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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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1. Introduction1

Dimensional and geometrical deviations on the components2

of a mechanism are unavoidable due to manufacturing and mea-3

surement imperfections [21].To limit those deviations, the de-4

signer must specify and allocate tolerances. The assigned toler-5

ance values affect not only the functionality of the mechanical6

system but its quality, and the manufacturing cost of its parts7

[10].8

Traditionally, there are two complementary approaches in9

tolerance design: i) the first approach, known as tolerance anal-10

ysis, consists in analyzing the functionality of a product taking11

into account the variabilities of the individual parts, and calcu-12

lating the resultant assembly variation and yield; ii) the second13

approach, called tolerance synthesis (or tolerance allocation),14

consists in allocating tolerances to maintain proper functional-15

ity of the final product [14, 12].16

Among the literature, the methods developed to do toler-17

ance analysis can be classified into two approaches: the meth-18
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ods based on parametric approaches [1, 5, 22]and the methods19

based on sets of constraints (SOCs) [6, 7, 11]. The main ad-20

vantage of the methods based on SOCs is that they allow to21

model over-constrained mechanisms and characterize the ge-22

ometric variation and the contacts. Among these methods we23

can find domains [11], T-Maps [7], polytopes[3] and prismatic24

polyhedra [2, 9].25

The prismatic polyhedral approach’s main advantage is that26

it allows working directly with unbounded sets in the 6-27

dimensional space of deviations, taking into account the de-28

grees of freedom (DoFs) and reducing the calculation time29

since it does not limit virtually the DoFs through cap half-30

spaces.31

Tolerance allocation is usually done to minimize the direct32

manufacturing cost or the sensitivity of tolerances to variations33

(design for quality and design for reliability) [13]. The assign-34

ment of design tolerances is typically performed on a trial and35

error method [16]. The compliance of the tolerances with the36

requirements is verified using tolerance analysis methods and,37

in case of non-compliance, uncritical tolerances are modified to38

satisfy the functional requirement [10].39

Detection of critical tolerances in a system is usually related40

to robust design and tolerance sensitivity. Robust design aims41

to improve the quality of a product by minimizing the effects42
2212-8271© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Available online at www.sciencedirect.com

Procedia CIRP 00 (2022) 000–000

17th CIRP Conference on Computer Aided Tolerancing

Sensitivity analysis for tolerance allocation of over-constrained mechanisms
Sonia C. Garcı́aa,∗, Vincent Delosb, Denis Teissandiera

aUniv. Bordeaux, I2M, UMR 5295, F-33400 Talence, France
bCNRS, I2M, UMR 5295, F-33400 Talence, France

Abstract

During the manufacturing process of a product, variability in its parts is unavoidable. Tolerance analysis allows estimating the consequences of the
component’s deviation of a mechanism on its functionality. Nowadays, it is possible to determine the contribution of each surface and/or contact
on the final result in isostatic mechanisms by using the tools already presented in the literature; however, it is still a challenge to do so in over-
constrained mechanisms. In previous works, we introduced a method based on prismatic polyhedra to model over-constrained mechanisms. In this
paper, several simulations based on the previous approach are performed, varying the tolerances of the surfaces and contacts of the mechanism.
The use of statistical methods to analyze the previous simulations’ data is proposed to quantify the contribution of local deviations with respect
to the total variation of the mechanism. This analysis determines the most relevant contacts, hence the most critical parts of the mechanism. The
process is applied to a pump as an over-constrained case study and uses the prismatic polyhedra method for tolerance analysis.

© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Keywords: Tolerance analysis; Sets of constraints; Polyhedra-based method; Design of experiments; Factorial design; Sensitivity analysis

1. Introduction1

Dimensional and geometrical deviations on the components2

of a mechanism are unavoidable due to manufacturing and mea-3

surement imperfections [21].To limit those deviations, the de-4

signer must specify and allocate tolerances. The assigned toler-5

ance values affect not only the functionality of the mechanical6

system but its quality, and the manufacturing cost of its parts7

[10].8

Traditionally, there are two complementary approaches in9

tolerance design: i) the first approach, known as tolerance anal-10

ysis, consists in analyzing the functionality of a product taking11

into account the variabilities of the individual parts, and calcu-12

lating the resultant assembly variation and yield; ii) the second13

approach, called tolerance synthesis (or tolerance allocation),14

consists in allocating tolerances to maintain proper functional-15

ity of the final product [14, 12].16

Among the literature, the methods developed to do toler-17

ance analysis can be classified into two approaches: the meth-18

∗ Corresponding author.
E-mail address: sonia.garcia-gomez@u-bordeaux.fr (Sonia C. Garcı́a).

