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Abstract 

A method for accurate description of coupled heat and mass transfer 

phenomena within wood-walls using linear, low-dimensional models 

has been proposed. The partial differentiai equations that describe the 

hydrothermal behaviour of the wall are first linearized, thus decoupled 

and finally reduced to a very low nurnber of ordinary differentiai 

equations using a powerful method based on singular valued 

decomposition techniques. Progressive empirical and numerical 

validation illustra tes the quality of the results. 

Nomenclature 

Cf Specifie heat of water in liquid state (J.kg - l .K - 1) 

Cs Specifie heat of the wood sol id matrix (J.kg -I.K- 1) 
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cv Specifie heat of water vapour ( J.kg - 1.K - 1) 

c Apparent specifie heat ( J.kg -l .K -l ) 

De Effective diffusivity ofwater vapour in the porous space (m2 .s-1) 

Dr1 Coefficient of water diffusion due to temperature gradients 

(rn 2 .s - 1 .K -1 ) 

DTv Coefficient of water vapour diffusion due to temperature gradients 

( 2 - 1 K - 1) rn .s . 

D wl Coefficient of water diffusion due to water content gradients 

(m2.s-t) 

Dwv Coefficient of water vapour diffusion due to water content 

gradients (m2.s-1) 

g Acceleration due to gravity (m.s- 2 ) 

J1 Water liquid density flux (kg.m - 2 .s - 1) 

J v Water vapour density flux (kg.m - 2 .s -l) 

J q Heat density flux (W.m -2 ) 

K1 Hydraulic conductivity (m.s -!) 

Kv Water vapour conductivity (m.s- 1) 

Ko Kossovitch number (-) 

L Wall thickness (m) 

Lv Latent heat of water vaporization (J.kg - l) 

Lu Luikov number (-) 
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p Total pressure (Pa) 

Pvs Saturated water vapour pressure (Pa) 

Pn Possnov number (- ) 

Rv Gas constant of water va pour (J.kg - l.K - 1) 

T Temperature (K), Cc) 

Time (s) 

x Space coordinate (rn) 

Wf Water content (kg water!kg drymatter) 

Wv Water vapour content (kg vapourlkg drymatter) 

Greek letters 

a Effective thermal diffusivity (m2 .s - l) 

am Diffusion coefficient ofmoisture (m2 .s - 1) 

8 Thermogradient coefficient(- ) 

ea Gas volume fraction, porosity (- ) 

e1 Liquid volume fraction(-) 

es Solid volume fraction (-) 

<p Relative humidity (- ) 

Â.e Effective thermal conductivity (W.m - 1.K - 1) 

Â. Apparent thermal conductivity (W.m- 1.K- 1) 

91 Dimensionless temperature (- ) 

82 Dimensionless water content(- ) 
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p 1 Water liquid density (kg.m- 3 ) 

Po Dry wood density (kg.m- 3 ) 

• Dimensionless tirne (-) 

\ji Water potential (rn) 

1. Introduction 

Living bouses built in massive wood are frequently found in countries 

like Canada and USA, and start to be an attractive way of construction in 

many others, especially because environmental properties of wood. Contrat-y 

to other construction materials, moisture migration through a building wood

made envelope may have a significant influence on indoor air quality and air

conditioning loads, especially cooling loads [1]. Modelling of coupled heat 

and moisture transfer becomes bence a key point for energy performance and 

air quality assessment of this kind of buildings. 

The phenomena of heat and mass transfer in capillary po rous media have 

many practical applications and there is a buge amount of publications 

related with. For the mathematical modelling of sucb pbenomena, either 

Liukov [2, 3] or de Vries [4] f01mulations are usually used. They are based 

on non-equilibrium thermodynamics and consist in a system of non-linear 

coupled partial differentiai equations which take into account the effects of 

the temperature gradient on the moisture migration. Non-linearity appears 

because the transport coefficients and the thermodynamic properties in the 

mode! are functions of either moistl:lfe content or temperature or both. A 

recent review of the research carried out on coupled beat and moisture 

transfer in building materials is provided in [5]. 

In spite of the existing knowledge and the amount of work carried out, 

building envelope models taking into account both beat and moisture transfer 

are rarely used in practice. The reason is the numerical added complexity 

compared to simple heat transfer models. For instance, simulating the 

thermal behaviour of the envelope of a medium-size household with a beat 
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conduction mode! involves solving a system of typically sorne hundreds of 

linear ordinary differentiai equations (o.d.e), while simulating its behaviour 

with coupled heat and moisture transfer modelling implies multiplying by 

two the number of o.d.e to be solved as weil as moving from linear to non

linear differentiai equations. As a result, the simulation of the hydrothermal 

behaviour of buildings could be computationally intensive and damning for 

engineering applications, especially those requiring either a large number of 

simulations (i.e., sensitivity analyses, design optimization, etc.) or real-time 

simulations (i.e., temperature and humidity control). 

