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Abstraet

A method for accurate description of coupled heat and mass transfer
phenomena within wood-walls using linear, low-dimensional models
has been proposed. The partial differential equations that describe the
hydrothermal behaviour of the wall are first linearized, thus decoupled
and finally reduced to a very low number of ordinary differential
equations using a powerful method based on singular valued
decomposition techniques. Progressive empirical and numerical
validation illustrates the quality of the results.

Nomenclature

] Specific heat of water in liquid state (J bt e )

Ey Specific heat of the wood solid matrix (Jkg™' K1)
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Specific heat of water vapour (Jkg ' K1)
Apparent specific heat (J.kg_l.K_l)

Effective diffusivity of water vapour in the porous space (mz.s_])
Coefficient of water diffusion due to temperature gradients
(m?s~' K1)

Coefficient of water vapour diffusion due to temperature gradients
(s 'K

Coefficient of water diffusion due to water content gradients
(m*s7)

Coefficient of water vapour diffusion due to water content
gradients (mz.s_l)

Acceleration due to gravity (m.s"z)

Water liquid density flux (kg.m>s7")

Water vapour density flux (kg.m_2 .s_l)

Heat density flux (W.m_z)

Hydraulic conductivity (m.s')

Water vapour conductivity (ms™')
Kossovitch number (-)

Wall thickness (m)

Latent heat of water vaporization (J .kg—l)

Luikov number ()



Wi

Wy

Reduced Models for Coupled Heat and Moisture Transfer ...

Total pressure (Pa)
Saturated water vapour pressure (Pa)
Possnov number (—)

Gas constant of water vapour (J.kg_l.K_l)

Temperature (K), (°C)
Time (s)
Space coordinate (m)

Water content (kg water/kg drymatter)

Water vapour content (kg vapour/kg drymatter)

Greek letters

Effective thermal diffusivity (m?s™!)

Diffusion coefficient of moisture (m?s™')

Thermogradient coefficient (-)

Gas volume fraction, porosity (-)

Liquid volume fraction (—)

Solid volume fraction (-)

Relative humidity (-)

Effective thermal conductivity (W.m™1.K™1)
Apparent thermal conductivity (W.m™ K1)

Dimensionless temperature (—)

Dimensionless water content (—)
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Py Water liquid density (kgm™)

Py Dry wood density (kg.m™ )

T Dimensionless time (—)

L} Water potential (m)
1. Introduction

Living houses built in massive wood are frequently found in countries
like Canada and USA, and start to be an attractive way of construction in
many others, especially because environmental properties of wood. Contrary
to other construction materials, moisture migration through a building wood-
made envelope may have a significant influence on indoor air quality and air-
conditioning loads, especially cooling loads [1]. Modelling of coupled heat
and moisture transfer becomes hence a key point for energy performance and
air quality assessment of this kind of buildings.

The phenomena of heat and mass transfer in capillary porous media have
many practical applications and there is a huge amount of publications
related with. For the mathematical modelling of such phenomena, either
Liukov [2, 3] or de Vries [4] formulations are usually used. They are based
on non-equilibrium thermodynamics and consist in a system of non-linear
coupled partial differential equations which take into account the effects of
the temperature gradient on the moisture migration. Non-linearity appears
because the transport coefficients and the thermodynamic properties in the
model are functions of either moisture content or temperature or both. A
recent review of the research carried out on coupled heat and moisture
transfer in building materials is provided in [5].

In spite of the existing knowledge and the amount of work carried out,
building envelope models taking into account both heat and moisture transfer
are rarely used in practice. The reason is the numerical added complexity
compared to simple heat transfer models. For instance, simulating the
thermal behaviour of the envelope of a medium-size household with a heat
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conduction model involves solving a system of typically some hundreds of
linear ordinary differential equations (o.d.e), while simulating its behaviour
with coupled heat and moisture transfer modelling implies multiplying by
two the number of o.d.e to be solved as well as moving from linear to non-
linear differential equations. As a result, the simulation of the hydrothermal
behaviour of buildings could be computationally intensive and damning for
engineering applications, especially those requiring either a large number of
simulations (i.e., sensitivity analyses, design optimization, etc.) or real-time
simulations (i.e., temperature and humidity control).

