) structural displacements un and velocities u̇n com-
puted at time tn are transferred from the structu-
ral to the aerodynamic solver.

2) time integration of the fluid problem is conducted
and aerodynamic forces Fn+1

f induced from struc-
tural displacements are obtained at time tn+1

3) aerodynamic forces are transferred to the structu-
ral solver Fn+1

s

4) time integration of the structural problem is car-
ried out to obtain structural displacements un+1

induced from aerodynamic forces at time tn+1

F Fn
f

xn

↓
Fn+1
f

2

S un

Fn+1
s

↓
un+1

4

1 3

Figure 48.2 – Conventional Serial Staggered scheme bet-
ween F a fluid solver and S a structural solver.

In 48.3 a revisited subcycling algorithm which was im-
plemented in the DeepLines Wind tool is presented. At
each coupling time step that corresponds to the aero-
dynamic’s resolution rate, or ∆tf , the solver using the
vortex method will directly communicate aerodynamic
forces to the structural code. In the intermediate stages,
which correspond to the structural solver’s characteristic
time (∆ts), a meta model library is itself in communi-
cation with DeepLines. The meta model estimates the
state of the fluid in these intermediate stages by extra-
polating computed aerodynamic forces from previous
steps. Different types of regression techniques conside-
red and implemented in this work were constant, linear
and polynomial extrapolations but more sophisticated
methods could also be implemented in this framework.

F Fn
f

xn

↓
Fn+1
f

∆tf

M Fn+1,1
s Fn+1,2

s Fn+1,k
s

S un un+1,1 un+1,2 un+1,k

Fn+1
s

↓
un+1∆ts

Figure 48.3 – Subcycling scheme with meta model.

Results
In 48.4, a 200 s aeroelastic simulation, coupling Dee-
pLines to CASTOR and modelling the IEA 15MW wind
turbine, was run using various coupling algorithms. The
considered reference case uses a CSS scheme, for which
the coupling time step is set to ∆tc = 0.01 s. A subcy-
cling algorithm with a growing number of regression
iterations using constant forecasting was implemented
for comparison. The obtained sectional aerodynamic
forces between the CSS and the subcycling methods
show that as sub-iterations are added to the coupling
algorithm, a slight difference in amplitude as well as
phase offstet due to constant meta model predictions is
observed in comparison to the reference case. This is
observed until a subcycled structure with 7 iterations,
thus allowing the aerodynamics’ integration time step
to be set at ∆tf = 0.08s, above which the coupling al-
gorithm diverges. Table 48.1 shows the total CPU times
of the test case using the different coupling algorithms.
By adding sub-iterations to the coupling scheme and
thus allowing the fluid problem to be solved at a slo-
wer rate, total CPU time is drastically reduced with up
to more than 250 times faster computing between a
7-iteration subcycled scheme and the CSS method. This
is due to the reduction of wake filament emissions from
the vortex method and the direct meta model use for
aerodynamic data communication.

Figure 48.4 – Sectional aerodynamic forces comparison for
CSS method and subcycling scheme using constant regression
at radius location r = 70m.

Method CSS 1 sub-it 4 sub-it 7 sub-it
Total CPU time 10j16h 35h06min 2h55min 57min

Table 48.1 – Total CPU times for CSS and subcycled
schemes.
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A ntinuclear Antibody Screening test using HEp-2 cells is the gold standard assay for patients with a
suspected auto-immune disease (American College of Rheumatology recommendation). This assay

requires expertise and is time consuming for laboratory personnel. The ICAP classification provides
patterns’ nomenclature for globally harmonized practice, but this is not sufficient. We hypothesized that a
computer-assisted interpreting tool may improve the management of auto-immune diseases’ diagnostic
and follow-up.

Background
Indirect immunofluorescence assay (IFA) using human
epithelial cell tumor (HEp-2) cells is the most establi-
shed method for ANA screening (ANA IFA) [1] and
considered the "gold standard" by the ACR [2].
The main advantages of the ANA IFA are the detection
of a wide range of autoantibodies, high sensitivity and
the ability to determine staining patterns and titers si-
multaneously. Nevertheless, the ANA IFA has several
drawbacks including the use of manual microscopes
for interpretation of IFA patterns, leading to a high de-
gree of subjectivity with potential significant inter- and
intra-laboratory variations [3]. With this in mind, the
International Consensus on ANA Patterns (ICAP) has
drawn up recommendations to achieve consensus on the
nomenclature and definition of IFA pattern on HEp-2
cells. These recommendations consist in a standardi-
zed nomenclature distinguishing different fluorescence
aspects from anti-cellular (AC) -0 to AC-29, as well as
their interpretation. To overcome these difficulties and
given the limitations of several alternative techniques
(e.g. solid-phase assays), the biomedical industry has
developed technological solutions in the past few years.
These solutions significantly improve the automation
of IFA on HEp-2 cells both with substrate and slide
preparation, and microscope reading. The NOVA®View
system (Inova Diagnostics, Werfen, San Diego, Califor-
nia) enables HEp-2 slides to be read and digital patterns
to be acquired. The system uses barcode readers for full
traceability, and a motorized fluorescence microscope
with autofocus. A software using mathematical algo-
rithms based on pixel intensity and light distribution
at 1/80 dilution is embarked. It allows positive and
negative discrimination, identification of aspects (homo-
geneous, speckled, centromere, nucleolar and nuclear
dots), cytoplasm detection and titer determination [4].

The Immunology Laboratory of Bordeaux University
Hospital is equipped with the NOVA®View system since
2015 which has greatly improved the laboratory pro-
ductivity for IFA on HEp-2 cells (saving technical time,
harmonizing results reporting, improving traceability,
archiving...). While discrimination between positive
and negative samples is satisfactory [5], the system’s
ability to propose fluorescence patterns is incomplete,
if not inaccurate. This pitfall requires extensive proo-
freading and reviewing with modification by technical
staff.
Contribution
Images from previous diagnostics at Bordeaux Univer-
sity Hospital were collected in order to train different
neural networks in terms of architecture using PyTorch
(DenseNet, EfficientNet B4, ResNext50, ResNext34,
ResNext18). These structures were pre-trained on Ima-
geNet (3 color channels) and transformed to perform
on only 1 color channel. These networks were com-
bined with a novel multi- head structure to obtain a
multi-label classifier.

Two separate tasks were performed : the first focusing
on the nucleus of the cells and the latter on their cyto-
plasm. In order to do so, we used the DAPI (fluorescent
stain that binds strongly to adenine-thymine-rich re-
gions in DNA) to filter nucleus zones of the images.
One main issue was the unbalanced distribution of each
class : we had to do samplings with a focus on minority
classes, with the use a cost function [6] that takes this
imbalance into account. With the validation cohort (80-
20% splits), the following performance metrics were
obtained :

— Accuracy : 0.9771
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— AUROC (mean over classifier heads) : 0.9751
— Hamming Loss : 0.02112
— Exact match : 0.8475
— Ranking loss : 0.004775
— Ranking Average Precision : 0.9872

Similar results were obtained with cross- validation.
Same work has been done with cytoplasmic patterns.
Outlooks
We started to work on a Generative Adversarial Network
(GAN) in order to generate characteristics that will be
used for non-supervised learning. We will also have a
look on an autoencoder. Finally, a radiomics approach
will be used to test cell by cell quantitation.
Conclusion
We report on the methodology and establishment of
a useful computer-assisted interpreting tool for indi-
rect immunofluorescence on HEp-2 cells, representa-
tive of auto-immune diseases encountered in a Western
European country. This tool paves the way for other
computer-assisted interpreting tools for the practicing
medical biologist or pathologist.
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L es méningiomes représentent des tumeurs généralement non cancéreuses qui se développent dans le
système nerveux central. Il est essentiel d’assurer un suivi médical régulier des patients afin d’évaluer

les risques potentiels associés à la croissance de ces tumeurs, en prenant en compte des critères tels que
leur évolution, leur volume et leur localisation. Actuellement, cette évaluation repose sur l’interprétation
des IRM réalisées lors des examens cliniques. Toutefois, ces examens présentent des risques pour la santé
du patient. Nous essaierons dans cette thèse de proposer des outils pour assister les chirurgiens dans le
suivi clinique de ces patients.

Introduction
Naissant des cellules arachnoïdiennes, les méningiomes
font aujourd’hui partie des tumeurs intracrâniennes les
plus fréquentes du système nerveux central [2]. Majori-
tairement bénignes et à croissance faible, une grande
proportion de patients demeure asymptomatique tout
au long sa vie. Ainsi, plus de la moitié des méningiomes
sont découverts durant l’autopsie du patient [2].

Figure 50.1 – Anatomie du cerveau et visualisation d’un
méningiome.

Caractérisés comme des tumeurs à croissance lente,
leur développement reste néanmoins variable et peut
s’avérer très différent d’une tumeur à l’autre [3]. Par
conséquent, ils ne présentent pas toujours un risque
majeur pour la santé. L’opération chirurgicale, consis-
tant à enlever la tumeur, pourrait être plus dangereuse
et douloureuse que la présence du méningiome chez
le patient. Il en est de même pour les traitements de
radiothérapie, parfois lourds à suivre.