While there are many situations where moisture migration through the 

building envel ope can be neglected, modelling of coupled heat and moisture 

transfer becomes necessary for predicting indoor air quality and air

conditioning loads in buildings with envelopes made of wood. This paper 

focuses on building envelopes made of massive wood. The objective is to 

provide a method for accurate description of coupled heat and mass transfer 

phenomena within using Iow-dimensional models. Starting from the De Vries 

formulation of the problem, partial differentiai equations are first linearized, 

thus decoupled and fmally reduced to a very low number of ordinary 

differentiai equations. 

Section 2 describes the experimental context that has been used for 

models validation purposes. lt includes both laboratory scale measurements 

of the physical properties of the studied wood as weil as on-site wall 

monitoring. Equations goveming heat transfer and moisture migration within 

the wall are established in Section 3, and empirical validation of the resulting 

mode! is canied out. The method proposed for Iinear, low-dimensional 

modelling of the wall behaviour 'is presented in Section 4. It includes both 

numerical and empirical validation of the results. 

2. The Experimental Context 

The studied wall is part of a living house built in massive wood (Figure 

1, left) which is located in France (Gironde). The wallis 130mm thick, north 

faced. lt is made up of Pinus sylvestris vertically glue-backed beams (Figure 

1, right). 
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Figure 1. Picture of the building (left side) and picture of one bearn (right 

side). 

2.1. Physical properties of the wood 

Main physical properties of the wood have been measured at the 

laboratory scale. Results achieved are briefly described here. For a detailed 

description of the experimental techniques that have been used and a deeper 

results discussion, see [ 6]. 

Sorption isotherms have been measured by the method of saturated salt 

solutions [7] for temperatures ranging from 20°C to 60°C. Figure 2 shows the 

results achieved. Points represent measurements while continuous !ines come 

from the mode!: 

WfmCK<p 
Wf = ' (1 - Kc.p)(I + CKcp - Kcp) 

(1) 

where cp(- ) and Wf (kg water/kg dry matter) represent, respectively, the 

relative humidity and the water content at equilibrium. Parameters w1m, C 

and K depend on both the medium natufe and the temperature T(0 C). Their 

values have been obtained by fitting mode! (1) to measurements (non-Iinear 

!east squares method): 

Wtm = - 1.3786 X 10- 5T2 + 0.0004558T + 0.069, 

C = 0.0064T2 - 0.58T + 22, 

K = 3.7 143 x 10- 5 T2 - 0.00077T + 0.747. (2) 
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A very good agreement between the model and the measurements is 

observed. The free-water domain starts at approximately 0.12kg.kg - 1
. 
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Figure 2. Sorption isotherms: measurements (symbols) and predicted values 

(continuous line) using model (1). 

The density of dry wood bas been measured on 20 different samples. 

Mean value retrieved is p0 = 390kg.m - 3, with standard deviation equal to 

14kg.m - 3. Taking into account that the density of the cellulose is about 

1200kg.m - 3 , the porosity of dry wood is 67.5%. 

The so called "hot strip method" [8) has been applied for measuring the 

apparent thermal conductivity (A.) and the apparent thermal effusivity (E) of 

the wood using 10 different samples. Results achieved for measurements 

carried out in the direction perpéndicular to the fibres of the wood are 

reported in Figure 3. At Wt = Okg.kg - l , effusivity and conductivity values 

are E = .Jp0 c0 À. = 234(J.m-2 .K-1.s-lf2 ) and À. = O.ll(W.m- t.K- 1) . They 

allow estimating the specifie beat of the dty wood: c0 = 1276(J.kg - l.K- 1 ). 

We remind that apparent thermal conductivity recovers both beat conduction 

and heat transfer due to evaporation/condensation phenomena governed by 

temperature gradients (see Subsection 3.1 , equation (11)). 
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The diffusion coefficient of water vapour within the wood when 

submitted to a water content gradient at uniform temperature (30°C) has 

been measured by a static gravimetrie method [9]. Values achieved ranges 

from 4.9 x 10-9 m2.s-1 to 5.4 x 10-9 m2 .s- I for water contents between 

0.152kg.kg- 1 and 0.164kg.kg-1. 

The permeability-to-air measurements have been canied out by the static 

method proposed in [10]. Values obtained range fonn 10-IS m2 to 10- 17 m2
. 