While there are many situations where moisture migration through the
building envelope can be neglected, modelling of coupled heat and moisture
transfer becomes necessary for predicting indoor air quality and air-
conditioning loads in buildings with envelopes made of wood. This paper
focuses on building envelopes made of massive wood. The objective is to
provide a method for accurate description of coupled heat and mass transfer
phenomena within using low-dimensional models. Starting from the De Vries
formulation of the problem, partial differential equations are first linearized,
thus decoupled and finally reduced to a very low number of ordinary
differential equations.

Section 2 describes the experimental context that has been used for
models validation purposes. It includes both laboratory scale measurements
of the physical properties of the studied wood as well as on-site wall
monitoring. Equations governing heat transfer and moisture migration within
the wall are established in Section 3, and empirical validation of the resulting
model is carried out. The method proposed for linear, low-dimensional
modelling of the wall behaviour is presented in Section 4. It includes both
numerical and empirical validation of the results.

2. The Experimental Context

The studied wall is part of a living house built in massive wood (Figure
1, left) which is located in France (Gironde). The wall is 130mm thick, north
faced. It is made up of Pinus sylvestris vertically glue-backed beams (Figure
1, right).
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Figure 1. Picture of the building (left side) and picture of one beam (right
side).

2.1. Physical properties of the wood

Main physical properties of the wood have been measured at the
laboratory scale. Results achieved are briefly described here. For a detailed
description of the experimental techniques that have been used and a deeper
results discussion, see [6].

Sorption isotherms have been measured by the method of saturated salt
solutions [7] for temperatures ranging from 20°C to 60°C. Figure 2 shows the
results achieved. Points represent measurements while continuous lines come
from the model:

i WimCK@
(1- Ko)(1 + CKo - Kop)’

W 1

where ¢(—) and w; (kg water/kg dry matter) represent, respectively, the
relative humidity and the water content at equilibrium. Parameters wy,,, C

and K depend on both the medium nature and the temperature 7(°C). Their
values have been obtained by fitting model (1) to measurements (non-linear
least squares method):

Wi = —1.3786 x 107272 + 0.00045587 + 0.069,
C = 0.0064T2 — 0.58T + 22,

K =3.7143 x 10772 - 0.00077T + 0.747. 2)
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A very good agreement between the model and the measurements is

observed. The free-water domain starts at approximately 0.12kg.kg71.
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Figure 2. Sorption isotherms: measurements (symbols) and predicted values
(continuous line) using model (1).

The density of dry wood has been measured on 20 different samples.
Mean value retrieved is p, = 390kg.m'3, with standard deviation equal to
I4kg.m_3. Taking into account that the density of the cellulose is about

1200kg.m™, the porosity of dry wood is 67.5%.

The so called “hot strip method” [8] has been applied for measuring the
apparent thermal conductivity (A) and the apparent thermal effusivity (F) of
the wood using 10 different samples. Results achieved for measurements
carried out in the direction perpendicular to the fibres of the wood are

reported in Figure 3. At w; = Okg.kg"l, effusivity and conductivity values
are E = Jpych = 2340m 2K ' s7V2) and & = 0.1(W.m™ K1), They

allow estimating the specific heat of the dry wood: ¢, = 1276(J .kg"l.K_l).

We remind that apparent thermal conductivity recovers both heat conduction
and heat transfer due to evaporation/condensation phenomena governed by
temperature gradients (see Subsection 3.1, equation (11)).
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The diffusion coefficient of water vapour within the wood when
submitted to a water content gradient at uniform temperature (30°C) has

been measured by a static gravimetric method [9]. Values achieved ranges

from 4.9x107m%s! to 54x107m2s! for water contents between

0.152kgkg ! and 0.164kgkg ™.

The permeability-to-air measurements have been carried out by the static

method proposed in [10]. Values obtained range form 107 m? t0 1077 m?.
Consequently, we will assume in the following that heat and moisture

transfers due to air flow within the wall are negligible.
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Figure 3. Apparent thermal conductivity (left side) and thermal effusivity
(on the right): measurements (symbols with error bars) and simulated values

(continuous line) using model (11).
2.2. On-site measurements

The thermal and humidity behaviour of the wall has been meonitored
from 09/27/04 to 11/10/04. Four sensors of temperature-humidity
(SENSIRION SHT7x) have been placed within the wall at 20, 55, 75 and
110 mm from the indoor wall surface. Water content within the wall has been
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estimated using model (1) with temperature and relative humidity recorded
data, Measured time series are depicted in Figure 4 (sampling time = 10min).