Ainsi, les patients atteints de méningiomes sont réguliè-
rement suivis par les cliniciens jusqu’à ce que la crois-

sance de ces tumeurs présente un risque majeur pour
leur santé. Afin d’évaluer la fréquence du suivi médical,
les chirurgiens se basent sur de nombreuses caractéris-
tiques incluant la croissance, le volume, la symptomato-
logie ou encore la position de la tumeur dans le cerveau
[3].
La majorité de ces caractéristiques peut être calculée ou
mesurée grâce aux imageries faites pendant l’examen
du patient.
Afin d’aider les chirurgiens dans ce suivi, nous analyse-
rons dans cette thèse trois des caractéristiques utilisées
par les cliniciens pour prendre une décision : l’identifi-
cation de la tumeur et sa segmentation, la croissance
de celle-ci dans le temps et enfin la prédiction de son
volume.
Pour cela, une base de données composée de 333 mé-
ningiomes sera utilisée. Les patients associés sont tous
suivis au CHU de Pellegrin à Bordeaux.
Segmentation
Le segmentation des tumeurs sur les images IRM a
un rôle majeur. En effet, elle permet non seulement
d’identifier la tumeur mais aussi l’extraction de caracté-
ristiques importantes. À l’heure actuelle, elle est faite
manuellement par les chirurgiens ou en utilisant des
outils de segmentation semi-automatiques. Ces outils
se basent sur des changements de contraste et/ou d’in-
tensité pour délimiter et extraire la zone tumorale. Bien
que nécessitant toujours l’intervention humaine, ces
algorithmes diminuent significativement le temps d’exé-
cution de cette tâche.
Notre objectif réside dans la mise en place d’algorithmes
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totalement automatiques de segmentation. Pour cela,
plusieurs architectures de réseaux de neurones ont été
testés sur nos données. Des exemples de segmentations
obtenues sont visibles dans la figure 50.2.

Figure 50.2 – Exemple de segmentations automatiques
obtenues

Croissance
Une fois la segmentation faite sur chaque examen, les
caractéristiques importantes des tumeurs peuvent être
extraites. Parmi elles, le volume de la tumeur. Ainsi, il
est possible de visualiser l’évolution du volume de la
tumeur dans le temps. Nous souhaitons alors décrire
cette croissance tumorale à l’aide de modèles mathé-
matiques. Ces modèles prennent la forme d’équations
différentielles ordinaires (EDO) et seront utilisés pour
"fitter" nos données. Nous présentons ici le modèle de
Gompertz. {

V ′(t) = V (t)αe−βt

V (t = 0) = V0.

Il a pour solution analytique :

V (t) = V0e
α
β (1−e−βt)

avec V (t) le volume de la tumeur au temps t.

Ces modèles dépendent de paramètres qui ont été esti-
més à l’aide de différentes stratégies.
Les stratégies individuelles ont montré une forte dépen-
dance aux bruits de mesures. Ces limitations nous ont
donc poussés à tester une autre approche, cette fois-ci
en population. Par sa forte robustesse aux bruits, cette
stratégie a été utilisée pour obtenir les paramètres de
chaque individu et ainsi analyser la croissance tumorale
[4].

La comparaison de différents modèles nous a permis
d’identifier le modèle de Gompertz comme étant celui
qui s’adapte le mieux à nos données. La figure 50.3
montre les résultats obtenus par différents modèles.

Figure 50.3 – Exemples de courbes obtenues. Bleu : expo-
nentiel, Rouge : Puissance, Orange : Gompertz, Vert : Linéaire

Le modèle de Gompertz permet une meilleure compré-
hension de la croissance des méningiomes caractérisée
par une croissance lente, suivie d’une accélération expo-
nentielle avant de finir par se stabiliser et atteindre sa
taille maximale. La prédiction d’un futur volume ou de
ces différentes étapes de la croissance du méningiome
serait donc particulièrement utile aux chirurgiens.
Prédiction
Afin d’identifier les différentes phases du modèle de
Gompertz sur nos données, une méthode de clustering
hiérarchique a été mise en place. Ainsi, des clusters
obtenus lors de la première et de la dernière visite du
patient au CHU ont pu être identifiés. Le changement
de cluster, caractérisé par le ralentissement de la crois-
sance peut donc être mesuré et étudié.
Enfin, différents modèles ont été testés pour permettre
la prédiction d’un volume futur.
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W e consider the classical problem of localization of a target from an observer from bearing measure-
ments. We reformulate this problem within the framework of the theory of partially observed Markov

decision processes and propose a method for numerically solving this problem. Theoretical convergence of
this numerical solution scheme is obtained and numerical investigations are also carried out, enabling us
to recover optimal curves already suggested in the literature via other techniques.

Problem formulation

In this paper, we consider the classical problem of lo-
calization of a target from an observer from bearing
measurements, see for example [1] and the references
therein. In this problem, an observer at position xO

wants to infer the position xT of a static target, both in
the same horizontal plane, from noisy bearing measure-
ments, that is, from the successive noisy measurements
of the angle between the observer-target direction and
the north direction. This situation is illustrated in Figure
51.1.
In this setting of localization, the position of the target
is observable in a statistical sense, meaning that it is
possible to infer the position of the target from the mea-
surements, even when the observer does not perform
any manoeuvre, see [2]. Nevertheless, one or many
manoeuvres might for instance speed up the inference
process or improve its accuracy, or both. It is therefore
of great interest to try to optimize the choice of this pos-
sible manoeuvres along time for the observer in order
to infer the position of the target with the best possible
precision.

•xO

•xT

θ

Figure 51.1 – An observer at point xO and the target at
point xT . The bearing θ is also displayed on the figure.

A criteria of optimisation is thus to be defined. In the
literature, functions of the bearing rate have been consi-
dered since this quantity naturally arises as a lower
bound for the determinant of the Fisher information ma-

trix associated to this problem, see in particular [4, 5]
on this subject. This criteria has a simple interpretation :
in between two successive measurements, we want to
have the greatest possible difference between the two
measured angles. Note that this criteria being related to
the Fisher information matrix, it allows also to approach
the best estimate in the sense of Fisher information : it
can be viewed as an approximation of the associated
Cramer-Rao lower bound.
A lot of methods have been proposed to tackle this op-
timization problem, often in the context of tracking,
that is, when the target is itself moving. In this PhD,
the author mention the fact that the theory of partially
observed Markov decision processes could be use but
gives raise to non tractable, or at least non efficient,
numerical algorithms. Nevertheless, we are going to
continue along this path in the present document, in or-
der to face up to these practical difficulties and propose
a method for partially overcoming them.
A Markov decision process, a MDP in what follows, is,
roughly speaking, a discrete time Markov chain whose
transitions depend on some control parameter and
which are endowed with some one step reward func-
tion, depending on current state and action, or more
generally on the whole trajectories of the state and
action processes. The aim of the controller is then to
choose the successive controls so that it maximize some
cumulative reward criteria.
In practice, it happens that the transitions of the MDP
depend on some unknown parameters, as in the context
of adaptive control for MDP, see [6, 8], or that the true
state of the MDP is only observed through some mea-
surement function. In this latter case, we are in the
context of partially observed Markov decision processes,
POMDP in the sequel. In order to solve a POMDP, that
is, to find what is the best cumulative reward we can
expect and what are the actions to do in order to earn
it, a common trick consists in enlarging the state space
to some probability space often called the belief space,
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see for example [3]. The new process with the belief
space as the state space is a fully observed MDP that
can be solved, in theory, using the classical techniques,
such as the resolution of the Bellman equations if the
time window is finite. However, in practice, the reso-
lution of these equations requires to browse the entire
state space which therefore has to be, in most situations,
discretized.
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Figure 51.2 – a computed optimal trajectory when σ = 0.5.
The target position is in red whereas the starting position of
our ownship is in blue and then follows the blue dashed line.
The black dots represent the position after each taken action.
A slice of size H = 3 is composed of three black dots after
the starting point.

In this PhD, we try to discretized the belief space by fol-
lowing the dynamic of the original MDP while construc-
ting the belief space, in order to build this one as small
as possible. In our situation of bearing only tracking,
this construction ends up with a space consisting in an
exponential family of measures. The use of this family
will allow us to propose a tractable numerical scheme
to solve the Bellman equations associated to our BOT
problem.
Results

The graph in Figure 51.2 shows the optimal trajectory
found using our algorithm. The quality of the method
is demonstrated in Figure 51.3, we observe that the
blue curve is always above the red one but that they
tends to be closer as time grows. We also notice that
the empirical median of the CRLB is very closed to its
mean. The difference in mean between the RMSE and
the CRLB after 90 time units is about 112 meters whe-
reas it is about 46 meters for the difference between
the two medians.
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Figure 51.3 – boxplots of the root mean square error over
time, for 100 trajectories with σ = 0.5 with corresponding
mean in blue and mean of the Cramer-Rao lower bound in
red.
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C atheter-based cardiac ablation, such as radiofrequency ablation (RFA) and pulsed electric field ablation
(PFA), is the treatment of choice for atrial fibrillation (AF). However, the underlying phenomena and

differences between RFA and PFA are not well understood. In my thesis, I propose a mathematical modeling
of the cardiac electric signal of a cardiac domain containing an ablated area by RFA or PFA. Both types
of ablation consist of the isolation of the pulmonary vein, but we describe them differently by using
appropriate transmission conditions. Numerical simulations in a context of AF show that PFA and RFA lead
to isolation of the pulmonary vein.

Introduction
Cardiac arrhythmias are irregularities in the heartbeat
that result in chaotic electrical waves. While most of car-
diac arrhythmias are benign, some of them can directly
affect the pumping function of the heart, leading then
to stroke or heart failure. Isolation of the pulmonary
veins by catheter ablation has become the treatment of
choice for atrial fibrillation (AF). The goal is to isolate
the pulmonary veins fromwhich the fibrillation is suppo-
sed to originate by physical procedures such as thermal
ablation (radiofrequency ablation (RFA) [1]), and more
recently pulsed electric field ablation (PFA), which is
based on nonthermal irreversible electroporation.
Despite the great interest that RFA and PFA have ge-
nerated in the treatment of AF, there is still a lack of
understanding – and thus modelling – of the underlying
biophysical phenomena of these different therapies. On
one hand, it is well known that RFA ablation leads to
coagulation necrosis with complete loss of cellular and
vascular architecture [2] by leaving a scar composed
of a fibrotic tissue. On the other hand, PFA is known to
destroy mainly the cardiomyocytes, but the tissue scaf-
fold is preserved. Therefore, the physical properties of
the cardiac tissue after RFA and PFA are very different,
although they have the same goal, which is to isolate
the pulmonary vein.
Well-designed mathematical modeling could help to bet-
ter understand the effects of PFA on cardiac electrical
wave and to develop numerical criteria for treatment
evaluation. More precisely, we propose a mathematical
modeling of the cardiac electrical signal of a cardiac
domain containing an area ablated by RFA or PFA. We
study the effects of this treated area on the propagation
of the electrical wave, known to correspond to the so-
called bidomain model [3] in cardiac domain, through
well-adapted transmission conditions across the treated
region.