Consequently, we will assume in the following that heat and moisture 

transfers due to air flow within the wall are negligible. 
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Figure 3. Apparent thennal conductivity (left side) and thennal effusivity 

(on the right): measurements (syrnbols with error bars) and simulated values 

(continuous line) using mode! ( 11). 

2.2. On-site measurements 

The thennal and humidity behaviour of the wall has been monitored 

from 09/27/04 to 11110/04. Four sensors of temperature-humidity 

(SENSIRION SHT7x) have been placed within the wall at 20, 55, 75 and 

110 mm from the indoor wall surface. W ater content within the wall has been 
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estimated using mode) (1) with temperature and relative humidity recorded 

data. Measured time series are depicted in Figure 4 (sampling time = 10min). 

Figure 5 shows that the wall is working on the free-water zone ( Wf > 

0.12kg.kg - l ). It also evidences a low sensitivity of the water content with 

regard to the temperature (ranging from 10 to 25°C during the experiment). 

The normalized cumulative density power spectrums (shortly cumulative 

spectrums or periodograms [ 11]) of the recorded temperature and water 

content data are depicted in Figure 6. We remind that this statistic describes 

how the variance of a time series is distributed on frequencies. When 

comparing the cumulative spectrums of temperature data (symbols) with the 

cumulative spectmms of water content (lin es), it is remarked that recorded 

signais for water content are much richer in frequencies than temperature 

signais: 20% of the variance of water content signais is concentrated at 

frequencies beyond 24h - ! while only 5% of the temperature variance goes 

beyond; at frequencies higher than 12h - l, the variance of temperature series 

becomes negligible while that of water content is about 5%. This is 

surprising because characteristics times of water diffusion are typically much 

lower than those of heat diffusion. As we have high confidence on 

temperature measurements, we conclude that measurements of water content 

are likely biased because the small cavities where the sensors are placed are 

not airtight enough. In such a case, it is expected two different vapour 

transfer mechanisms to be in competition. Convection due to air flow is the 

mechanism dominating transfers at short times (high frequencies), while 

diffusion dominates vapour transfer at long times (low frequencies) . A 

deeper discussion on this point can be found in [1]. 
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Figure 4. Measured data: temperature (top) and water content (bottom). 
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Figure 5. Water content vs. relative humidity. 
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Figure 6. Cumulative spectrums for temperature time series and water 

content time series. 

3. Heat-moisture Transfer Reference Model 

Equations governing heat transfer and moisture migration within the wall 

are here recalled. The wall surface is assumed to be large enough compared 

to the thickness (L) so that 1 D modelling applies. Transfer mechanisms and 

phenomenologicallaws are presented in Subsection 3.1. Next section focuses 

on energy and mass conservation equations. Empirical validation of the 

mode! is carried out in Subsection 3.3. 

3.1. Mechanisms and phenomenology laws for transfers 

Wood is a heterogeneous material made of a solid phase (wood matrix), a 

liquid phase (liquid water) and a gas phase (air and water vapour). At the 

scale of the equivalent continuum, the phenomenological laws describing 

mass and heat density flux can be written as: 

Jz = -pz(Dwz owz + Drt oT) Liquid water, 
OX ox (3) 
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( ôwz ôT) Jv = - p/ Dwv -- + Drv- Water vapour, 
ôx ôx 

(4) 

(5) 

T and Wf represent the temperature and the water content, respectively. p1 is 

the density of water in liquid state and Lv represents the enthalpy of water 

vaporisation. One must notice that equation (3) assumes that gravity and 

adsorption phenomena are negligible. For establishing equation (4), it is 

supposed that the gas within the wood works as an ideal gas. Indeed, the total 

pressure gradient and the air density flux are assumed to be negligible. Main 

assumption in equation (5) is that convective heat flux is negligible compared 

to conduction and evaporation-condensation flux. 

Diffusion coefficients Dwt and DT/ are generally given by: 

(6) 

where K1 = K1(w1) is the hydraulic conductivity of the wood and 'l' 

represents the total water potential in equilibrium with vapour (shortly water 

potential in the following). We remind that water potential 'l' and relative 

humidity <p are related by the Kelvin law; 

(7) 

where gand Rv are, respectively, the acceleration due to gravity and the gas 

constant of water vapour. 

As fmmally demonstrated in [12], diffusion coefficients Dwv and Drv 

for water vapour can be written as: 
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(8) 

with 

K = D p _l_ Pvsg<p 
( )

2 

v e p - <pPvs RvT p 1 ' 
(9) 

P and Pvs represent the total pressure and the saturated water vapour 

pressure, respectively. The diffusion coefficient De is: 

D - e D with e = l - e - e1 = 1 - & - & w1 (! 0) 
e - a eo a s Ps Pi • 

where D eo represents the diffusion of water vapour in air within the wood 

and Ba is the volume fraction of gas (porosity). 