Figure 5 shows that the wall is working on the free-water zone (w; >

0.12kg.kg_l). It also evidences a low sensitivity of the water content with

regard to the temperature (ranging from 10 to 25°C during the experiment).

The normalized cumulative density power spectrums (shortly cumulative
spectrums or periodograms [11]) of the recorded temperature and water
content data are depicted in Figure 6. We remind that this statistic describes
how the variance of a time series is distributed on frequencies. When
comparing the cumulative spectrums of temperature data (symbols) with the
cumulative spectrums of water content (lines), it is remarked that recorded
signals for water content are much richer in frequencies than temperature

signals: 20% of the variance of water content signals is concentrated at
frequencies beyond 24h~! while only 5% of the temperature variance goes

beyond; at frequencies higher than 12h_l, the variance of temperature series

becomes negligible while that of water content is about 5%. This is
surprising because characteristics times of water diffusion are typically much
lower than those of heat diffusion. As we have high confidence on
temperature measurements, we conclude that measurements of water content
are likely biased because the small cavities where the sensors are placed are
not airtight enough. In such a case, it is expected two different vapour
transfer mechanisms to be in competition. Convection due to air flow is the
mechanism dominating transfers at short times (high frequencies), while
diffusion dominates vapour transfer at long times (low frequencies). A

deeper discussion on this point can be found in [1].
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Figure 5. Water content vs. relative humidity.
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Figure 6. Cumulative spectrums for temperature time series and water
content time series.

3. Heat-moisture Transfer Reference Model

Equations governing heat transfer and moisture migration within the wall
are here recalled. The wall surface is assumed to be large enough compared
to the thickness (L) so that 1D modelling applies. Transfer mechanisms and
phenomenological laws are presented in Subsection 3.1. Next section focuses
on energy and mass conservation equations. Empirical validation of the

model is carried out in Subsection 3.3.
3.1. Mechanisms and phenomenology laws for transfers

Wood is a heterogeneous material made of a solid phase (wood matrix), a
liquid phase (liquid water) and a gas phase (air and water vapour). At the
scale of the equivalent continuum, the phenomenological laws describing
mass and heat density flux can be written as:

Jp=-p; [Dwz Qﬂ + Dy g—TLJ Liquid water, 3)
ox Ox
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0 oT
J, = p[(Dwv —E;-";;’_ + Dy, g) Water vapour, 4)
orT or owy
Jq = _KEE—LVJV ZMKB;“WLVDWVE Heat. (5)

T and w; represent the temperature and the water content, respectively. p; is
the density of water in liquid state and L, represents the enthalpy of water

vaporisation. One must notice that equation (3) assumes that gravity and
adsorption phenomena are negligible. For establishing equation (4), it is
supposed that the gas within the wood works as an ideal gas. Indeed, the total
pressure gradient and the air density flux are assumed to be negligible. Main
assumption in equation (5) is that convective heat flux is negligible compared
to conduction and evaporation-condensation flux.

Diffusion coefficients D,; and Dy are generally given by:

D, = KI(_;:';)T,
0
Dy = Kz[%] , (6)
lvj

where K; = K;(w;) is the hydraulic conductivity of the wood and w

represents the total water potential in equilibrium with vapour (shortly water
potential in the following). We remind that water potential v and relative

humidity ¢ are related by the Kelvin law:
2 &Y 7

where g and R, are, respectively, the acceleration due to gravity and the gas

constant of water vapour.

As formally demonstrated in [12], diffusion coefficients D, and Dr,

for water vapour can be written as:
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D,, = Kv(%]T,

» oy L, — gy
Dr, = K[[ﬁ)’ +(B ®)
with
K, w [ 1 )2 Fisg0 ©
. ¢ P—oRs \R,T pr

P and P, represent the total pressure and the saturated water vapour

pressure, respectively. The diffusion coefficient D, is:

D, =£,D,, With €, =1-g, — & = ﬁE—O—"F’)—Uw,, (10)
!

5
where D,, represents the diffusion of water vapour in air within the wood

and g, is the volume fraction of gas (porosity).