The mathematical modeling

PFA modeling

It has been experimentally observed that PFA preserves
the tissue scaffold and targets the myocardium through
the nonthermal, irreversible electroporation process.
After PFA, the mechanical properties (stiffness, elasti-
city...) of the cardiac tissue are preserved, whereas the
electrical functionalities of the ablation area are altered.
Most likely, PFA leads to local death of cardiomyocytes,
which are then replaced by nonexcitable fibroblasts.
From a mathematical point of view, we consider an in-
terface Γ to be the limit of a thin area of thickness ε as
far as ε tends to zero, and we study the formal transmis-
sion conditions of the electric potentials, derived from
a formal asymptotic developement.
Therefore, we propose to model the electrical effect
of PFA by a continuity of both the extracellular poten-
tial and the extracellular normal flux, while assuming
that the intracellular potential is isolated, thus using a
homogeneous Neumann boundary condition. Roughly
speaking, these conditions arise from the zero order of
the asymptotic analysis, in which the small parameter
ε is the thickness of the electroporated (EP) area and
the intracellular conductivity tensor is assumed to scale
proportionally to a parameter ε2. In order to simplify
the analysis, the non-linear ionic current, that plays a
fundamental role in the reaction term of the bidomain
model, is linearized inside the EP area.
The formal asymptotic analysis and the derivation of
approximated transmission conditions at any order, are
completed by a proof of the expansion and of estimates
for the errors of the potentials between the exact solu-
tion and the truncated solution at a generic order N .
Convergence tests have been done and mathematical
estimates has been numerically validated. This Section
briefly resumes a first part of my thesis work.
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RFA modeling

To model the effect of RFA, we consider the well-known
Kedem-Katchalsky transmission conditions – initially in-
troduced in [4]. These conditions are defined through a
coefficient α, a positive constant homogeneous to a sur-
face conductance. This parameter α is crucial because
it is responsible for whether or not the transmembrane
potential wave can overcome the Γ interface. In parti-
cular, when α = 0, it is equivalent to perfect isolation
of the pulmonary vein. In the asymptotic regime α ≫ 1,
the potentials become asymptotically continuous. The
Kedem-Katchalsky can then be seen as a penalty term
which weakly enforces the continuity of the potential
through the interface Γ.
Numerical Illustrations
To compare the effects of the two ablations considered,
a simulation corresponding to atrial fibrillation before
ablation is proposed. Physiologically, the depolarization
wave that triggers the heartbeat is initiated in the si-
noatrial node in the right atrium. It then propagates to
the left atrium via two electric pathways : the fastest
leading to Bachmann’s bundles (BB) and the second
to the fossa ovalis (FO). The protocol and parameters
were set in [5].

Time

356 ms

200 ms

70 ms

44 ms

20 ms

430 ms

AF RFA PFA

500 ms

44 ms

-0.08 0.02 (V)vm

-0.025 0.035 (V)ue

Figure 52.1 – First column : before ablation. Second co-
lumn : successful RFA with α = 10−4). Third column :
successful PFA. Lines 1 to 7 : Snapshots of transmembrane
potential vm. Last line : Snapshot of extracellular potential
ue.

The first column of Figure 52.1 shows time snapshots of

the transmembrane potential before ablation. One first
sees the healthy depolarization occurring during the
first 90ms – see 20, 44, and 70ms snapshots – followed
by the healthy repolarization – see 200ms snapshot –
and by the second stimulus illustrating a pathological
area of one of the pulmonary veins – see 356ms snap-
shot – that triggers a pathological wave that unfolds in
the left atrium – see 430 and 500ms snapshots.
The second column of Figure 52.1 gives the transmem-
brane potential corresponding to successful RFA, na-
mely K-K conditions with α = 10−4. Because the two
regions are nearly decoupled, the pulmonary vein is
well isolated : there is no entry of the wave into the left
atrium, see 356, 430, and 500ms snapshots. Uncoupling
is also seen in the evolution of the extracellular poten-
tial, shown in the last line of the same figure at time
44ms. The third column of Figure 52.1 corresponds to
a successful PFA. One can first see that there is no en-
try of the transmembrane wave, showing the success
of the ablation. However and contrary to RFA (second
column), the PFA maintains the continuity of the ex-
tracellular potential ue, see the last line of Figure 52.1.
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L es maladies cardio-vasculaires sont la première cause de mortalité dans le monde. Dans certains cas
d’anomalie de l’activité électrique cardiaque, l’implantation d’un dispositif de stimulation électrique est

nécessaire. La prise en compte de ces dispositifs est assez peu développée dans les modèles mathématiques
utilisés en électrophysiologie cardiaque actuellement. L’objectif de cette thèse s’inscrit dans celui plus
large du projet européen SimCardioTest 12. Novatrice, elle a pour but d’explorer de nouveaux horizons et
d’améliorer la compréhension de deux phénomènes biologiques observés cliniquement et expérimentale-
ment : l’effet de seuil reliant la stimulation et le tissu excitable, et l’impédance de contact à la surface des
électrodes de stimulation. La validation des différents modèles 0D et 3D suit l’approche standardisée V&
V40 à travers une confrontation aux données expérimentales.

Introduction
Contexte. Le projet européen SimCardioTest vise à
démontrer l’intérêt et à encourager l’utilisation de la
simulation numérique pour le développement de dis-
positifs médicaux. Conduit selon le standard V& V40,
ce projet permettra à terme d’accélérer de façon signi-
ficative certaines étapes de conception ou d’étude, en
remplaçant des tests in vivo par des tests in silico, et en
assurant la crédibilité des modèles et des logiciels utili-
sés. Les avancées de cette thèse sont le fruit du travail
effectué conjointement par l’équipe Inria CARMEN, le
fabricant de dispositifs de stimulation cardiaque Micro-
Port CRM, et l’institut de rythmologie cardiaque IHU
Liryc avec lesquels les expérimentations animales ont
été conduites.
Électrophysiologie cardiaque. Le tissu cardiaque
est riche de phénomènes biologiques multi-échelles.
Des anomalies de ce tissu mènent bien souvent à des
problèmes médicaux impactant le cycle de contraction
cardiaque. Lorsque le cœur n’assure plus ce cycle, il
peut être nécessaire d’implanter un dispositif de sti-
mulation extérieur. La prise en compte de ce dernier
n’est traditionnellement pas étudiée dans les modèles
mathématiques, où les stimulations sont résumées à
de simples conditions aux bords. Que ce soit sous la
forme d’injection de courant ou d’application de ten-
sion, la forme du signal, l’amplitude ou la durée de la
stimulation ne sont pas intégrées. La confrontation à
des données réelles de mesure est dès lors compliquée.
Stimulations. Deux phénomènes biologiques sont au
centre de cette thèse, l’effet de seuil et l’impédance de

contact. Lorsqu’une stimulation est appliquée, elle ne
mène pas toujours à la propagation d’un potentiel d’ac-
tion. Lorsque c’est le cas, une contraction cardiaque est
induite par la stimulation, et on parle de « capture ».
Cette propriété est intrinsèquement liée à l’amplitude et
à la durée de la stimulation, mais également à l’état du
tissu et à la géométrie de la sonde utilisée. Dans le plan
de stimulation durée-amplitude, la courbe qui délimite
la région de capture a été étudiée par Louis Lapicque
au début du XXe siècle [1]. Une étude approfondie de
cette courbe de seuil nécessite alors une connaissance
fine de la stimulation appliquée par le dispositif, mais
aussi la compréhension du phénomène d’impédance de
contact. En effet, lorsqu’une électrode est plongée dans
un milieu riche en espèces ioniques, une couche ionique
de Debye se forme à la surface des électrodes. Selon
les espèces présentes cette couche a un effet résistif et
capacitif, et elle impacte l’énergie reçue par le tissu. Cet
effet est d’autant moins négligeable dans le cas d’une
sonde de stimulation, puisqu’une des électrodes est di-
rectement implantée dans le tissu cardiaque.
Modèles
Modèle de stimulateur. Deux catégories de modèles
ont été étudiées durant cette thèse : 0D i.e. sans di-
mension spatiale, et 3D. Cependant, ils sont tous basés
sur un même système d’équations différentielles ordi-
naires. Il traduit mathématiquement le circuit interne
du dispositif de stimulation cardiaque étudié. Un cycle
de stimulation se décompose en plusieurs sous-parties
distinctes discontinues en temps, dont les deux princi-
pales sont le pulse et la décharge, ce qui rend l’analyse
plus ardue.

12. www.simcardiotest.eu
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Modèles équivalents de contact. Une étude préli-
minaire a été menée pour identifier les paramètres des
circuits électriques équivalents reproduisant la couche
de Debye à la surface des électrodes. Certains modèles
issus de la littérature sont formulés en série ou font
intervenir des composants non idéaux et fréquentiels,
ce qui rend l’identifiabilité numérique des paramètres
difficile ou impossible. En confrontant ces modèles aux
données expérimentales, nous avons retenu le circuit
équivalent formé d’une résistance en parallèle avec un
condensateur – meilleur en terme d’identifiabilité et de
propriétés qualitatives.
Modèles 0D. Une première version du modèle a été
présentée à la conférence FIMH 2023 [2]. Le modèle
0D proposé a été comparé à différentes données expéri-
mentales, notamment pour la phase de calibration des
paramètres, et une étude succincte de sensibilité locale
a été effectuée. La figure 53.1 illustre l’influence d’un
des paramètres du modèle sur la courbe de Lapicque,
ainsi que les zones de seuil expérimentaux ex vivo sur
cœur de brebis.