As shawn in equation (5), the apparent thermal conductivity of the wood 

is defined as: 

(11) 

Àe is the so called effective thermal conductivity, which is generally 

assumed to be dependent on moisture content as follows: 

(12) 

where À sa and Àta represent, respectively, the thetmal conductivity of dry 

wood and the sensitivity to the moi sture content. Model (Il) with equations 

(8), (9) and (12) bas been fitted on the available data for apparent thermal 

conductivity in order to estimate values of parameters Àsa • Àta and D eo· 

Results achieved are reported in Table 1. As shown in Figure 3, there is a 

qui te good agreement between madel (11) and measurements. 
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Table 1. Parameters of mode! (11): values obtained by fitting the mode! on 

measured data of apparent thermal conductivity 

w, :::;; 0.12kg.kg- ] w, > 0.12kg.kg-l 

0.1053 0 .1298 

!...1a(W.m-1.K-L) 0 (freezed) 0.0084 

3.905 x 10-5 1.046 x 10-4 

3.2. Energy and mass conservation equations 

One-dimensional mass and energy conservation equations can be written 

as: 

(13) 

(14) 

p0 is the density of dry wood and Wv represents the water vapour content. 

The enthalpies of the phases are: 

where cs, Cf and Cv are the corresponding specifie heats. Dimensionless 

analyses carried out in [13] prove that the effect of Wv in the left part of 

equations (4) and (5) can be neglected. Itis also shown that ] 1 « ]v under 

actual wall working conditions. Renee, reporting equations ( 4 )-( 5) and 

equation (15) into equations (13)-(14) yields equations (0 < x < L): 

c aT(x, t);::: _Q_ (Â. aT(x, t)) + ·L awt(x, t) 
Po at ax e ax Po v at ' 

awt(x, t) ;::: _Q_( D aT(x, t)) + _Q_( D aw,(x, t)) 
Po at ax Pl Tv âx âx Pt wv ax · (16) 
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They can also be written as: 

ôT(x , t) _ _È_(t.. ôT(x, t)) + _È_(p L D ôw1(x, t)) 
PoC ôt - ôx ôx ax l v wv ax ' 

ôw1(x, t) _ _È_( D ôT(x, t)) _È_( D ôwt(x, t)) 
Po ôt - ôx Pt Tv ôx + ôx Pt wv ôx ' 

c represents the apparent specifie heat. 1t is given by: 

Boundary conditions of frrst kind are considered: 

{

T(O, t) = I:t=o(t) 

T(L, t) = Tx=L(t) 

3.3. Empirical validation 

wt(O, t) = w1x=O (t) , 

Wt(L, t) = Wtx=L (t) . 

(17) 

(18) 

(19) 

Validation of the mode! given by equations ( 17) and ( 19) is carried out 

by comparing temperature and water content measurements to simulations. 

Taking into account available on-site measurements, a wall of 90mm in 

thickness instead of 130mm has been considered. Prescribed temperature and 

water content at the boundaries of the mode led wall are bence assumed to be 

given by the measured data at 20mm and 11 Omm from the indoor surface of 

the actua1 wall. Observations for model/data comparisons are temperature 

and water content values at 55mm-and 75mm from the indoor surface of the 

actual wall. They are referred as (Tssmm, Wtssmm) and (T75mm > whsmm) in 

the following. 

Sorption isotherms are calculated using equations (1)-(2). Water vapor 

diffusion coefficients are given by equations (8)-(9). Mode! (12)-(13) is used 

for calculating apparent thermal conductivity while equation (18) supplies 

apparent specifie heat values. Measured/estimated values of p0 , c0 and Dea 
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have been used: Po = 390kg.m-3, C0 = 1276J.kg-l.K-l and Deo = 1.046 x 

10-4m2 .s- 1
. Besides, we remind that P = 101325Pa, Rv = 

461.52J.kg- l.K-1, g = 9.8Jm.s-2, Ps = 1200kg.m- 3, Pt= IOOOkg.m- 3, 

Cf = 4181J.kg- J.K- 1, Cv = 1868J.kg- l.K- l and Lv = 2440000J.kg-1. 