ods based on parametric approaches [1, 5, 22]and the methods19

based on sets of constraints (SOCs) [6, 7, 11]. The main ad-20

vantage of the methods based on SOCs is that they allow to21

model over-constrained mechanisms and characterize the ge-22

ometric variation and the contacts. Among these methods we23

can find domains [11], T-Maps [7], polytopes[3] and prismatic24

polyhedra [2, 9].25

The prismatic polyhedral approach’s main advantage is that26

it allows working directly with unbounded sets in the 6-27

dimensional space of deviations, taking into account the de-28

grees of freedom (DoFs) and reducing the calculation time29

since it does not limit virtually the DoFs through cap half-30

spaces.31

Tolerance allocation is usually done to minimize the direct32

manufacturing cost or the sensitivity of tolerances to variations33

(design for quality and design for reliability) [13]. The assign-34

ment of design tolerances is typically performed on a trial and35

error method [16]. The compliance of the tolerances with the36

requirements is verified using tolerance analysis methods and,37

in case of non-compliance, uncritical tolerances are modified to38

satisfy the functional requirement [10].39

Detection of critical tolerances in a system is usually related40

to robust design and tolerance sensitivity. Robust design aims41

to improve the quality of a product by minimizing the effects42
2212-8271© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Available online at www.sciencedirect.com

Procedia CIRP 00 (2022) 000–000

17th CIRP Conference on Computer Aided Tolerancing

Sensitivity analysis for tolerance allocation of over-constrained mechanisms
Sonia C. Garcı́aa,∗, Vincent Delosb, Denis Teissandiera

aUniv. Bordeaux, I2M, UMR 5295, F-33400 Talence, France
bCNRS, I2M, UMR 5295, F-33400 Talence, France

Abstract

During the manufacturing process of a product, variability in its parts is unavoidable. Tolerance analysis allows estimating the consequences of the
component’s deviation of a mechanism on its functionality. Nowadays, it is possible to determine the contribution of each surface and/or contact
on the final result in isostatic mechanisms by using the tools already presented in the literature; however, it is still a challenge to do so in over-
constrained mechanisms. In previous works, we introduced a method based on prismatic polyhedra to model over-constrained mechanisms. In this
paper, several simulations based on the previous approach are performed, varying the tolerances of the surfaces and contacts of the mechanism.
The use of statistical methods to analyze the previous simulations’ data is proposed to quantify the contribution of local deviations with respect
to the total variation of the mechanism. This analysis determines the most relevant contacts, hence the most critical parts of the mechanism. The
process is applied to a pump as an over-constrained case study and uses the prismatic polyhedra method for tolerance analysis.

© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Keywords: Tolerance analysis; Sets of constraints; Polyhedra-based method; Design of experiments; Factorial design; Sensitivity analysis

1. Introduction1

Dimensional and geometrical deviations on the components2

of a mechanism are unavoidable due to manufacturing and mea-3

surement imperfections [21].To limit those deviations, the de-4

signer must specify and allocate tolerances. The assigned toler-5

ance values affect not only the functionality of the mechanical6

system but its quality, and the manufacturing cost of its parts7

[10].8

Traditionally, there are two complementary approaches in9

tolerance design: i) the first approach, known as tolerance anal-10

ysis, consists in analyzing the functionality of a product taking11

into account the variabilities of the individual parts, and calcu-12

lating the resultant assembly variation and yield; ii) the second13

approach, called tolerance synthesis (or tolerance allocation),14

consists in allocating tolerances to maintain proper functional-15

ity of the final product [14, 12].16

Among the literature, the methods developed to do toler-17

ance analysis can be classified into two approaches: the meth-18

∗ Corresponding author.
E-mail address: sonia.garcia-gomez@u-bordeaux.fr (Sonia C. Garcı́a).