Figure 53.1 – Influence sur la courbe de Lapicque du para-
mètre de mise à l’échelle S dans le modèle 0D à une cellule.
Les zones colorées sont les zones expérimentales de seuil du-
rant la première expérimentation animale. Source [2].

Ce modèle a ensuite été enrichi et fera l’objet d’une
publication ultérieure (CinC 2024) sous la forme d’un
modèle 0D à deux cellules. Ces modèles sont beau-
coup moins coûteux numériquement qu’un modèle 3D
complet. Ils constituent un outil important dans la com-
préhension des différents phénomènes et surtout dans
l’exploration de nouvelles pistes de recherche.
Modèle 3D. En parallèle, un modèle 3D a aussi été
développé sur la base du modèle de propagation bido-
maine utilisé en électrophysiologie cardiaque. Nous y
avons rajouté un milieu de propagation extracardiaque,
et nous avons couplé le tout au circuit électrique du sti-
mulateur à travers des conditions de bords non usuelles.
Inspiré des travaux [3], ce modèle fera l’objet d’une pré-
sentation au CANUM 2024 et d’un article théorique sur
le caractère bien posé [4]. Ce modèle, plus complexe
et plus coûteux numériquement que les modèles 0D,
est utilisé sur la plateforme propulsée par InSilicoTrials
dans le cadre de SimCardioTest. Cependant, il nécessite
d’être calibré à partir de données expérimentales volu-
mineuses et multiples. Ces travaux dépassent le cadre
de la thèse et constituent un projet de recherche à part
entière. La figure 53.2 est un exemple de résultat du
modèle 3D. Le maillage de sonde, et en particulier la vis

déployable avec fixation active, est basé sur une géomé-
trie de sonde MicroPort. Les paramètres de conductivité
sont issus de la littérature, et le système d’équations est
résolu à l’aide du code de calcul Ceps par la méthode
des Éléments Finis.

Figure 53.2 – Exemple de simulation 3D. Les lignes de
champ électrique sont impactées par les différences de conduc-
tivité entre le tissu et le sang, et la tension transmembranaire
à la fin du pulse est illustrée en couleur.

Conclusion
Plusieurs modèles ont été développés au cours de cette
thèse. Ils permettent l’étude approfondie de l’effet de
seuil lors d’une stimulation, et mettent en lumière l’im-
portance de l’impédance de contact et de la forme de la
stimulation appliquée. Ces différents modèles ont été
plusieurs fois confrontés à des données expérimentales
et de nombreux paramètres ont été calés à l’aide de ces
mêmes données. La démarche constante de vérification
et de validation permet de crédibiliser les simulations
numériques dans le développement de dispositifs médi-
caux, en particulier pour les dispositifs de stimulation
cardiaque.
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C ette thèse vise à proposer une loi de paroi basée sur l’apprentissage profond pour la modélisation
des écoulements pariétaux dans les simulations RANS. Différentes approches, basées sur des réseaux

de neurones, ont été proposées au cours de l’étude afin d’améliorer la précision et réduire les coûts de
calcul du modèle proposé. Les résultats démontrent une précision élevée, même dans des configurations
non rencontrées lors de l’entraînement des réseaux neuronaux composant le modèle. Des perspectives
d’amélioration de la capacité prédictive du modèle, notamment pour prédire la séparation de l’écoulement,
sont discutées.

Introduction
La disponibilité de lois de paroi fiables et précises est
l’un des principaux défis de la CFD moderne. Les mo-
dèles de paroi sont obligatoires pour l’application des
simulations aux grandes échelles de turbulence (LES)
pour des écoulements représentatifs d’applications aéro-
nautiques [1]. Ils sont également parfois indispensables
pour les simulations Reynolds-Averaged-Navier-Stokes
(RANS) soit lors de l’utilisation de méthodes de fron-
tières immergées (IBM) [2], soit pour la mise en place
de calculs légers utiles aux études paramétriques, au
contrôle des écoulements ou à l’optimisation de forme,
pour lesquels de nombreuses simulations sont souvent
nécessaires et où le coût cumulé des calculs RANS peut
devenir rédhibitoire. Dans ce contexte, les lois de paroi
permettent d’alléger les calculs en remplaçant la réso-
lution coûteuse de la couche limite (typiquement une
zone maillée très finement) par un modèle.
Alors que les approches basées sur l’apprentissage pro-
fond commencent à être utilisées dans le domaine des
lois de paroi, les travaux et les essais existants sont
encore incomplets et une méthodologie claire n’a pas
encore émergé [3]. Cependant, au regard de l’étendue
des phénomènes qui peuvent être modélisés grâce à
la flexibilité des réseaux de neurones, ces méthodes
montrent un potentiel indéniable dans leur application
pour la modélisation des écoulements pariétaux.
Objectifs scientifiques

L’objectif de recherche est de proposer une loi de paroi
basée sur des algorithmes d’apprentissage profond appli-
cables dans le cadre de simulations Reynolds-Averaged-
Navier-Stokes (RANS), surpassant les modèles clas-
siques en terme de précision et de généralité. De plus, le
caractère exploratoire de cette étude vise à identifier les
grandeurs d’entrée qui permettraient une modélisation
plus fiable du développement de la couche limite.

Démarche et principaux résultats

Approche classique

Une approche initiale consiste à entraîner un réseau
neuronal en utilisant des données résolues jusqu’à la pa-
roi pour apprendre à reconstruire des profils de vitesse
adimensionnés, u+, afin de modéliser l’évolution de la
couche limite en proche paroi[4]. En se conformant au
jeu de données des lois de paroi analytiques, l’évolu-
tion de la vitesse est définie en fonction de la distance
à la paroi et du gradient de pression, respectivement
y+ et p+, deux grandeurs adimensionnées selon le ci-
saillement visqueux pariétale τw, à l’aide d’une vitesse
caractéristique de frottement

uτ =

√
τw
ρ,

(54.1)

estimée itérativement à travers un algorithme de type
Newton. Cette approche se réduit donc à imposer une
condition aux limites de type Dirichlet provenant de la
région modélisée en proche paroi pour le calcul RANS à
résoudre. Les cellules modélisées appartiennent en fait
au stencil numérique utile au calcul RANS de la zone
résolue.
Approche Dirichlet-to-Neumann map

Afin de réduire le coût de calcul de l’estimation du ci-
saillement visqueux, une nouvelle approche a été pro-
posée afin de remplacer le procédé itératif par une
approche basée sur les données. Inspirée par le concept
de Dirichlet-to-Neumann map [5], cette méthode im-
pose directement le flux visqueux à travers l’interface
entre la région modélisée et le calcul RANS. La déri-
vée normale à la paroi du champ de vitesse est donc
fixée à l’interface entre la zone modélisée et l’écoule-
ment résolu. Cela remplace la condition aux limites
de Dirichlet de l’approche classique par une condition
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de Neumann. L’évaluation de la dérivée du champ de
vitesse est obtenue à l’aide d’un modèle composé par
deux réseaux neuronaux interconnectés, hNN et fNN ,
comme montré par l’équation :

∂u

∂y
=

u2
τ

ν

∂u+

∂y+
=

ν

y2
h2
NNfNN . (54.2)

Le premier consent une estimation du cisaillement vis-
queux pariétale, à travers la vitesse de frottement uτ ;
le deuxième permet l’évaluation de la dérivée normale
à la paroi du champ de vitesse ∂u+

∂y+ .

Données d’entraı̂nement et évaluation

Les deux réseaux neuronaux sont entraînés à l’aide
de données de simulations RANS entièrement résolues
d’écoulements turbulents le long de différentes géomé-
tries de bosse bidimensionnelle. Différentes conditions
d’écoulement, jusqu’aux limites du décollement, sont
prises en compte en variant le nombre de Reynolds Re
et la hauteur de la bosse h (ce qui modifie les gradients
de pression sur la paroi). La figure 54.1 montre l’en-
semble des cas sélectionnés pour l’entraînement des
réseaux neuronaux et pour leur évaluation dans des
conditions d’interpolation par rapport aux paramètres
(Re, h).
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Figure 54.1 – Données d’entraînement et de test obtenues
à partir de différentes combinaisons du nombre de Reynolds
Re et de la hauteur h de la bosse.

Résultats

Des simulations obtenues avec la modélisation parié-
tale sont enfin comparées à des calculs résolus jusqu’à
la paroi pour les différentes configurations abordées.
Un exemple des performances du modèle proposé est
fourni en figure 54.2 pour un écoulement sur une bosse.
Il a été obtenu pour une combinaison de paramètres
d’écoulement (nombre de Reynolds) et de géométrie
(hauteur de bosse) qui n’a jamais été rencontrée pen-
dant l’entraînement. Dans l’ensemble, ce modèle basé
sur les données démontre une excellente robustesse et
une très bonne précision. Il permet de reproduire le co-
efficient de frottement Cf de référence avec une erreur
de seulement quelques pourcents pour tous les cas test
considérés.

Figure 54.2 – Cas test de l’écoulement sur une bosse (h =
0.04 et Re = 6 · 106). Coefficient de frottement Cf et son er-
reur par rapport à la simulation RANS résolue à la paroi. L’er-
reur est normalisée avec la valeur moyenne duCf de référence.
Hauteur de la région modélisée : y+

MAX ≈ 50, 100, 200.

Afin de tester la robustesse et la généralité du modèle
sur une géométrie très différente des cas d’entraîne-
ment, la loi de paroi obtenue a été également testée sur
un profil NACA 4412. La précision du modèle est consis-
tante à celle montrée sur la bosse bidimensionnelle.
Perspectives
Malgré les bonnes performances obtenues par le mo-
dèle au sein des calculs RANS abordés, des traitements
plus avancés pourraient être proposés pour améliorer
les capacités prédictives des écoulements pariétaux qui
présentent de forts gradients de pression et étendre le
domaine de validité du modèle à des problèmes plus
complexes, en se rapprochant progressivement de la
prédiction de la séparation de l’écoulement.
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W e give some inequalities about L1-norms of non-harmonic trigonometric polynomials. The first one is
a quantitative version of a result by Nazarov which also covers the solution of Littlewood conjecture

by Mc Gehee, Pigno and Smith (we also obtained similar inequalities for quadratic frequencies, lacunary
sequences and frequencies having multidimensional structure). We end with an L1-analogue of Kahane’s
result on the L2-norm of sparse trigonometric polynomials, which we also apply on the Schrödinger
equation.