The method of fmite volumes has been used for spatial discretization 

of equations (17) and (19). This leads to the following non-linear, 

2n-dimensional (n = 130) state model: 

Tx=o(t) 

!!:_[T(t)] = A[T(t)] + E Wfx=o(t) 

dt w(t) w(t) T:"I:=L (t) 

Wfx=L(t) 

(20) 

T(t) is the vector (n x 1) of temperatures at the control volumes white w(t) 

is the vector (n x 1) ofwater contents. The elements of matrices A (2n x 2n) 

andE (2n x 4) depend on both the temperature and the water content. 

Time-integration of the state mode! above has been carried out using the 

modified Rosenbrock method [14] implemented in the "odel5s" function of 

Matlab. Measured temperatures Tssmm and T75mm (symbols) as weil as 

simulated ones (continuous lines) are depicted at the top side of Figure 7, 

while the simulation error is represented at the bottom. A very good 

agreement is observed between measur'ements and simulations. It can be seen 

that differences between measurements and simulations are most of the ti me 

within the interval ofmeasurements uncertainty (±0.5°C). 
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Figure 7. Comparison between temperature measurements and simulations: 

temperature time series (top) and simulation errors (bottom). 

As expected, a significant disagreement is observed between Wssmm and 

w7smm measured values and simulations (Figure 8). However, because of 

unreliability of water content measurements (see Subsection 2.2) such results 

cannot be used for model rejection. From a physical point of view, model 

simulations behave better than measurements because smoother. Indeed, the 

model is able to describe main trends (low-frequency behaviour) observed in 

the data. The differences between measurements and simulation are always 

less than 6%. 
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Figure 8. Comparison between water content measurements and simulations. 
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4. Linear, Low-dimensional Heat-moisture Transfer Model 

The non-linear mode! in the previous section is here considered as a 

reference model. In Subsection 4.1, we prove that the reference mode! can be 

replaced by a linearized mode! without significant Joss of accuracy. In next 

two sections a method for efficient reduction of the dimension of the 

linearized mode! is described. Subsection 4.4 focuses on validation of the 

resulting low-dimensional approximation of the studied problem. 

4.1. Reference modellinearization 

Non-linear nature of the reference mode! is due to the variations of 

coefficients À, c, Drv and Dwv with the temperature and the water content. 

Using the values of temperature and water content within the wall that have 

been simulated with the reference model, coefficients À, c, Drv and Dwv 

have been calculated. Results achieved are depicted in Figure 9. The apparent 

specifie beat only depend on the water content, while coefficients À, Drv 

and Dwv depend on both temperature and water content. However, under 

actual wall working conditions, variations of À, Drv and Dwv with water 

content are not really significant (see Figure 9, low dispersion of points 

around the trend). 

A linear version of the reference mode! (linearized mode! in the 

following) can be reached by freezing À, c, Drv and Dwv coefficients 

to suitable constant values. An efficient iterative method for automatic 

linearization of non-linear diffusion models has been proposed in [15). It is 

proven that the 'best' linear approximate model is obtained when replacing 

non-linear parameters by their respective mean values. Taking inspiration on 

this previous work, constant values for coefficients À, c, Drv and Dwv have 

been calculated as follows: 

J
lend fL 

8 = =O x=O 8(T(x, t), wt(x, t))dxdt, 8 =À, c, Drv• Dwv• (21) 

where T(x, t) and w1(x, t) represent the temperature field and the water 
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content field simulated with the reference model. This leads to À = 
Oo2452Wom- 1.K- 1, c = 190607J.kg - IOK- 1, Drv = 4o7082 x 10- 11 m2os-1.K- 1 

and Dwv = 409754 x I0- 9 m2os- 1 
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Figure 9. Variation of reference model coefficients À, c, Drv and D}w with 

the temperature and the water content. 
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The linearized madel is hence defined by equations ( 17) and (19) with 

the values above for Â., c, Drv and Dwv coefficients. As previously, the 

finite volumes method has been used for spatial discretization of the 

linearized madel. This yields a 2n-dimensional (n = 260) state madel as the 

one given by equation (20) but with constant A and E matrices. The modified 

Rosenbrock method has been used again for time-integration of the state 

madel. Simulation results have been compared with those of the reference 

model. At the top of Figure 10 are represented the differences observed 

between bath madel in terms of simulated temperatures (Tssmm and T75mm ), 

while the relative differences in terms of water content ( Wfssmm and T,
75

mm) 

are depicted at the bottom part. One remarks a quite good agreement between 

both models. This proves that, under actual wall working conditions, the 

reference madel can be replaced by a linearized madel without significant 

Joss of accuracy. 