ods based on parametric approaches [1, 5, 22]and the methods19

based on sets of constraints (SOCs) [6, 7, 11]. The main ad-20

vantage of the methods based on SOCs is that they allow to21

model over-constrained mechanisms and characterize the ge-22

ometric variation and the contacts. Among these methods we23

can find domains [11], T-Maps [7], polytopes[3] and prismatic24

polyhedra [2, 9].25

The prismatic polyhedral approach’s main advantage is that26

it allows working directly with unbounded sets in the 6-27

dimensional space of deviations, taking into account the de-28

grees of freedom (DoFs) and reducing the calculation time29

since it does not limit virtually the DoFs through cap half-30

spaces.31

Tolerance allocation is usually done to minimize the direct32

manufacturing cost or the sensitivity of tolerances to variations33

(design for quality and design for reliability) [13]. The assign-34

ment of design tolerances is typically performed on a trial and35

error method [16]. The compliance of the tolerances with the36

requirements is verified using tolerance analysis methods and,37

in case of non-compliance, uncritical tolerances are modified to38

satisfy the functional requirement [10].39

Detection of critical tolerances in a system is usually related40

to robust design and tolerance sensitivity. Robust design aims41

to improve the quality of a product by minimizing the effects42
2212-8271© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Available online at www.sciencedirect.com

Procedia CIRP 00 (2022) 000–000

17th CIRP Conference on Computer Aided Tolerancing

Sensitivity analysis for tolerance allocation of over-constrained mechanisms
Sonia C. Garcı́aa,∗, Vincent Delosb, Denis Teissandiera

aUniv. Bordeaux, I2M, UMR 5295, F-33400 Talence, France
bCNRS, I2M, UMR 5295, F-33400 Talence, France

Abstract

During the manufacturing process of a product, variability in its parts is unavoidable. Tolerance analysis allows estimating the consequences of the
component’s deviation of a mechanism on its functionality. Nowadays, it is possible to determine the contribution of each surface and/or contact
on the final result in isostatic mechanisms by using the tools already presented in the literature; however, it is still a challenge to do so in over-
constrained mechanisms. In previous works, we introduced a method based on prismatic polyhedra to model over-constrained mechanisms. In this
paper, several simulations based on the previous approach are performed, varying the tolerances of the surfaces and contacts of the mechanism.
The use of statistical methods to analyze the previous simulations’ data is proposed to quantify the contribution of local deviations with respect
to the total variation of the mechanism. This analysis determines the most relevant contacts, hence the most critical parts of the mechanism. The
process is applied to a pump as an over-constrained case study and uses the prismatic polyhedra method for tolerance analysis.

© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.

Keywords: Tolerance analysis; Sets of constraints; Polyhedra-based method; Design of experiments; Factorial design; Sensitivity analysis

1. Introduction1

Dimensional and geometrical deviations on the components2

of a mechanism are unavoidable due to manufacturing and mea-3

surement imperfections [21].To limit those deviations, the de-4

signer must specify and allocate tolerances. The assigned toler-5

ance values affect not only the functionality of the mechanical6

system but its quality, and the manufacturing cost of its parts7

[10].8

Traditionally, there are two complementary approaches in9

tolerance design: i) the first approach, known as tolerance anal-10

ysis, consists in analyzing the functionality of a product taking11

into account the variabilities of the individual parts, and calcu-12

lating the resultant assembly variation and yield; ii) the second13

approach, called tolerance synthesis (or tolerance allocation),14

consists in allocating tolerances to maintain proper functional-15

ity of the final product [14, 12].16

Among the literature, the methods developed to do toler-17

ance analysis can be classified into two approaches: the meth-18

∗ Corresponding author.
E-mail address: sonia.garcia-gomez@u-bordeaux.fr (Sonia C. Garcı́a).

ods based on parametric approaches [1, 5, 22]and the methods19

based on sets of constraints (SOCs) [6, 7, 11]. The main ad-20

vantage of the methods based on SOCs is that they allow to21

model over-constrained mechanisms and characterize the ge-22

ometric variation and the contacts. Among these methods we23

can find domains [11], T-Maps [7], polytopes[3] and prismatic24

polyhedra [2, 9].25

The prismatic polyhedral approach’s main advantage is that26

it allows working directly with unbounded sets in the 6-27

dimensional space of deviations, taking into account the de-28

grees of freedom (DoFs) and reducing the calculation time29

since it does not limit virtually the DoFs through cap half-30

spaces.31

Tolerance allocation is usually done to minimize the direct32

manufacturing cost or the sensitivity of tolerances to variations33

(design for quality and design for reliability) [13]. The assign-34

ment of design tolerances is typically performed on a trial and35

error method [16]. The compliance of the tolerances with the36

requirements is verified using tolerance analysis methods and,37

in case of non-compliance, uncritical tolerances are modified to38

satisfy the functional requirement [10].39

Detection of critical tolerances in a system is usually related40

to robust design and tolerance sensitivity. Robust design aims41

to improve the quality of a product by minimizing the effects42
2212-8271© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 17th CIRP Conference on Computer Aided Tolerancing.