As shown in equation (5), the apparent thermal conductivity of the wood
is defined as:

A =X, +piL,Dy, (11)

A, is the so called effective thermal conductivity, which is generally

assumed to be dependent on moisture content as follows:
Mg =Agg + Mgy, (12)

where Ay, and Aj, represent, respectively, the thermal conductivity of dry
wood and the sensitivity to the moisture content. Model (11) with equations
(8), (9) and (12) has been fitted on the available data for apparent thermal
conductivity in order to estimate values of parameters Ag,, Aj, and D,,.
Results achieved are reported in Table 1. As shown in Figure 3, there is a

quite good agreement between model (11) and measurements.
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Table 1. Parameters of model (11): values obtained by fitting the model on
measured data of apparent thermal conductivity

wy < 0.12kgkg™  w; > 0.12kgkg™!

Agg(Wm™ K™ 0.1053 0.1298
A (Wm™ K1) 0 (freezed) 0.0084
D,y(m?s7h) 3.905x107° 1.046 x 1074

3.2. Energy and mass conservation equations

One-dimensional mass and energy conservation equations can be written
as:

& = &
Po =7 ET, (WI +w,) = E(Jl iy, (13)
a8 =
Po =7 ot (h +wihy + wvhv) = Ok Jq: (14)

p, is the density of dry wood and w, represents the water vapour content.

The enthalpies of the phases are:
hg = cs(T - Tref): by =T - Tref)s hy = ¢, (T - Tref) +L,, (15)

where ¢, ¢; and ¢, are the corresponding specific heats. Dimensionless
analyses carried out in [13] prove that the effect of w,, in the left part of

equations (4) and (5) can be neglected. It is also shown that J; << J, under

actual wall working conditions. Hence, reporting equations (4)-(5) and
equation (15) into equations (13)-(14) yields equations (0 < x < L):

AT (x, 1) _ AT (x, t) owy(x, t)
Pot o Bx( ) TP/

o t oT(x, t 0 ow(x, t
Po wl(g: ) a( 1Dy g; ))+5x—(Ptiv——l£,§ ))- (16)




Reduced Models for Coupled Heat and Moisture Transfer ... 15

They can also be written as:

oT(x,t) o (, 0T(x, 1)), 0 ow(x, 1)
PoC 5 "E(" o ) e\ PvPw = )

ow(x,t) _ 8 oT(x, £)), @ owy(x, t)
Po ot ~ B (pIDTv O ia Ox 1Py ox > (17)

¢ represents the apparent specific heat. It is given by:

: [485) g, OF
¢c=c.+cw +c,w, with w, = —4¥X = 4 Tt VW 18
) AL vy v po po RVT ( )

Boundary conditions of first kind are considered:

{T(U, t) = Teeo(t) (0, 1) = wy_, (1),

(19)
T(L, t) = Tog () wi(L, )= wy _, (2).

3.3. Empirical validation

Validation of the model given by equations (17) and (19) is carried out
by comparing temperature and water content measurements to simulations.
Taking into account available on-site measurements, a wall of 90mm in
thickness instead of 130mm has been considered. Prescribed temperature and
water content at the boundaries of the modeled wall are hence assumed to be
given by the measured data at 20mm and 110mm from the indoor surface of
the actual wall. Observations for model/data comparisons are temperature
and water content values at 55mm and 75mm from the indoor surface of the

actual wall. They are referred as (Tssmm» Wigs, ) and (Trsmms Wi ) in
the following.

Sorption isotherms are calculated using equations (1)-(2). Water vapor
diffusion coefficients are given by equations (8)-(9). Model (12)-(13) is used
for calculating apparent thermal conductivity while equation (18) supplies

apparent specific heat values. Measured/estimated values of p,, ¢, and D,,
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have been used: p, = 390kg.m_3, &5 = 1276J.kg"1.l('I and D,, =1.046 x
10*m?s™'. Besides, we remind that P =101325Pa, R, =
461.521kg 'K™!, g=98Ims2, p, =1200kgm >, p; = 1000kgm™>,
¢ = 41817kg LK, ¢, =1868Jkg 'K ! and L, = 24400007 kg ..

The method of finite volumes has been used for spatial discretization
of equations (17) and (19). This leads to the following non-linear,

2n-dimensional (n = 130) state model:

Tx=0(!)

4[1T0] {Tm} Wie=o(?)
dt Lv(:)} w)) | Tus) 20
wlx=L(t)

T(¢) is the vector (n x 1) of temperatures at the control volumes while w(z)
is the vector (n x 1) of water contents. The elements of matrices A (27 x 2n)

and E (2n x 4) depend on both the temperature and the water content.