4.2. Decoupling beat and moisture equations 

As evidence in recent reviews [16, 17], there is numerous and efficient 

techniques that can be used to reduce the dimension of linear time-invariant 

state models. They could be directly applied to the state madel associated 

to the linearized heat-moisture transfer problem (equation (20) with constant 

matrices). However, as shawn in next section, higher numerical efficiency 

will be achieved ifheat and moisture equations are first decoupled. 

Firstly, let us consider the standard dirnensionless form of such equations 

(equation (16) with constant coefficients). For points within the wall, they 

are written as: 

(22) 
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T - T 
81 = T _; (dimensionless temperature); 

s 0 

W[o- Wf 
82 = ( dimensionless mois ture); 

Wfo - Wfs 

Ko = Lv wzo - wzs (Kossovitch number); 
c Ts- T0 

Lu = am (Luikov number); 
a 

Pn = 8 Ts - To (Possnov number); 
wzo - Wfs 

a.t (d' . 1 . ) 1: = 2 1menswn ess time ; 
L 

x = ~ (dimensionless coordinate) 

(T0 , Wf ) and (Ts, w, ) represent constant temperature and moisture values 
0 s 

chosen for dimensionless variables definition. a= Àelp0 c is the effective 

thermal diffusivity and am = PtDrvfp0 c is the diffusion coefficient of 

moisture. 8 = Drv / Dwv represents the so called thermogradient coefficient. 

Boundary conditions (equation(19)) become: 

{

81(0, 1:) = 8l.x=O(•) 82(0, 1:) = 82,x=o(•), 

8t(l, 1:) = 8t,x=L(•) 82(1, 1:) = 82,x=t(•) 
(23) 

lt is well known that the coup led system of partial differentiai equations 

(22) can be reduced to decoupled pure beat conduction equations where the 
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potentials are presented by combined variables being a linear combination of 

output variables [1 8]. The transformation from the potentials 9k==l,2{x, -r) to 

new functions Zk==l, 2 (x, -r ), is taken as (see, i .e., [19] for derivation): 

2 
Zk(x, -r) = 81 {x, -r) + vkp: l 82{x, -r), (k = 1, 2), (24) 

where 

Thus, from equation (24) it follows 

(26) 

and from equation (25) 

2 2 1 ( 2 )( 2 ) vl v2 = Lu and v1 - 1 v2 - 1 = -KoPn. (27) 

Introducing equation (25) into problem (22)-(23) and using the relations 

(27), the system of equations governing the evolution of the functions 

zk=l,2{x, -r) becomes: 

(k = 1, 2) 

subject to the boundary conditions given by: 

vf - 1 
Zk(O, 1:) = 91{0, 1:) + Pi792(0, 1:), (k = 1, 2) , 

(28) 
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Renee, the solution of the linearized problem of heat and moisture transfer 

within the wood can be obtained by solving two decoupled diffusion 

equations. 

4.3. Model size reduction 

The so called truncation methods are the most widely used techniques for 

linear, time-invariant state models reduction. They are based on the use of 

proper ( often orthogonal) basis allowing identification of sorne few dominant 

components (referred as directions, eigenvectors or modes), so that a low

dimensional approximate description of the problem is obtained by 

projection of the initial high-dimensional madel on the dominant eigenvectors 

of the basis. 

Let us consider the two models given by equations (28) and (29). After 

convenient spatial discretization, the two following n-dimensional state 

models (k = 1, 2) are obtained: 

2 dZ k (t) ( ) ( ) vk ----;if= MZk t + NUk t (30) 

Zk(t) is the vector (n x 1) of Zk(x, 't') values at the control volumes, while 

Uk(t) = [Zk(O, 't') Zk(l, 't')]'. Dimensions of matrices M and N are (n x n) 

and (n x 2), respectively. In matrix form, dimensionless temperature and 

water content within the wall are written as: 

9(t) = HZ(t) (31) 

with 

[
91 (t)i [Z1 (t)l ' 1 [2(v~ -1)1 

O(t)= ;Z(t)= ;H = 
2 2 

92(t) Z2(t) v2 - vl -Pnl 

2(vf - 1)11. 

Pnl 

The objective of mode! reduction is to replace equations (30)-(31) by a lower 

size (2r « 2n) state madel of the general forrn: 

(32) 
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so tbat G(t) provides an accurate enough approximation of 6(t). Dimensions 

ofvector and matrices in equation above are now: X~c(t)(r x 1), F~c(r x r), 

B~c(rx2) and C(nxr). Besicles, X(t)=[X1(t)X2(t)]' and U(t)= 

[Ul(t) U2(t)]'. 