124 Sonia C. García  et al. / Procedia CIRP 114 (2022) 123–128
Sonia C. Garcia / Procedia CIRP 00 (2022) 000–000 2

of variations without removing the causes; this means the mini-43

mization of sensitivity of a performance parameter concerning44

one or more uncertain variables [18].45

There are several researches in the application of statis-46

tics for the tolerance analysis. In [22, 15] the authors used47

the GapSpace approach to ensure the assembly conditions of48

assemblies of parts exhibiting statistical variability. In [19],49

Skowronski and Turner proposed a method of statistical toler-50

ance analysis that calculates the effect of tolerance values on as-51

sembly dimension and provides an estimate of the gradient (de-52

sign function sensitivities). In [13], Kusiak and Feng used the53

design of experiments (DOE) approach based on the fractional54

factorial experiment to minimize the sensitivity of tolerances55

with respect to manufacturing variations in a probabilistic case56

using statistical analysis (ANOVA). Shoukr et al. [17] also used57

DOE to minimize the manufacturing cost; and instead of solv-58

ing the optimization problem for all dimensional tolerances, it is59

solved for the significant dimensions only and the insignificant60

dimensional tolerances are set at lower control levels, here the61

significant dimensions were also found using statistical analysis62

(in this case ANOM).63

The former applications have been performed on isostatic64

mechanisms, and over-constrained mechanisms have not been65

treated yet. This paper aims to determine the critical tolerances66

of an over-constrained mechanism during the tolerance analy-67

sis by means of statistical methods. The polyhedral approach is68

used to model the tolerance variations and calculate the cumu-69

lative stack-up of variations in the system. A factorial design is70

used to define the number of simulations and the input set of tol-71

erances in each simulation. Finally, a linear regression method72

and the statistical method (ANOVA) is used to determine which73

tolerances have a statistically significant effect on the resulting74

stack-up of variations of the mechanical system.75

The article is subdivided into three major parts: firstly, sec-76

tion 2 presents the tolerance model that will be used to calculate77

the stack-up of variations in a study case that will be presented78

all along the paper to illustrate an application of the methodol-79

ogy. After, section 3 illustrates the creation of the factorial de-80

sign, defining the independent variables and the response vari-81

able of the tolerance problem. Section 4 shows the results of the82

statistical analysis. Finally, the conclusions and future work are83

presented. The application is made taking as hypotheses: i) no84

form defect in surfaces, ii) no local strain due to the contact and85

iii) no deformable parts. It is important to specify that in this86

work, statistics is not used to model the statistical variability of87

the defects but the statistical significance of the operands in the88

stack-up of the tolerance analysis.89

2. Polyhedral approach90

The polyhedral approach, or prismatic polyhedra method, in-
troduced in [9] models each SOC through a six-dimensional
prismatic polyhedron. Prismatic polyhedra allow modelling the
bounded displacements and the DoFs of a system simultane-
ously. Mathematically, a prismatic polyhedron Γ can be decom-
posed into a polytope P (bounded displacements) and a set of

straight-lines
∑
∆ j representing the degrees of freedom (DoFs),

Γ = P ⊕
∑

j

∆ j (1)