Time-integration of the state model above has been carried out using the
modified Rosenbrock method [14] implemented in the “odel5s” function of

Matlab. Measured temperatures Tss, and Thsp,, (symbols) as well as

simulated ones (continuous lines) are depicted at the top side of Figure 7,
while the simulation error is represented at the bottom. A very good
agreement is observed between measurements and simulations. It can be seen
that differences between measurements and simulations are most of the time
within the interval of measurements uncertainty (£0.5°C).
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Figure 7. Comparison between temperature measurements and simulations:
temperature time series (top) and simulation errors (bottom).

As expected, a significant disagreement is observed between wss,,, and
Wrsmm Measured values and simulations (Figure 8). However, because of

unreliability of water content measurements (see Subsection 2.2) such results
cannot be used for model rejection. From a physical point of view, model
simulations behave better than measurements because smoother. Indeed, the
model is able to describe main trends (low-frequency behaviour) observed in
the data. The differences between measurements and simulation are always
less than 6%.
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Figure 8. Comparison between water content measurements and simulations.
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4. Linear, Low-dimensional Heat-moisture Transfer Model

The non-linear model in the previous section is here considered as a
reference model. In Subsection 4.1, we prove that the reference model can be
replaced by a linearized model without significant loss of accuracy. In next
two sections a method for efficient reduction of the dimension of the
linearized model is described. Subsection 4.4 focuses on validation of the
resulting low-dimensional approximation of the studied problem.

4.1. Reference model linearization

Non-linear nature of the reference model is due to the variations of

coefficients A, ¢, Dy, and D,,, with the temperature and the water content.

Using the values of temperature and water content within the wall that have
been simulated with the reference model, coefficients A, ¢, Dy, and D,,,

have been calculated. Results achieved are depicted in Figure 9. The apparent
specific heat only depend on the water content, while coefficients A, Dp,
and D,,, depend on both temperature and water content. However, under
actual wall working conditions, variations of A, Dy, and D, with water
content are not really significant (see Figure 9, low dispersion of points
around the trend).

A linear version of the reference model (linearized model in the
following) can be reached by freezing A, ¢, Dp, and D, coefficients

to suitable constant values. An efficient iterative method for automatic
linearization of non-linear diffusion models has been proposed in [15]. It is
proven that the ‘best’ linear approximate model is obtained when replacing
non-linear parameters by their respective mean values. Taking inspiration on

this previous work, constant values for coefficients A, ¢, Dy, and D, have

been calculated as follows:
lend L
0= I ’ J' O, 1) wi(x, D)dsdt, =2, ¢, Dy, Dy (1)
= X

where T(x,t) and wy(x, t) represent the temperature field and the water
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content field simulated with the reference model. This leads to A =

0.2452W.m 1K™, ¢=1906.7Tkg ' K™, Dp, =4.7082x10 "' m2s~ k!

and D, = 4.9754x10 7 m%s~\,
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Figure 9. Variation of reference model coefficients A, ¢, Dy, and D,,,, with

the temperature and the water content.
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Figure 10. Comparison between the reference and the linearized models.

Differences in terms of simulated temperatures (top) and simulated water

contents (bottom).
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The linearized model is hence defined by equations (17) and (19) with
the values above for A, ¢, Dy, and D,,, coefficients. As previously, the
finite volumes method has been used for spatial discretization of the

linearized model. This yields a 2n-dimensional (n = 260) state model as the

one given by equation (20) but with constant A and E matrices. The modified
Rosenbrock method has been used again for time-integration of the state
model. Simulation results have been compared with those of the reference
model. At the top of Figure 10 are represented the differences observed

between both model in terms of simulated temperatures (755, and 775, ),

while the relative differences in terms of water content (w,5 s 04 7 )
mm 75mm

are depicted at the bottom part. One remarks a quite good agreement between
both models. This proves that, under actual wall working conditions, the
reference model can be replaced by a linearized model without significant
loss of accuracy.

4.2, Decoupling heat and moisture equations

As evidence in recent reviews [16, 17], there is numerous and efficient
techniques that can be used to reduce the dimension of linear time-invariant
state models. They could be directly applied to the state model associated
to the linearized heat-moisture transfer problem (equation (20) with constant
matrices). However, as shown in next section, higher numerical efficiency

will be achieved if heat and moisture equations are first decoupled.