First step of mode! reduction consists in rewriting equations (30)-(31) by 

considering Z~c(t) = Zk(t) + Zf (t), wbere the so called pseudo static regime 

is defmed by: 

Doing so, it can be easi1y proven th at equations (30)-(31) become: 

{

âLf(t) = M zd() N dU~c(t) 
dt k k t + k dt ' 

6(t) = Hzd (t) + SU(t) 

(34) 

with 

As explained in [20], moving from equation (32) to equation (34) bas 

the advantage of allowing mode! reduction witbout perturbation of the 

static behaviour of the system. Reduction is applied so that Zk(t) remains 

uncbanged, only Zf (t) will be approached. 

Second step of mode! reduction is a fundamental step. The objective is to 

choose and to calculate a suitable projection basis, also called transformation 

matrix Pk (n x n ). The choice of the basis makes the main difference among 

reduction methods [16]. The most popular one in thermal analysis is the 

modal basis (i.e., [20]), which co mes from spectral decomposition of the state 

matrix Mk· On the contrary, people working in control prefer using the 

so called balanced realisation [21]. Most striking feature of reduction 
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methods based on balanced realisation is accuracy. They provide optimal 

approximations of the initial mode! in the sense of different use fu! norms of 

the approximation enor. Counterpart is the computing time required for 

calculating them, which is much more important that the time required 

by modal approximations. An attractive balance between accuracy and 

computing time is provided by the so called singular basis recently 

proposed by Ait-Yahia and Palomo del Banio [22, 23]. It takes inspiration of 

Singular Values Decomposition techniques and provides nearly optimal 

approximations of the initial mode! with computing times comparable to that 

of modal approaches. lt is the one chosen in this paper and briefly described 

below. 

Calculating the singular basis Pk involves first computing the 

controllability gramien W~c(n x n) of system (34) by solving the following 

Lyapunov equation: 

(36) 

Thus, canying out spectral decomposition of Wk. As Wk is a syrnmetric, 

positive definite matdx, this yields 

(37) 

:Ek = diag[a[,k cr~,k ... a~,k] with crf.k :2': a~,k ~ ... ~ cr~,k > 0 is a 

diagonal ma tri x including wk eigenvalues( w k eigenvectors are colurnn

wise placed in Pk. They forman orthogonal basis: PkPk = 1. 

According to equation (35), Lyapunov equations above (k = 1, 2) can 

also be written as: 
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with N0 = N1 = N2. This means that viW1 = v[W2 and consequently 

P = P1 = P2. This is an important result that highlights the interest of 

decoupling heat and moisture equations as done in Subsection 4.3. In 

practice, getting P = P1 == P2 involves solving one Lyapunov equation of 

dimension (n x n) instead of (2n x 2n ) , thus diagonalization of an (n x n)

matrix instead of a (2n x 2n)-matrix. For small problems (say Jess than 500 

ode), it is reconunended to apply standard methods (i.e., Bartels-Stewart [24] 

and Hammarling [25]) to solve the Lyapunov equation. Large sparse 

Lyapunov equations, as those coming from heat transfer problems, can be 

efficiently solved by iterative Krylov subspace methods [26]. 

Third step of model reduction involves projection of mode! (34) on 

the dominant eigenvectors of P, which are those associated to the Iargest 

eigenvalues. Let P,. be the matrix including the first r columns of P. A 

2r-dimensional approximation of the studied problem is achieved by 
d - d -

applying the transformations Z 1 (t) = P,.ZI(t) and Z2(t) = P,.Z2(t) to 

equation (34). Taking into account that P;P,. = 1, this Ieads to: 

{
dZ~c(t) _ M -z ( ) N dU k(t) 

dt - k k t + 0 dt ' 

O(t) = HZ(t) + SU(t) 

(39) 

with Mk = P{.MkP,.(r x r) , N 0 = P{.N 0 (r x 2) and H = H[P,.](2n x 2r). 
P,. 

To avoid U time-derivatives in equâtion above, the following change of 

variables can be applied: Z k(t) ~ Z,.(t)- N0 Uk(t). We get: 

(40) 
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4.4. Validation 

The reduction technique described above has been applied for reaching 

low-dimensional approximations of the linearized problem of heat-moisture 

trans fer within the wood. W e remind that coefficients of the linearized model 

are 8 = 0.0127, a= 1.7518 x 10-7 m2.s- 1 and a 111 = 9.5075 x 10-9 m2.s-1. 

(T0 , w10 ) and (Ts, Wfs) values for dimensionless variables defmition are 

(7.3°C, 0.1332kg/kg) and (26.6°C, 0.1824kg/kg), respectively. This leads 

to Lu = 0.0543, Ka = 3.2686 and Pn = 4.9713. 