Once all the geometrical and contact polyhedra are calcu-91

lated, the tolerance reduction of a mechanical system is made92

by combining them. Minkowsky sums are used for serial con-93

tacts and intersections for parallel contacts. In the end, it is pos-94

sible to determine the relative location between the two handle95

surfaces (the surfaces among which the functional requirement96

is defined) in the mechanical system. Finally, the system con-97

formity is verified if the resulting SOC is inside the functional98

SOC, modelling the functional requirement. Figure 1 depicts99

the former process.100

A pump will be used as an example all along the paper to il-101

lustrate the method. This pump is conformed mainly of what102

we will call the shaft (impeller + the central rotating shaft)103

and the housing. The housing is made up of two parts joined104

through four pins (see Figure 2). Two degrees of mobility are105

allowed between the shaft and the housing (rotation and trans-106

lation along x). No degree of mobility is permitted between107

the two parts of the housing, the type of joint between them108

is hyper-static. The proper functioning of the pump depends on109

the coaxiality between the impeller and the housing.110

According to the enumeration of the parts and the surfaces111

(Figure 2), the topological model of the assembly is presented112

in Figure 3. In the contact graph, nodes designated as (α.β) rep-113

resent the nominal model of the part when β = 0, and the sub-114

stitute surfaces when β � 0. The geometrical and contact devia-115

tions presented in the contact graph are going to be represented116

by geometric and contact polyhedra respectively.117

The reduction of the contact graph to simulate the relative118

position of the handle surfaces (surfaces 3.3 and 1.7 identified119

in red on Figure 2) is made as follows:120

ΓR = Γ1.0/3.0 ⊕ Γ1.7 ⊕ Γ3.3 (2)

where, ΓR is the resulting polyhedron, Γ1.7 and Γ3.3 are the121

handle surfaces, and122

Γ1.0/3.0 =Γ1.0/3.0a ∩ Γ1.0/3.0b{
Γ1.0/3.0a = Γ1.0/2.0 ⊕ Γ2.6 ⊕ Γ2.6/3.1 ⊕ Γ3.1

Γ1.0/3.0b = Γ1.6 ⊕ Γ1.6/3.2 ⊕ Γ3.2

(3)

CAD model

Contact graph

Tolerance model

Contact reduction

Compliance verification

Prismatic polyhedra operands
polytope ⊕ straight-lines

Prismatic Polyhedron

Sum when serial contact
Intersection when parallel contact

Sum and intersection

The straight lines of the result
must be included in the target
The resulting polytope must be
included in the target polytope

Kinematic and tol-
erance compliance

Figure 1: Tolerance analysis with the polyhedral approach
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lative stack-up of variations in the system. A factorial design is70

used to define the number of simulations and the input set of tol-71

erances in each simulation. Finally, a linear regression method72

and the statistical method (ANOVA) is used to determine which73

tolerances have a statistically significant effect on the resulting74

stack-up of variations of the mechanical system.75

The article is subdivided into three major parts: firstly, sec-76

tion 2 presents the tolerance model that will be used to calculate77

the stack-up of variations in a study case that will be presented78

all along the paper to illustrate an application of the methodol-79

ogy. After, section 3 illustrates the creation of the factorial de-80

sign, defining the independent variables and the response vari-81

able of the tolerance problem. Section 4 shows the results of the82

statistical analysis. Finally, the conclusions and future work are83

presented. The application is made taking as hypotheses: i) no84

form defect in surfaces, ii) no local strain due to the contact and85

iii) no deformable parts. It is important to specify that in this86

work, statistics is not used to model the statistical variability of87

the defects but the statistical significance of the operands in the88

stack-up of the tolerance analysis.89

2. Polyhedral approach90

The polyhedral approach, or prismatic polyhedra method, in-
troduced in [9] models each SOC through a six-dimensional
prismatic polyhedron. Prismatic polyhedra allow modelling the
bounded displacements and the DoFs of a system simultane-
ously. Mathematically, a prismatic polyhedron Γ can be decom-
posed into a polytope P (bounded displacements) and a set of

straight-lines
∑
∆ j representing the degrees of freedom (DoFs),

Γ = P ⊕
∑

j

∆ j (1)