Firstly, let us consider the standard dimensionless form of such equations
(equation (16) with constant coefficients). For points within the wall, they
are written as:

00,(F, 1) _ (% 1) K O02(%, ©)
ot - (356—2 ot ’

0,(%, ) _ 0%0,(%, 1) G 826,(%, 1)

(22)
ot o %2
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with:

6, = Sl (dimensionless temperature);
T — Ty

—

0y = ko (dimensionless moisture);
Wi, — Wi
Ly WL — W ; y

Ko =—" (Kossovitch number);
& o~

IETE= % (Luikov number);
Pn = E‘STS—_TOﬁ (Possnov number);
W, = W

ot

= (dimensionless time);
L2

o X . . 4
¥=7 (dimensionless coordinate)

(T,, wy,) and (T, w; ) represent constant temperature and moisture values
chosen for dimensionless variables definition. a = A,/p,c is the effective

thermal diffusivity and a,, = p;Dp,/p,c is the diffusion coefficient of

moisture. & = Dy, /D,,,, represents the so called thermogradient coefficient.

Boundary conditions (equation (19)) become:

{el(os ©) = 0 3=0(1) 62(0, 1) = 85 5-0(7), 5
811, 1) = 8 5=1(7)  02(1, 1) = By, 54(1)

with el,f = (T‘{ a To)/(Ts B To) and el,f = (WIU - wi,x)/(wla — W, )

It is well known that the coupled system of partial differential equations
(22) can be reduced to decoupled pure heat conduction equations where the
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potentials are presented by combined variables being a linear combination of
output variables [18]. The transformation from the potentials 6,_; (¥, ) to

new functions Z;_) 5(X, ), is taken as (see, i.e., [19] for derivation):

Zp(®, 1) = 9z, r)+ 92(x % (E=%2) (24)

2_1 R Ay _4lg2
=3 {[1 + KoPn + Lu) +(-1) \/[1 + KoPn + Lu} Lu} (k =1, 2). (25)
Thus, from equation (24) it follows

01(%. ©) = 5 (02 ~DZ(% 1) - 07 - DZo(&, D],
LT ]

0,(%, 1) = 55— [Z,(%, 7) - Zy(%, 7)] (26)
v =W

and from equation (25)

%

2.2
V =
2" Tu

and (2 ~1)(v2 ~1) = —KoPn. @7
Introducing equation (25) into problem (22)-(23) and using the relations
(27), the system of equations governing the evolution of the functions
Zj-1,2(X, 1) becomes:

02, (%, 1) 0°Z,(x, 1
2 k[g: ) k(z ) (k = 1’ 2)

(28)

subject to the boundary conditions given by:

Z;C(O T) 91(0 T) + 92(0 "C) (k =1, 2),

Zk(l ’{') 91(1 "C)-l- 92(1 ”I:) (]C = 1, 2). (29)
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Hence, the solution of the linearized problem of heat and moisture transfer
within the wood can be obtained by solving two decoupled diffusion
equations.

4.3. Model size reduction

The so called truncation methods are the most widely used techniques for
linear, time-invariant state models reduction. They are based on the use of
proper (often orthogonal) basis allowing identification of some few dominant
components (referred as directions, eigenvectors or modes), so that a low-
dimensional approximate description of the problem is obtained by
projection of the initial high-dimensional model on the dominant eigenvectors
of the basis.

Let us consider the two models given by equations (28) and (29). After
convenient spatial discretization, the two following »-dimensional state
models (k = 1, 2) are obtained:

V2 D _ wiz, (1) + N, (1) (30)

Z,(¢) is the vector (nx 1) of Z; (X, t) values at the control volumes, while

U (¢) = [2,.(0, 7) Z(1, 7). Dimensions of matrices M and N are (n x n)
and (nx 2), respectively. In matrix form, dimensionless temperature and

water content within the wall are written as:

0(z) = HZ(?) (31)
with
91(t)} |:Z1 (f)} ) F(v% DI 20 - 1)1}
0(¢) = L Z(t) = CH = :
© L’z(t) “ Z,(1) vi-vi| _pm Prl

The objective of model reduction is to replace equations (30)-(31) by a lower
size (2r << 2n) state model of the general form:

dt
0(t) = CX(¢) + DU(Y)

{dxk(t) = Fka(t) + BkUk(l‘), (32)
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so that 8(¢) provides an accurate enough approximation of 6(¢). Dimensions

of vector and matrices in equation above are now: X;(#)(r x 1), Fy(rxr),
By (rx2) and C(nxr). Besides, X(r)=[X;(t) X5()] and U(r)=
[U1(1) Uz())'.