L2-Theory
The aim of this note is to give a control of coefficients of a
non-harmonic (non-periodic) trigonometric polynomial∑

ake
2iπλkt in terms of its L1-norm or its Besicovitch

B1-norms. Recall that when p < +∞, the Besicovitch
Bp-norms are defined by

∥Φ∥pBp
= lim

T→+∞

1

T

∫
[−T/2,T/2]

|Φ(x)|p dx.

Those norms are the right substitute to Lp([−1/2, 1/2])-
norms to investigate non-harmonic trigonometric po-
lynomials and their limits (that is, Besicovitch-almost
periodic functions).
Let us start by recalling some facts about L2-theory.
First, note that the problem is trivial for harmonic tri-
gonometric polynomials (λk = k) when the interval of
integration has length at least 1, since the exponentials
are orthogonal in L2([−1/2, 1/2]), so the estimate of
the L2-norm is given by Parseval’s relation. The same is
true for non-harmonic trigonometric polynomial in the
B2-Besicovitch norm, and the result is due to Ingham
[1], who gave lower and upper bounds for L2([−T, T ])-
norms of (non-harmonic) trigonometric polynomials :

Théorème 6 (Ingham [1]). Let γ > 0 and T >
1

γ
. Then

there exists constants 0 < A2(T, γ) ≤ B2(T, γ) such that
– for every sequence of real numbers Λ = {λk}k∈Z veri-
fying λk+1 − λk ≥ γ ;
– for every sequence (ak)k∈Z ∈ ℓ2(Z,C),

A2(T, γ)
∑
k∈Z

|ak|2 ≤ 1

T

∫ T/2

−T/2

∣∣∣∣∣∑
k∈Z

ake
2iπλkt

∣∣∣∣∣
2

dt

≤ B2(T, γ)
∑
k∈Z

|ak|2.

Note that A2(T, γ), B2(T, γ) are explicit constants (see
[2]). Ingham has also shown that the upper bound is

valid for any T > 0 while the lower bound may not be
true for T ≤ 1

γ . Kahane has shown that this condition
can be lifted if λk+1 − λk → +∞ when k → ±∞ :
Théorème 7 (Kahane [3]). Let Λ = {λk}k∈Z such that
λk+1−λk → +∞ when k → ±∞. Then, for every T > 0,
there exists positive constants 0 < A2(T,Λ) ≤ B2(T,Λ)
such that

A2(T,Λ)
∑
k∈Z

|ak|2 ≤ 1

T

∫ T/2

−T/2

∣∣∣∣∣∑
k∈Z

ake
2iπλkt

∣∣∣∣∣
2

dt

≤ B2(T,Λ)
∑
k∈Z

|ak|2

holds for every sequence (ak)k∈Z ∈ ℓ2(Z,C) and every
N ≥ 1.

The explicit constants were later obtained by Haraux
(see e.g. [2]). Those inequalities have found many ap-
plications in control theory, primarily to obtain L2-
observability estimate of certain PDEs, including the
Schrödinger equation.
L1-Theory

The first task is to obtain an L1-version of Ingham’s In-
equality. An L1 − ℓ∞ estimate was obtained by Ingham
[1] and a much more evolved L1 to weighted ℓ1 inequa-
lity was obtained by Nazarov, inspired by the proof of
Littlewood’s conjecture by McGehee-Pigno-Smith[6, 7].
The result is the following :
Théorème 8. Let (λk)k∈Z be an increasing sequence
of real numbers such that there exists γ > 0 for which
λk+1 − λk ≥ γ for every k. Let (ak)k∈Z be a sequence of
complex numbers.

In Nazarov’s inequality the sum starts at 0 and may
fail for symmetric sums. Also its validity for T =

1

γ
is

an open question. Further Nazarov did not provide an
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estimate of the constant C(γ, T ). However, his proof
can be modified to establish quantitative bounds. In the
case γ = 1, we gave a quantitative version of Nazarov’s
result in [4] for T large enough, and in [2] for T near
1 ; we state both results in the following theorem
Théorème 9. Let λ0 < λ1 < · · · < λN be distinct real
numbers and a0, . . . , aN be complex numbers. Then

1. we have

lim
T→+∞

1

T

∫ T/2

−T/2

∣∣∣∣∣
N∑

k=0

ake
2iπλkt

∣∣∣∣∣ dt ≥ 1

26

N∑
k=0

|ak|
k + 1

.

2. If further a0, . . . , aN all have modulus larger than
1, |ak| ≥ 1 then

lim
T→+∞

1

T

∫ T/2

−T/2

∣∣∣∣∣
N∑

k=0

ake
2iπλkt

∣∣∣∣∣ dt ≥ 4

π3
lnN.

3. Assume further that for k = 0, . . . , N − 1, λk+1 −
λk ≥ 1, then, for every T > 1, there exists a
constant C(T ) such that, for every a0, . . . , aN ∈ C,

1

T

∫ T/2

−T/2

∣∣∣∣∣
N∑

k=0

ake
2iπλkt

∣∣∣∣∣ dt ≥ C(T )

N∑
k=0

|ak|
k + 1

.

Moreover,

(a) for T ≥ 72 we can take C(T ) =
1

122
;

(b) for 1 < T ≤ 2, C(T ) = O
(
(T − 1)15/2

)
.

Note that this result covers multiple results (Mc Gehee,
Pigno and Smith, Hudson and Leckband and Stege-
man’s Theorems [4]). This result is sufficient to par-
tially extend Theorem 7 to the L1-setting. The only
thing that would be missing is that in Theorem 7, there
is no minimal time needed thanks to Kahane’s extension
of Ingham’s inequality. However, so far this is unknown
in theL1-case and our second result is precisely to prove
this :
Théorème 10. Let Λ = (λk)k∈Z be an increasing se-
quence with λk+1 − λk → +∞ when k → ±∞. Then,
for every T > 0, there exist a constant Ã1(T,Λ) > 0
depending on T and Λ only such that, if (ak)k∈N ⊂ C be
a sequence of complex numbers, and N ≥ 1, then

1

T

∫ T/2

−T/2

∣∣∣∣∣
N∑

k=0

ake
2iπλkt

∣∣∣∣∣dt ≥ Ã1(T,Λ)

∞∑
k=0

|ak|
1 + k

.

If further
∑
k∈Z

1

1 + |λk|
converges, then there also exists a

constant A1(T,Λ) such that, for every (ak)k∈Z ⊂ C and
every N ≥ 1,

1

T

∫ T/2

−T/2

∣∣∣∣∣
N∑

k=−N

ake
2iπλkt

∣∣∣∣∣dt ≥ A1(T,Λ) max
k=−N,...,N

|ak|.

1-Periodic Schrödinger equation

Théorème 11. Let u be a weak solution of the Schrödin-
ger equationi∂tu(t, x) =

1

2π
∂2
xu(t, x) t ∈ R, x ∈ T

u0 = u(0, x) x ∈ R
,

with initial value u0 ∈ A(T) = {f ∈ L1(T) : ∥f∥A(T) =∑
k∈Z |ak(f)| < +∞}, where ak(f) are the Fourier coef-

ficients of f . Let t0 ∈ R and x0 ∈ T. Then
1. For a ∈ R\Z, for every T > 0 there exists a positive

constant C depending on a and T such that

1

T

∫ T

0

|u(t0 + t, x0 + at)|dt ≥ C
∑
k∈Z

|ak|
1 + |k|

.

2. If a ∈ Z then there exists u0 such that u(t0+ t, x0+
at) = 0 for all t. In particular, the last inequality
fails.
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APPROCHES GALERKIN DISCONTINUES
SPATIO-TEMPORELLES SUR DES MAILLES
HIÉRARCHIQUES POUR LES ÉQUATIONS DE
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L es problèmes de mécanique des fluides se posent dans divers secteurs : énergie, aéronautique et spatial,
environnement... mais aussi en biologie et santé. Pour des raisons de dimensionnement d’équipements,

de prévention ou de diminution des coûts, on recourt à des simulations numériques. Elles consistent à
reproduire aussi fidèlement que possible les phénomènes physiques étudiés à travers des modèles et des
équations. Cependant, ces simulations sont très coûteuses en temps et en ressources de calcul. Par exemple,
l’étude d’un écoulement d’air à travers une éolienne pendant quelques minutes peut nécessiter plusieurs
semaines de simulation sur des super-calculateurs. Cette thèse concourt donc à un objectif simple dans
son énoncé : l’écriture de schémas numériques précis, efficaces et aux coûts de calcul maîtrisés.

Objet de la thèse
L’équipe-projet Inria Memphis est spécialisée dans la
simulation de problèmes multi-physiques par des mé-
thodes de calcul scientifique variées. Plus spécifique-
ment, elle s’intéresse aux écoulements de fluides vis-
queux incompressibles, c’est-à-dire de viscosité cinéma-
tique ν > 0 et dont la masse volumique ρ est constante.
Les équations de Navier-Stokes incompressibles mo-
délisent le comportement d’un tel fluide, dont l’état est
décrit par les champs de vitesse u et de pression p. Elles
s’écrivent : ∂tu+∇ · (u⊗ u− ν∇u) +

1

ρ
∇p = S,

∇ · u = 0,

complétées par une condition initiale et des conditions
aux limites. La difficulté de résolution de ces équations
est double : il faut traiter le terme non linéaire u⊗u et
garantir numériquement l’incompressibilité du fluide
via la contrainte ∇ · u = 0.
Vocabulaire et enjeux
Les équations sont résolues sur un domaine spatio-
temporel Ω× [0, T ]. En 2D, le domaine spatial est discré-
tisé en mailles cartésiennes ωC de dimensions∆x×∆y.
Le domaine temporel est quant à lui divisé en inter-
valles [tn, tn+1] de longueur∆t. Notons unum et uex les
solutions numérique et exacte du système complet, et
E := ||unum − uex|| l’erreur commise.
Schéma précis. Un schéma numérique est dit pré-
cis respectivement à l’ordre p, q en espace et en temps
lorsque E = O(hp) + O(∆tq), où h := min(∆x,∆y).