Once all the geometrical and contact polyhedra are calcu-91

lated, the tolerance reduction of a mechanical system is made92

by combining them. Minkowsky sums are used for serial con-93

tacts and intersections for parallel contacts. In the end, it is pos-94

sible to determine the relative location between the two handle95

surfaces (the surfaces among which the functional requirement96

is defined) in the mechanical system. Finally, the system con-97

formity is verified if the resulting SOC is inside the functional98

SOC, modelling the functional requirement. Figure 1 depicts99

the former process.100

A pump will be used as an example all along the paper to il-101

lustrate the method. This pump is conformed mainly of what102

we will call the shaft (impeller + the central rotating shaft)103

and the housing. The housing is made up of two parts joined104

through four pins (see Figure 2). Two degrees of mobility are105

allowed between the shaft and the housing (rotation and trans-106

lation along x). No degree of mobility is permitted between107

the two parts of the housing, the type of joint between them108

is hyper-static. The proper functioning of the pump depends on109

the coaxiality between the impeller and the housing.110

According to the enumeration of the parts and the surfaces111

(Figure 2), the topological model of the assembly is presented112

in Figure 3. In the contact graph, nodes designated as (α.β) rep-113

resent the nominal model of the part when β = 0, and the sub-114

stitute surfaces when β � 0. The geometrical and contact devia-115

tions presented in the contact graph are going to be represented116

by geometric and contact polyhedra respectively.117

The reduction of the contact graph to simulate the relative118

position of the handle surfaces (surfaces 3.3 and 1.7 identified119

in red on Figure 2) is made as follows:120

ΓR = Γ1.0/3.0 ⊕ Γ1.7 ⊕ Γ3.3 (2)

where, ΓR is the resulting polyhedron, Γ1.7 and Γ3.3 are the121

handle surfaces, and122

Γ1.0/3.0 =Γ1.0/3.0a ∩ Γ1.0/3.0b{
Γ1.0/3.0a = Γ1.0/2.0 ⊕ Γ2.6 ⊕ Γ2.6/3.1 ⊕ Γ3.1

Γ1.0/3.0b = Γ1.6 ⊕ Γ1.6/3.2 ⊕ Γ3.2

(3)

CAD model

Contact graph

Tolerance model

Contact reduction

Compliance verification

Prismatic polyhedra operands
polytope ⊕ straight-lines

Prismatic Polyhedron

Sum when serial contact
Intersection when parallel contact

Sum and intersection

The straight lines of the result
must be included in the target
The resulting polytope must be
included in the target polytope

Kinematic and tol-
erance compliance

Figure 1: Tolerance analysis with the polyhedral approach
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Figure 2: Pump: CAD model, enumeration of parts and surfaces(handle surfaces in red), and section view to illustrate the joints between the components
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Figure 3: Contact graph of the pump

with,

Γ1.0/2.0 =Γ1.0/2.0a ∩ Γ1.0/2.0b ∩ Γ1.0/2.0c ∩ Γ1.0/2.0d ∩ Γ1.0/2.0e

Γ1.0/2.0a = Γ1.1 ⊕ Γ1.1/2.1 ⊕ Γ2.1

Γ1.0/2.0b = Γ1.2 ⊕ Γ1.2/2.2 ⊕ Γ2.2

Γ1.0/2.0a = Γ1.1 ⊕ Γ1.1/2.1 ⊕ Γ2.1

Γ1.0/2.0b = Γ1.2 ⊕ Γ1.2/2.2 ⊕ Γ2.2

Γ1.0/2.0c = Γ1.3 ⊕ Γ1.3/2.3 ⊕ Γ2.3

Γ1.0/2.0d = Γ1.4 ⊕ Γ1.4/2.4 ⊕ Γ2.4

Γ1.0/2.0e = Γ1.5 ⊕ Γ1.5/2.5 ⊕ Γ2.5

(4)

The projections of the geometrical polyhedra in the sub-123

space of the bounded displacements of the contact polyhe-124

dron of each edge is homothetic. The former means that the125

Minkowsky sum of the three elements of each edge is a homo-126

thetic transformation of its contact polyhedra. Equations 2, 3127

and 4 are simplified and rewrited to:128

ΓR = Γ1.0/3.0 ⊕
λ8

2
Γ1.7 ⊕

λ9

2
Γ3.3 (5)

with,

Γ1.0/3.0 =Γ1.0/3.0a ∩
λ1

2
Γ1.6/3.2 with,

Γ1.0/3.0a = Γ1.0/2.0 ⊕
λ2

2
Γ2.6/3.1

Γ1.0/2.0 =
λ3

2
Γ1.1/2.1 ∩

λ4

2
Γ1.2/2.2 ∩

λ5

2
Γ1.3/2.3 ∩

λ6

2
Γ1.4/2.4 ∩

λ7

2
Γ1.5

1

(6)

where each polyhedron operand is defined as129

Γ =

k
i=1


x ∈ R6 : 1 + ai1 x1 + ... + ai6 x6 ≥ 0


(7)