Reduced models of dimension up to 10 have been calculated and used for 

simu1ating the wall behaviour. The relative approximation errors associated 

to these models are defined as: 

( ) -1 T(x, t)-T(x, t) 1 100 eT x, t - T(x, t) x ' 

( ) = 1 w,(x, t)- w,(x, t) 1 100 ew x, t ( ) x , 
Wt X, t 

where T(x, t) and w1(x, t) represent, respectively, the field of temperature 

and water content field predicted by the full-dimension (2n = 260) mode!, 

while r(x, t) and w1(x, t) are those retrieved by using law-dimension 

models (2r = 4, 6, 8, 10). The maximum values 

eT,max = max [eT(x, t)], 
O<x« L , Ü<l <lend 

provide a first evaluation of the reduced models. Table 2 shows that both 

eT, max and ew1, max decrease when increasing the mode! dimension as 

expected. Besides, it can be seen that maximum relative error associated to 

the 4-dimension model are already very low. 
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Table 2. Evaluation of the low-dimension models through the associated 

maximum value of the relative approximation error in predicted temperatures 

and water contents 

Mode! eT, max(%) ew1,max (%) 
dimension 2r 

4 0.0576 0.1730 

6 0.0069 0.0328 

8 0.0042 0.0186 
---------

10 0.0019 0.0089 

0.01,----,----,--- -,----,--- - ,--- -,----,.---, 

-o.o1 o~---=o'=-.s---'----,1:'::-.5--~2 ---::2.:'::-5--~3 - - --=35'=---.l •. 
lirre(s) x10G 

1 :•10 

1 ~ 
j _~IMHIIM._~~H·Miilill+H+M...,IH-~ 

~ ~ 
~L------=o~.5---'----,1~.5--~2 ----=.L .. --~----=3~ .• ---~. 

lirre(s) X10e 

Figure 11. Comparison between the full-dimension mode! and the reduced 

4-dimension model. Differences in terms of simulated temperatures (top) and 

simulated water contents (bottom). 

Figures 11 to 13 allow a better appreciation of the quality of the 

4-dimensional mode! (4 ode). In Figures 11 and 12, it is compared with the 

full-dimension model (260 ode), while in Figure 13, it is compared with 

temperature measurements. 
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At the top of Figure 11 are represented the differences T(x, t) - T(x, t), 

while w,(x, t)- w,(x, t) approximation errors are depicted at the bottom. 

There are as many curves as control volumes in the discretized linearized 

mode! (130). An excellent agreement is observed between the full-dimension 

and the 4-dimension models. Heat flux and water vapour flux at the wall 

boundat;es predicted by the full-dimension madel (symbols) and the 

4-dimension madel (continuous !ines) are depicted in Figure 12. Again, the 

agreement between both models is excellent. 

Figure 13 shows the differences observed between the available 

temperature data (measurements at 55mm and 75mm from the indoor surface 

of the actual wall) and the 4-dimension model predictions. Comparing such 

results with tho se in Figure 7, we can conclude that no significant differences 

exist between the linear 4-dimension madel and the non-linear 260-

dimension model. On the contrary, using the 4-dimension mode! allows 

reducing more than 99.9% the CPU time required for simulating the wall 

behaviour. 

Figure 12. Comparison between the full-dimension mode! (FM, symbols) 

and the reduced 4-dimension mode! (RM, continuous !ines). Heat flux (top) 

and water vapor flux (bottom) at the wall boundaries. 
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·•o!:-----;o~.5----;-----,,;';:_5------;;-2 ----,2.5f.:-----!:-3 ----,asf.:-----J. 
lln-e (s) x 10• 

Figure 13. Difference between the temperatures predicted by the reduced 

4-dirnension model and the measurements. 

5. Conclusion 

A method for accurate description of coupled heat and mass transfer 

phenomena within wood-walls using linear, low-dimensional models bas 

been proposed. Starting from De Vries formulation of the problem, partial 

differentiai equations are first linearized, thus decoupled and finally reduced 

to a very low number of ordinary differentiai equations using a powerful 

method based on singular valued decomposition techniques. 

Progressive empirical and numerical validation of the results has been 

carried out. First validation (empirical) refers to the non-linear full

dimensional mode!. The second one (numerical) shows that such mode! can 

be replaced by a linearized mode! without significant Joss of accuracy. Last 

one (numerical and empirical) proves that a simple linear, time-invariant state 

madel form by 4 ordinary differentiai equations is able to provide excellent 

results when it is used to predict temperature and water content behavior of 

the studied wall. A very significant reduction of the CPU time is achieved 

using this model instead of the initial, high-dimensional one. 
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