L’intérêt d’atteindre un ordre arbitrairement élevé m
est que si l’on affine la discrétisation d’un facteur 2,
l’erreur est divisée par 2m. Cette question de la préci-
sion du schéma numérique se pose d’autant plus dans
le cadre de maillages de type quadtree, où certaines
mailles peuvent être divisées (Fig. 56.1).

Figure 56.1 – Maillage quadtree autour d’un disque [1].

Ces maillages hiérarchiques permettent de décrire
plus précisément les éléments géométriques d’intérêt
dans le domaine de calcul, sans alourdir inutilement le
coût de la simulation. Pourtant, aux sauts de niveau de
raffinement, la précision peut se dégrader.
Schéma compact. Pour construire un schéma d’ordre
élevé (d+ 1), on représente la solution numérique par
des polynômes Qd dans chaque maille. Des schémas
aux différences ou volumes finis ont été mis au point
pour des quadtrees [1, 2], mais la montée en ordre
n’est pas immédiate. La thèse en cours s’intéresse à
des méthodes de type Galerkin discontinu (DG) qui
permettent d’obtenir un schéma d’ordre arbitrairement
élevé compact dans chaque maille, c’est-à-dire très peu
dépendant de son voisinage.
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L’équation d’advection-diffusion
On s’intéresse ici à l’équation d’advection-diffusion,
dans le cas 1D pour simplifier. Notons F (u) le flux
physique, défini comme la somme de ses contributions
advective Fa(u) := u2 et diffusive Fd(u) := −ν∇u.
L’équation s’écrit alors : ∂tu+∇ · F (u) = S.
Méthode ADER-DG. Dans cette thèse, on combine
des méthodes de type DG en espace à une technique
ADER en temps (Arbitrary high order DERivatives). Avec
cette association, l’intégration en temps est effectuée
en théorie au même ordre de précision que celui ap-
porté par la discrétisation DG spatiale (q = p). Dans sa
forme la plus récente [3], le schéma ADER-DG est alors
composé de deux étapes successives (Fig. 56.2) :

Figure 56.2 – Schéma ADER-DG : position des degrés de li-
berté espace-temps pour la prédiction et la correction (d = 2)
[5].

• Prédiction : on considère que chaque maille ωC

est indépendante de ses voisines, et on détermine
un prédicteur de Galerkin local q ∈ R(d+1)2 afin
d’obtenir une estimation de la solution :

Aqn
C +BFn

C = Cun
C +DSn

C .

• Correction : on recombine les informations entre
les mailles voisines u ∈ R(d+1) et on impose les
conditions aux limites à travers des flux numé-
riques z̃ = z̃(q) ∈ R(d+1) pour obtenir :

un+1
C = un

C +MFn
C +∆tNSn

C

− ∆t

∆x

(
PRF̃

n
C/R − PLF̃

n
L/C

)
+ ε

∆t

∆x

(
Q

R
q̃n
C/R −Q

L
q̃n
L/C

)
,

où ε ∈ {−1, 0,+1}, et z̃A/B désigne le flux numérique
de la quantité z entre les mailles voisines ωA et ωB .
Ordre optimal. Pour résoudre l’équation d’advection
pure, l’utilisation de polynômes Qd produit toujours un
schéma DG d’ordre de précision spatiale (d+ 1). En re-
vanche, cet ordre est limité à d pour des valeurs paires
de d pour la diffusion pure [4]. Ce comportement se
joue à la fois sur la valeur du paramètre ε, et sur le
coefficient σd dans le flux numérique diffusif :

(F̃d)A/B :=
1

2
[Fd(qA) + Fd(qB)] +

σd

2
[qA − qB ] .

Trois versions de pénalisation intérieure (IP) ont été
comparées en détail [4, 5] : symétrique (SIPG), incom-
plète (IIPG) et non symétrique (NIPG). Une technique

de relaxation de Cattaneo a également été étudiée.
Respectivement, ces approches sont caractérisées par
les paramètres :

• SIPG : ε = −1 et σd := κS(d)νh
−1,

• IIPG : ε = 0 et σd := κI(d)νh
−1,

• NIPG : ε = +1 et σd := κN (d)νh−1,
• Cattaneo : ε = 0 et σd := κC(d)

√
νh− d+1

2 ,
où κ(d) sont des coefficients à choisir. Des trois schémas
IP, il a été montré numériquement que la version sy-
métrique est toujours optimale [5]. La comparaison de
la méthode de Cattaneo aux trois méthodes IP pourra
donner lieu à une communication ultérieure.
Conclusion

À ce jour, cette thèse a permis de mettre au point des mé-
thodes de type DG jusqu’à l’ordre 5 pour les équations
de Poisson et d’advection-diffusion non linéaire en 2D.
Les résultats seront présentés au CANUM 2024, tandis
que le cas scalaire et linéaire en 1D a fait l’objet d’une
publication acceptée [5]. La suite de ce travail com-
porte deux volets : adapter la méthode ADER-DG aux
équations de Navier-Stokes incompressibles, et considé-
rer des maillages en quadtrees. À terme, un exemple
d’objectif serait de reproduire le résultat de la figure
56.3, avec une efficacité globale supérieure.

Figure 56.3 – Pompe cardiaque à membrane élastique.
Raffinement par quadtrees dans les zones de forte vitesse [2].
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L ’essentiel de mes travaux de recherche vise à exhiber et quantifier les effets régularisants pour des
EDP issues de la mécanique des fluides. Plus précisément, je cherche à savoir si des solutions sont

analytiques réelles ou holomorphes (en espace), et à quantifier cette régularité en estimant le domaine
d’analyticité via différentes méthodes. Dans le travail que j’ai effectué durant ma thèse, j’ai eu l’occasion de
développer cette problématique dans différents contextes, tels que l’existence de solutions analytiques ou
les espaces atteignables en théorie de contrôle. En outre, j’ai travaillé sur la contrôlabilité pour un modèle
d’interface diffuse pour des fluides compressibles (système de Navier-Stokes-Korteweg), ainsi que sur le
caractère bien posé de certaines EDP dans différents types d’espaces fonctionnels.

Effets régularisants et estimations de
rayon d’analyticité
Chronologiquement, mon premier travail de thèse [17]
portait sur des estimations de rayon d’analyticité pour le
système de Navier-Stokes-Korteweg (NSK) (je renvoie
à [18] pour une présentation du système), dans des
espaces de pseudo-mesures homogènes. J’ai ensuite ex-
ploré cette problématique dans le cadre du système de
Navier-Stokes sous-riemannien (NSsR) 57.1 sur R3, où
j’ai montré que l’on avait une meilleure estimation (en
temps suffisammant grand) de la bande d’analyticité en
temps grands (pour des solutions globales) en variable
verticale comparée à ce qui a été démontré dans le cas
du système de Navier-Stokes classique sur R3.
Pour un espace de Banach E qui se plonge dans S′(Rd),
on définit le rayon d’analyticité

radE(u) := sup
{
σ ⩾ 0

∣∣∣ eσ|Dx|u ∈ E
}
.

Le lien avec la bande d’analyticité est le suivant : si
radE(u) > σ > 0, alors on s’attend à ce que la fonc-
tion u se prolonge en une fonction holomorphe sur la
bande {

z ∈ Cd
∣∣ |ℑ(z)| < σ

} (voir l’appendice de [17]
pour cette interprétation dans les espaces de pseudo-
mesures et le théorème 1.1 de [2] dans les espaces de
Sobolov). Que ça soit pour le système de Navier-Stokes
incompressible ou (NSK) sur Rd le résultat typique est

radE(u(t)) ⩾ c
√
t,

oùE est un certain espace de Banach. Dans [11] et dans
[4] des améliorations ont été apportées pour le système
de Navier-Stokes incompressible près de 0 dans les es-
paces surcritiques et en temps grand dans les espaces
critiques.

Amélioration du rayon d’analyticité pour le
système de Navier-Stokes-Korteweg

Mon objectif dans [17] était d’améliorer l’estimation du
rayon d’analyticité près de t = 0 obtenue par Charve,
Danchin et Xu dans [3] en le comparant à

√
t|ln(t)| au

lieu de√t, à la fois pour le champ des vitesses et la den-
sité, en utilisant une méthode récente développée pour
une classe d’EDP paraboliques semilinéaires dans [4]
par Chemin, Gallagher et Zhang qui ont aussi montré
un résultat similaire à celui trouvé par Herbst et Skibs-
ted pour l’équation de Navier-Stokes sur R3 dans [11].
L’amélioration de la bande d’analyticité que j’ai obte-
nue concerne uniquement les solutions locales dans des
espaces sur-critiques. Dans [17], j’obtiens en plus l’exis-
tence, globale dans un espace critique et locale dans des
espaces sur-critiques, avec dans chaque cas, l’analyticité
de la solution, et l’unicité. Le cadre fonctionnel déve-
loppé dans cet article vise à obtenir ces résultats dans
des espaces où le contrôle de la norme de la solution
permet d’estimer la décroissance ponctuelle en temps
et en fréquence.
Théorie de Cauchy et effet regularisant pour le
système de Navier-Stokes sous-Riemannien

Ce système fait intervenir deux inconnues (u, p) où
u : R+ × R3 → R2 est le champ des vitesses (qui est
anisotrope) et p : R+ × R3 → R la pression, et s’écrit