First step of model reduction consists in rewriting equations (30)-(31) by

considering Z, (t) = Z; (1) + Zf(r), where the so called pseudo static regime
is defined by:

0 = MZi(¢) + NU.(£) = Z3 (1) = -MINU(¢). (33)
Doing so, it can be easily proven that equations (30)-(31) become:

dz{ (1)

=M, Z4 AU(1)
F Bt U Ak (34)
0(r) = HZ (1) + SU(¢)
with
M, = (1/vi)M; N; =N, =M'N; S =-H[N; N,]. (35)

As explained in [20], moving from equation (32) to equation (34) has
the advantage of allowing model reduction without perturbation of the

static behaviour of the system. Reduction is applied so that Zj(¢) remains

unchanged, only Zz (¢) will be approached.

Second step of model reduction is a fundamental step. The objective is to
choose and to calculate a suitable projection basis, also called transformation
matrix Py (nx n). The choice of the basis makes the main difference among
reduction methods [16]. The most popular one in thermal analysis is the
modal basis (i.e., [20]), which comes from spectral decomposition of the state
matrix M. On the contrary, people working in control prefer using the

so called balanced realisation [21]. Most striking feature of reduction
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methods based on balanced realisation is accuracy. They provide optimal
approximations of the initial model in the sense of different useful norms of
the approximation error. Counterpart is the computing time required for
calculating them, which is much more important that the time required
by modal approximations. An attractive balance between accuracy and
computing time is provided by the so called singular basis recently
proposed by Ait-Yahia and Palomo del Barrio [22, 23]. It takes inspiration of
Singular Values Decomposition techniques and provides nearly optimal
approximations of the initial model with computing times comparable to that
of modal approaches. It is the one chosen in this paper and briefly described
below.

Calculating the singular basis P, involves first computing the

controllability gramien W (n x n) of system (34) by solving the following
Lyapunov equation:
M, W, + MW, + NN/, = 0. (36)

Thus, carrying out spectral decomposition of W;. As W, is a symmetric,

positive definite matrix, this yields
W = P, Z P (37

X, = diag[cik G%!k--- Gik] with 012,,( > U%’k 22 G,Z,JC >0 is a

£

diagonal matrix including W eigenvalues| W, eigenvectors are column-
wise placed in P;. They form an orthogonal basis: P,{Pk =L

According to equation (35), Lyapunov equations above (k =1, 2) can

also be written as:

MW, + M'W, + vEN, N, =0]  v3AMW, +13M'W, + v3v2N N’ =0
= (38)
MW, + M'W, + 3N, N), =0]  v?MW, + 2 M‘W, + V3N, N, =0
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with N, = N; = N,. This means that v%Wl = v12W2 and consequently
P =P, =P,. This is an important result that highlights the interest of
decoupling heat and moisture equations as done in Subsection 4.3. In
practice, getting P = P; = P, involves solving one Lyapunov equation of
dimension (n x n) instead of (2rn x 2n), thus diagonalization of an (n x n) -
matrix instead of a (2n x 2n)-matrix. For small problems (say less than 500

ode), it is recommended to apply standard methods (i.e., Bartels-Stewart [24]
and Hammarling [25]) to solve the Lyapunov equation. Large sparse
Lyapunov equations, as those coming from heat transfer problems, can be
efficiently solved by iterative Krylov subspace methods [26].

Third step of model reduction involves projection of model (34) on
the dominant eigenvectors of P, which are those associated to the largest
eigenvalues. Let P, be the matrix including the first » columns of P. A

2r-dimensional approximation of the studied problem is achieved by
applying the transformations Z{(¢) = P,Z(¢) and Z3(t) = P.Zy(t) to
equation (34). Taking into account that P,EP,. = I, this leads to:
4z, (1)
dt
0(t) = HZ(r) + SU(r)

- M Zy () + N, LU,

dt (39)

- - — P,
with M = PIM,P,(r xr), N, = P/N,(rx2) and H = H[P"

¥

](2?1 % 2r),
To avoid U time-derivatives in equation above, the following change of

variables can be applied: Z; (f) « Z,.(t) — N, U (). We get:

dZ,(1)
t

— = MZ(6) + N UL (0),

0(f) = AZ(¢) + SU(r)

(40)

N —IN
with N, < M;N, and S <~ S + Hl:N"].