and, λi with i = 1 · · · 9 are the sums of the tolerances of130

each edge. Changing the value of the λi coefficients in the for-131

1 The contact between the two planar surfaces is null and the two polyhedra,
Γ1.5 and Γ2.5, are homothetic
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mer equations results in a homothetic transformation of the132

operands without changing their topology.133

Once the reduction of the contact graph is made, it is neces-134

sary to verify the compliance of the system with respect to the135

functional condition ΓT . The calculation of the functional con-136

dition is made by doing the Minkowsky sum of the prismatic137

polyhedra of the handle surfaces, and the compliance verifica-138

tion is done in a two steps way[9] checking:139

• the kinematic compliance of the mechanical system140

• the functional tolerance compliance141

All the operands involved in the Equations 5 and 6 are142

created with the open-source software PolitoCAT [8] and cal-143

culated at the point M (5, 0, 0). Each feature with non-linear144

boundaries is discretized in 8 points. This number of points145

seems to be a good compromise between precision and com-146

putation efficiency, as discussed in [3].147

3. Design of experiments148

Design of experiments is a statistical tool that allows to ma-149

nipulate multiple input factors and to determine their effect on150

a desired output (response)[4]. There are different types of de-151

sign of experiments: one-at-a-time (OAT) analysis, Factorial152

designs, Taguchi’s design and Space-filling design.153

3.1. Factorial design methodology154

To perform a factorial design, it is necessary first to define155

the independent variables, also known as factors, and the values156

that they are going to take along the experimentation (levels).157

The number of levels and factors will define the total amount of158

experiments required; for example, in a two-level full factorial159

design with M factors, the necessary amount of experiments is160

2M , in three-level designs it is 3M , and so on. Once the factors161

and levels are set, the response variable, also called the depen-162

dent variable, must be identified.163

In the pump, the factors are the tolerances and clearances164

that modify the prismatic polyhedra involved in the tolerance165
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Figure 4: Graphical representation of the independent variables in the contact
graph of the pump