∂tu1 + u1Xu1 + u2Ξu1 −△Hu1 = −Xp

∂tu2 + u1Xu2 + u2Ξu2 −△Hu2 = −Ξp

Xu1 + Ξu2 = 0,

(57.1)

où u = t(u1, u2), X := ∂x + 2y∂z, Ξ := ∂y − 2x∂z
et △H := X2 + Ξ2, avec (x, y, z) ∈ R3. Je propose
dans [20] une dérivation formelle de ce modèle, où le
champ des vitesses admet une anisotrope qui est don-
née par une structure géométrique : au lieu de prendre
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u : R3 → TR3, on choisit u : R3 → H ⊂ TR3, avec H
un sous-fibrer de TR3 définissant une structure sous-
Riemannienne sur R3 (voir [1], Définition 3.2, Page 68).
Cette structure sous-Riemannien est liée à un groupe
de Lie appelé groupe de Heisenberg. Je renvoie à l’ex-
cellente introduction de [1] pour une présentation in-
formelle de cette structure.
1) Solution d’énergie finie, caractère bien posé et
effets régularisants Dans [20], j’étudie l’existence glo-
bale de solutions faibles pour des données dans L2 et
ensuite le caractère bien posé dans l’espace critique H̃1

associé à une certaine famille de champ de vecteurs
X̃ et Ξ̃. Le résultat qui apporte quantitativement une
nouveauté par rapport au système de Navier-Stokes 13

sur R3 concerne la bande l’analyticité en la variable
verticale z de la solution. En effet, on obtient pour tout
t > 0

rad(u(t)) ⩾ ct,

où c ∈ (0, 4) et rad est le rayon d’analyticité en la va-
riable z uniquement. Puis finalement je montre que la
solution est (seulement) lisse par rapport à toute les va-
riables d’espace et de temps. Notons que l’on ne s’attend
pas à avoir de l’analyticité dans les variables d’espace
x et y, à cause du manque d’ellipticité de △H (qui est
néanmoins hypoelliptique).
2) Caractère bien posé dans des espaces de régula-
rité anisotrope Dans ce deuxième travail sur (NSsR),
je m’intéresse à l’existence globale et à l’unicité des
solutions dans des espaces ne faisant intervenir que
la régularité par rapport à la variable "z". Plus préci-
sément, je montre l’existence et l’unicité des solutions
(analytiques) associées à des données initiales u0 telles
qu’au moins une des quantités suivantes

∥u0∥L2∥∂zu0∥L2 ou ∥u0∥B0,1/2 ,

soient petites. Notons que B0,1/2 correspond, en terme
de régularité, à une demi-dérivée verticale (voir [15]).
L’introduction dans [19] de nouvelles inégalités de type
Gagliardo-Niremberg stratifées sur le groupe d’Heisen-
berg permet d’adapter les stratégies utilisées pour le
système de Navier-Stokes anisotrope sur R3, notament
celle de [15]. Je donne aussi une estimation de la bande
d’analyticité dans B0,1/2 similaire à celle montrée dans
[20].
Contrôlabilité et espace atteignable

Contrôlabilité du système de Navier-Stokes Korte-
weg

J’ai étudié la contrôlabilité exacte locale vers des tra-
jectoires constantes pour (NSK) sur le tore en dimen-
sion d ∈ {1, 2, 3} lorsque le contrôle agit sur un sous-
ensemble ouvert. La contrôlabilité interne sur le tore
avec des contrôles agissants sur toutes les équations
est un exemple plutôt académique. L’intérêt (en vue
d’application physique) de ce résultat est qu’il a pour
corollaire un résultat de contrôlabilité exacte dans des
domaines bornés réguliers Ω lorsque le contrôle agit

sur toute la frontière ∂Ω et toujours vers les mêmes
trajectoires (ρ⋆, 0).
Tout d’abord, à ma connaissance ce résultat de contrô-
labilité est le premier concernant (NSK). En outre, ce
résultat est valable quel que soit ω et pour tout temps fi-
nal T > 0 et il en est de même pour le système linéarisé
de (NSK). Ceci contraste fortement avec les résultats de
contrôlabilité pour l’équation de Navier-Stokes compres-
sible (correspondant au cas κ = 0) linéarisée. En effet,
pour ce dernier, les résultats de contrôlabilité exacte
locale autour des trajectoires (ρ⋆, u⋆), sont valides sous
réserve de conditions géométriques appropriées liées
au flux du champ de vitesse cible, pour u⋆ ̸= 0 et T
suffisamment grand, (voir par exemple [6], [7] et [8]).
Espace atteignable pour le système de Stokes

Je présente dans cette dernière section mes travaux en
collaboration avec Sylvain Ervedoza sur l’espace attei-
gnable pour le système de Stokes.
Sur l’espace atteignable : La problématique générale
des espaces atteignables peut être résumée de la ma-
nière suivante : Pour un système contrôlé donné. Étant
donné un état initial ui et un temps T > 0, décrire l’es-
pace R(ui, T ) des états finaux uf que l’on peut atteindre
à partir de ui au temps T . Donner une caractérisation
précise des états qui peuvent être atteints en un cer-
tain temps T > 0 est une question encore largement
ouverte : même pour l’équation de la chaleur à coef-
ficients constants en une dimension, contrôlée depuis
la frontière, la caractérisation complète de l’espace at-
teignable, en termes d’espaces de Bergman, n’a été ob-
tenue que très récemment dans [12]. La description
de l’espace atteignable pour l’équation de la chaleur a
reçu une grande attention ces dernières années (voir
[13, 5, 9, 12, 14, 10] pour le cas de la dimension 1 et
[16] pour le cas multidimensionnel).
Soit Ω une boule de Rd avec d ∈ {2, 3}. En notantR l’es-
pace atteignable à partir de l’état nul pour le problème
de Stokes, j’obtiens alors le résultat suivant

Odiv(EΩ) ⊂ R ⊂ Odiv(EΩ),

où Odiv(U) est l’espace des fonctions holomorphes sur
U à divergence nulle et EΩ l’ensemble des z ∈ Cd tels
que ℜ(z) ∈ Ω et |ℑ(z)| < dist(ℜ(z), ∂Ω). Ce résultat
est similaire à ce qui a été montré pour l’équation de la
chaleur dans [16].
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M onge-Kantorovich quantiles are defined in an intuitive fashion through the optimal transportation
from a reference distribution. My thesis is dedicated to their study, as they benefit from most of

sought-after properties. The adaptivity of these concepts makes them attractive for building statistical
tools, and has concentrated much attention in the recent years. My PhD project partly belongs to this line
of work, as we proposed multivariate definitions of superquantiles, expected shortfalls and related risk
measures. In addition, we focused on the estimation of a regularized version of the Monge-Kantorovich
quantile function, via a stochastic algorithm with almost-sure convergence guarantees.

Ordering multivariate data

Consider a probability distribution ν supported on Rd.
In the scalar case d = 1, the quantile function of ν is
nothing else than the generalized inverse F−1

ν of the
cumulative distribution function Fν . This heavily relies
on the left-to-right ranking of samples from ν. Howe-
ver, in the multi-dimensional case d > 1, the lack of
a canonical ordering precludes a consensual notion of
quantiles, see [1, 2] and references therein. The key
ingredient for a concept of quantiles is thus the ordering
it provides for observations sampled from ν.
Departing from what is known, F−1

ν appears to be the
unique solution of the optimal transport (OT) problem
between the uniform µ = U([0, 1]) and ν. By stating
this as a definition when d > 1, the authors of [1]
generalized univariate quantiles to define the Monge-
Kantorovich (MK) quantile function of ν as

Q = argmin
T :T#µ=ν

EX∼µ

(
∥X − T (X)∥2

)
,

where the push-forward constraint T#µ = ν means∫
X

g dν =

∫
T−1(X)

g ◦ T dµ.

A suitable choice of reference measure µ is the one of the
random vector RΦ, where R and Φ are independent
and drawn uniformly from [0, 1] and the unit hyper-
sphere Sd−1 = {φ ∈ Rd : ∥φ∥ = 1}, respectively. With
this choice, the unit balls B(0, α) have µ-probability
α, and the regions Q(B(0, α)) are nested and have ν-
probability α, and thus are appropriate candidates for
quantile regions, [1, 2]. Descriptive plots in the spirit
of multivariate boxplots are given in Figure 58.1 for a
banana-shaped distribution ν. The fact that the random
vector Q(U) follows ν as soon as U is sampled from µ
is crucial. It allows to claim that Q is able to capture
all the available information. Roughly, in Figure 58.1,
the same amount of mass is contained in the regions

delimited by two red curves, and the blue curves en-
capsulate quantile regions indexed by their probability
contents.

Figure 58.1 – For any distribution, on the right, a trans-
ported ordering from some reference measure, on the left.

Statistical tools

In R, the superquantiles and expected shortfalls com-
plement the information given by the quantiles. By fo-
cusing on which univariate features we aim to extend,
we defined in [3] the MK superquantile function

S(u) =
1

1− ∥u∥

∫ 1

∥u∥
Q(t

u

∥u∥
)dt,

and the MK expected shortfall function

E(u) =
1

∥u∥

∫ ∥u∥

0

Q(t
u

∥u∥
)dt.

The counterpart of Figure 58.1 by using S and E ins-
tead of Q induces the descriptive plots of Figure 58.2.
These functions describe central and peripheral areas
of point clouds, and they can be shown to characterize
random vectors and their convergence in distribution,
[3].
Theorem. Let ν1 and ν2 be probability distributions on Rd,
with respective MK superquantile and expected shortfall
functions given by S1, E1 and S2, E2. Then,

ν1 = ν2 ⇔ S1 = S2 µ-a.e. ⇔ E1 = E2 µ-a.e.
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Figure 58.2 – Descriptive plots, E on the left, S on the
right.