(o]
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4.4. Validation

The reduction technique described above has been applied for reaching
low-dimensional approximations of the linearized problem of heat-moisture
transfer within the wood. We remind that coefficients of the linearized model

are 8 =0.0127, o =1.7518x10" " m?s " and a,, = 9.5075x 10 *m?s .

(s Wfo) and (7, Wls-) values for dimensionless variables definition are

(7.3°C, 0.1332kg/kg) and (26.6°C, 0.1824 kg/kg), respectively. This leads
to Lu = 0.0543, Ko = 3.2686 and Pn = 4.9713.

Reduced models of dimension up to 10 have been calculated and used for
simulating the wall behaviour. The relative approximation errors associated
to these models are defined as:

T(x, t) - T(x, 1)

er(x, t) = ‘ TG 1) x 100,

W](x, t) — Vﬂ;’[(x’ t)
wy(x, t)

el t)= % 100,

where T(x, t) and wy(x, ¢) represent, respectively, the field of temperature
and water content field predicted by the full-dimension (27 = 260) model,
while T (x, ) and w(x, r) are those retrieved by using low-dimension

models (27 = 4, 6, 8, 10). The maximum values

er max = max [er(x, 2)],
O<x<L, O<t<toyq

e = max e (x, t
i, max 0<x<L,0<t<fem,-[ w;( ’ )]

provide a first evaluation of the reduced models. Table 2 shows that both

€7, max and e, may decrease when increasing the model dimension as

expected. Besides, it can be seen that maximum relative error associated to

the 4-dimension model are already very low.
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Table 2. Evaluation of the low-dimension models through the associated
maximum value of the relative approximation error in predicted temperatures
and water contents

Model er. max (%) €y, max (%)
dimension 2r
4 0.0576 0.1730
6 0.0069 0.0328
8 0.0042 0.0186
10 0.0019 0.0089

Water content differences (kg'kg)
B 4 o = N ow s

Y
|
|
f
[

Time (s) ’ o

Figure 11. Comparison between the full-dimension model and the reduced
4-dimension model. Differences in terms of simulated temperatures (top) and
simulated water contents (bottom).

Figures 11 to 13 allow a better appreciation of the quality of the
4-dimensional model (4 ode). In Figures 11 and 12, it is compared with the
full-dimension model (260 ode), while in Figure 13, it is compared with
temperature measurements.
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At the top of Figure 11 are represented the differences 7(x, £) — T(x, ),
while wy(x, £)— W (x, t) approximation errors are depicted at the bottom.

There are as many curves as control volumes in the discretized linearized
model (130). An excellent agreement is observed between the full-dimension
and the 4-dimension models. Heat flux and water vapour flux at the wall
boundaries predicted by the full-dimension model (symbols) and the
4-dimension model (continuous lines) are depicted in Figure 12. Again, the
agreement between both models is excellent.

Figure 13 shows the differences observed between the available
temperature data (measurements at 55mm and 75mm from the indoor surface
of the actual wall) and the 4-dimension model predictions. Comparing such
results with those in Figure 7, we can conclude that no significant differences
exist between the linear 4-dimension model and the non-linear 260-
dimension model. On the contrary, using the 4-dimension model allows
reducing more than 99.9% the CPU time required for simulating the wall
behaviour.

Figure 12. Comparison between the full-dimension model (FM, symbols)
and the reduced 4-dimension model (RM, continuous lines). Heat flux (top)
and water vapor flux (bottom) at the wall boundaries.
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Figure 13. Difference between the temperatures predicted by the reduced
4-dimension model and the measurements.

5, Conclusion

A method for accurate description of coupled heat and mass transfer
phenomena within wood-walls using linear, low-dimensional models has
been proposed. Starting from De Vries formulation of the problem, partial
differential equations are first linearized, thus decoupled and finally reduced
to a very low number of ordinary differential equations using a powerful
method based on singular valued decomposition techniques.

Progressive empirical and numerical validation of the results has been
carried out. First validation (empirical) refers to the non-linear full-
dimensional model. The second one (numerical) shows that such model can
be replaced by a linearized model without significant loss of accuracy. Last
one (numerical and empirical) proves that a simple linear, time-invariant state
model form by 4 ordinary differential equations is able to provide excellent
results when it is used to predict temperature and water content behavior of
the studied wall. A very significant reduction of the CPU time is achieved
using this model instead of the initial, high-dimensional one.
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