Theorem. Let νn and ν be such that their respective MK
quantile functionsQn andQ are continuous on B(0, 1)\0.
Then the weak convergence of νn towards ν is equivalent
to

∀u ∈ B(0, 1)\0, lim
n→+∞

En(u) = E(u)

and, for any compact K ⊂ B(0, 1)\0,

lim
n→+∞

sup
u∈K

∥En(u)− E(u)∥ = 0.

Besides, if one assumes that, for every n ∈ N and Xn

drawn from νn, there exists a random vector Z with
E[Z ln(Z)] < +∞ such that ∥Xn∥ ≤ Z, then the above
weak convergence is also equivalent to

∀u ∈ B(0, 1)\0, lim
n→+∞

Sn(u) = S(u).

Perhaps the most classical univariate application of
these notions is the measurement of risk, with the funda-
mental risk measures given by the Value-at-Risk (VaR)
and the Conditional-Value-at-Risk (CVaR). The risk fra-
mework considers a vector of lossesX ∈ Rd

+ where each
component is a positive measure. From our definitions,
one can just select a point with maximal norm within
a MK quantile contour (resp. superquantile) to get a
multivariate VaR (resp. CVaR), see [3] for further detail.
Such risk measurements summarize a given dataset to
answer the following :

- With probability α, what is the worst that can
happen?

- In case the worst happens, what shall we expect,
in average?

Using MK quantiles allows to take into account the
multivariate probability for the assertion “with proba-
bility α”. These are illustrated in Figure 58.3, with dif-
ferent choices of reference measure that correspond to
a center-outward or a left-to-right ordering for ν.

Figure 58.3 – VaR and CVaR, center-outward or left-to-
right ordering.

Estimation

In practice, the estimation of Q amounts to solve an OT
problem involving the empirical measure associated to
samples Y1, · · · , Yn from ν. Such problem yields a quan-
tile function whose values are constrained to belong
to the (Yi), unless one uses regularization in a second
step. Interpolation is desirable as soon as the focus is
on quantile contours and regions, or if it is required
to compute out-of-sample estimates Q(x), for any x.
The estimation of regularized MK quantiles is another
direction of my thesis, in which we advocated the use
of the entropic regularization of optimal transport, [4].
This results in the entropic map, that has the desirable
feature of being the gradient of a convex function, even
in practice, and that is rooted in the literature on com-
putational optimal transport.
Therefore, the estimation procedure requires to solve
the entropically regularized OT problem. Making use of
the fact that one of the two distributions is held fixed,
we were able to design a new algorithm tackling the
continuous OT in the limit n → +∞, for n the size of the
sample (Yi). The idea is to parametrize dual potentials
in the Kantorovich formulation of OT by their Fourier
coefficients, leading to a stochastic gradient descent on
absolutely summable sequences. Using stochastic algo-
rithms has two major consequences. On the practical
side, it allows to avoid the storage of the cost matrix of
size n2 between two samples of size n. On the theore-
tical side, one can use tools from random processes in
order to obtain consistency results, as in [4] where we
showed the almost sure convergence of the iterates of
our algorithm.
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L es modèles aux moments avec des fermetures adaptées peuvent donner lieux à des solveurs précis
et efficace dans la résolution d’équations cinétiques. Dans cette thèse, nous proposons une nouvelle

approche pour construire des schémas préservant l’asymptotique (AP), dans un premier temps pour le
modèle M1 du transport linéaire puis pour le modèle M1 du transport thermique non local. Dans les deux
cas, l’idée principale repose sur l’application de la fermeture M1 à l’échelle numérique dans un schéma AP
préexistant pour l’équation cinétique correspondante. Ce schéma est l’Unified Gas Kinetic Scheme (UGKS)
présenté originalement dans [1] et étendu pour le transport linéaire dans [2]. La construction et les
propriétés de ces différents schémas sont étudiées.

Le modèle M1 du transport linéaire
L’équation du transport linéaire décrit l’évolution de
la fonction de distribution f d’une population de par-
ticules dans l’espace des phases R × [−1, 1] au cours
du temps. Celle-ci traduit deux phénomènes physiques
différents, l’advection (transport) des particules ainsi
que les interactions avec le milieu. En une dimension
d’espace cette équation prend la forme suivante :

∂tf +
v

ϵ
∂xf =

σ

ϵ2
(ρ− f). (59.1)

avec ρ =
∫ 1

−1
f(v)dv la densité de particules, v ∈ [−1, 1]

la vitesse des particules, σ l’opacité du milieu et ϵ le
nombre de Knudsen, défini comme étant le rapport
entre le libre parcours moyen des particules et une lon-
gueur de référence. Résoudre cette équation est coûteux
d’un point de vue numérique à cause de la dimension
du problème. Pour ce faire un modèle intégré en direc-
tion, dit "aux moments" peut être résolu à la place en
supposant la forme de la fonction de distribution en
vitesse. Le modèle M1 est la première hiérarchie qui
permet de restaurer des phénomènes cinétiques :

∂tρ+
1

ϵ
j = 0

∂tj +
1

ϵ
ρ

(
1− 2

j/ρ

g(j/ρ)

)
= 0

(59.2)

Le fermeture M1 a été utilisée pour exprimer le der-
nier flux à partir des inconnus du système que sont
la densité ρ et la densité de courant j =

∫ 1

−1
vf(v)dv.

Cette repose sur un argument entropique pour impo-
ser une forme particulière à la fonction de distribu-
tion. Celle-ci minimise l’entropie de Boltzmann sous
la contrainte de la réalisation des moments et est
∀v ∈ [−1, 1], f̂(v) = eα+βv. Élaborer un schéma nu-

mérique pour l’équation cinétique ou le modèle au mo-
ment est complexe du fait des régimes asymptotiques.
En effet, lorsque le nombre de Knudsen tend vers 0
les collisions prédominent devant le transport et un
phénomène de diffusion peut être observé à l’échelle
macroscopique. Par ailleurs, à l’échelle microscopique
le terme source devient raide et difficile à traiter numé-
riquement. Au contraire lorsque le nombre de Knudsen
est grand les particules sont majoritairement advectées.
Pour correctement résoudre chacun des deux régimes,
il est nécessaire de développer des schémas numériques
qui préservent l’asymptotique (AP).
Dans cette thèse, nous proposons une nouvelle méthode
pour obtenir des schémas AP pour des modèles aux mo-
ments à partir d’un schéma numérique AP pré-existant
pour l’équation cinétique. Ce schéma est UGKS (Unified
Gas Kinetic Scheme) et repose sur la solution intégrale
de l’équation cinétique pour élaborer les flux. Cette mé-
thode présentent l’avantage de prendre en compte le
terme source dans les flux et ainsi de naturellement
obtenir un bon schéma. Il est alors possible de montrer
formellement que le schéma discrétise bien l’équation
dans chacun des régimes. L’idée principale pour obtenir
un schéma pour le modèle aux moments M1 est d’ap-
pliquer la fermeture entropique à l’échelle numérique
dans les flux d’UGKS. Cette procédure s’apparente à une
projection dans l’ensemble des fonctions de distribution
M1 à chaque pas de temps dans UGKS.
Plusieurs extensions à ce schéma sont proposées. Une
montée à l’ordre 2 n’altérant pas les régimes asympto-
tiques est développée. De plus le caractère général de la
méthode est démontré en étendant ce travail au modèle
P1 et au modèle M2. Une extension permettant d’as-
surer la réalisabilité des moments est aussi proposée.
Finalement ce nouveau schéma est validé sur différents
cas tests.
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Figure 59.1 – Densité dans le domaine à différents instants
pour UGKS, UGKS-M1 et UGKS-M2

Sur la figure 59.1, la densité dans le domaine est repré-
sentée à différents instants pour UGKS et le nouveau
schéma pour les modèles M1 et M2. On constate que
l’erreur commise par le modèle est réduite en augmen-
tant la taille de la hiérarchie du modèle.
Le modèle M1 du transport thermique
non local
Ce travail dans le cadre du transport linéaire a pu être
étendu dans un contexte physique plus pertinent et
proche des applications. Dans les codes hydrodyna-
miques pour la fusion par confinement inertiel, le flux
de chaleur doit être fermé. Pour ce faire une loi dite
locale peut être utilisée comme celle de Spitzer-Härm.
Néanmoins dans de nombreux cas hors équilibre, celle-
ci n’est pas suffisante et une résolution cinétique du
transport électronique est nécessaire [3]. L’équation
qui décrit ce phénomène est

∂tf +
v

ϵ
Ω ·∇xf =

σ(T )

ϵ2
(M [f ]− f) , (59.3)

où dans ce cas la fonction de distribution est à valeur
dans R3 × R+ × S2, Ω est un vecteur sur la sphère, σ
est l’opacité dépendant de la température T et M [f ]
est l’équilibre Maxwellien. Pour les cas d’application, la
résolution d’un modèle aux moments angulaire est suffi-
sante pour restituer les effets cinétiques. Contrairement
au modèle 1D, une variables cinétique est conservée
dans la hiérarchie de moments. La même démarche est
alors suivie pour obtenir un schéma numérique pour
le modèle M1 associé à cette équation. De même une
extension à l’ordre 2 est proposée.
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Figure 59.2 – Densité (à droite) et énergie (à gauche) dans
le domaine dans le cas d’un dépôt d’énergie dans une zone à
forte densité (avec UGKS-M1 d’ordre 2)

Sur la figure 59.2, la densité et l’énergie sont représen-
tées dans le cas d’un dépôt d’énergie dans une zone à

forte densité. Ce cas test met en évidence les capacités
du schéma à capturer les différents régimes.
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Figure 59.3 – Température et flux de chaleur local et non-
local dans le domaine

Sur la figure 59.3, des phénomènes caractéristiques
du transport thermique non local sont mis en évidence
sur le flux de chaleur dans le cas de la relaxation d’un
gradient de température en 1D et en 2D. On peut en
particulier observer le pré-chauffage (A), la limitation
du flux de chaleur (B), le flux anti-naturel (C) et enfin
la rotation du flux (D).
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