reduction, see Equation 5 and Figure 4. The factors (λ1 · · · λ9)166

are independent and can vary continuously in between their167

respective limits. The minimum value of the factors Vmin is168

0.002 to avoid some numerical issues while operating with null169

operands. The maximum value of the factors Vmax were calcu-170

lated using Least Material Condition (LMC), see Table 1.171

The response variable of the “experiment” has to be related172

to the resulting polyhedron, but it cannot be the polyhedron it-173

self because it is embedded in a 6-dimensional space. In sec-174

tion 2, it is highlighted that to achieve the compliance of the175

mechanical system with respect to the functional condition, it176

is necessary to verify the tolerance and the kinematic compli-177

ance. The kinematic compliance is directly related to the DoFs178

of the system, and the variation of the tolerances cannot mod-179

ify it. On the other hand, tolerance compliance can be mod-180

ified while variating the system’s tolerances since this varia-181

tion changes the topology of the polytope of the resulting poly-182

hedron. Hence, the volume of the polytope of the polyhedron183

seems a good indicator of the variation of the resulting polyhe-184

dron due to the set of tolerances of the system(the factors).185

The objective of the “experiment”(simulation) is to ascertain186

the relative importance of each of the factors presented in Table187

1 on the volume of polytope of the resulting polyhedron VolPR .188

Here we will use a Two-level Full Factorial Design, meaning189

that there will be 29 different combinations of the levels.190

Figure 5 illustrates the process to carry on two simulations191

(A and B). In the first step, the parameters (λi) are set, and the192

tolerance reduction is made to obtain the resulting polyhedron193

for each simulation. The 3D prismatic polyhedra presented in194

the figure, are 6D projections into the sub-space of translations195

in y (ty) and z (tz) and the rotation along x (rx). Since rx is a196

DoF of the system, both the target and the resulting polyhedron197

must include it to fulfill the kinematic compliance; in the Figure198

5, this DoF is represented using a straight line. Finally, as the199

result of the simulation, the volume of the polytope (describing200

the bounded displacements) is obtained. Until here, it is possi-201

ble to know which is the result of a tolerance reduction and de-202

termine if the resulting polyhedron is compliant with the target;203

however, it is still not possible to understand which parameters204

impact the variation of the resulting polyhedron.205

Once all the simulations have been carried on, the statistical206

analysis can be made. Since the dependent variable of the sim-207

ulations VolPR is neither categorical nor ordinal, it is possible to208

use the analysis of variance (ANOVA) to determine which in-209

dependent variables have a statistical impact on the dependent210

Table 1: Independent variables for the DOE of the Pump

Variable Edge or surface Vmin Vmax

λ1 2.6 − 3.1 0.002 0.062
λ2 1.6 − 3.2 0.002 0.062
λ3 1.1 − 2.1 0.002 0.056
λ4 1.2 − 2.2 0.002 0.056
λ5 1.3 − 2.3 0.002 0.056
λ6 1.4 − 2.4 0.002 0.056
λ7 1.5 − 2.5 0.002 0.02
λ8 1.7 0.002 0.015
λ9 3.3 0.002 0.015
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mer equations results in a homothetic transformation of the132

operands without changing their topology.133

Once the reduction of the contact graph is made, it is neces-134

sary to verify the compliance of the system with respect to the135

functional condition ΓT . The calculation of the functional con-136

dition is made by doing the Minkowsky sum of the prismatic137

polyhedra of the handle surfaces, and the compliance verifica-138

tion is done in a two steps way[9] checking:139

• the kinematic compliance of the mechanical system140

• the functional tolerance compliance141

All the operands involved in the Equations 5 and 6 are142

created with the open-source software PolitoCAT [8] and cal-143

culated at the point M (5, 0, 0). Each feature with non-linear144

boundaries is discretized in 8 points. This number of points145

seems to be a good compromise between precision and com-146

putation efficiency, as discussed in [3].147

3. Design of experiments148

Design of experiments is a statistical tool that allows to ma-149

nipulate multiple input factors and to determine their effect on150

a desired output (response)[4]. There are different types of de-151

sign of experiments: one-at-a-time (OAT) analysis, Factorial152

designs, Taguchi’s design and Space-filling design.153

3.1. Factorial design methodology154

To perform a factorial design, it is necessary first to define155

the independent variables, also known as factors, and the values156

that they are going to take along the experimentation (levels).157

The number of levels and factors will define the total amount of158

experiments required; for example, in a two-level full factorial159

design with M factors, the necessary amount of experiments is160

2M , in three-level designs it is 3M , and so on. Once the factors161

and levels are set, the response variable, also called the depen-162

dent variable, must be identified.163

In the pump, the factors are the tolerances and clearances164

that modify the prismatic polyhedra involved in the tolerance165
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reduction, see Equation 5 and Figure 4. The factors (λ1 · · · λ9)166

are independent and can vary continuously in between their167

respective limits. The minimum value of the factors Vmin is168

0.002 to avoid some numerical issues while operating with null169

operands. The maximum value of the factors Vmax were calcu-170

lated using Least Material Condition (LMC), see Table 1.171

The response variable of the “experiment” has to be related172

to the resulting polyhedron, but it cannot be the polyhedron it-173

self because it is embedded in a 6-dimensional space. In sec-174

tion 2, it is highlighted that to achieve the compliance of the175

mechanical system with respect to the functional condition, it176

is necessary to verify the tolerance and the kinematic compli-177

ance. The kinematic compliance is directly related to the DoFs178

of the system, and the variation of the tolerances cannot mod-179

ify it. On the other hand, tolerance compliance can be mod-180

ified while variating the system’s tolerances since this varia-181

tion changes the topology of the polytope of the resulting poly-182

hedron. Hence, the volume of the polytope of the polyhedron183

seems a good indicator of the variation of the resulting polyhe-184

dron due to the set of tolerances of the system(the factors).185

The objective of the “experiment”(simulation) is to ascertain186

the relative importance of each of the factors presented in Table187

1 on the volume of polytope of the resulting polyhedron VolPR .188

Here we will use a Two-level Full Factorial Design, meaning189

that there will be 29 different combinations of the levels.190

Figure 5 illustrates the process to carry on two simulations191

(A and B). In the first step, the parameters (λi) are set, and the192

tolerance reduction is made to obtain the resulting polyhedron193

for each simulation. The 3D prismatic polyhedra presented in194

the figure, are 6D projections into the sub-space of translations195

in y (ty) and z (tz) and the rotation along x (rx). Since rx is a196

DoF of the system, both the target and the resulting polyhedron197

must include it to fulfill the kinematic compliance; in the Figure198

5, this DoF is represented using a straight line. Finally, as the199

result of the simulation, the volume of the polytope (describing200

the bounded displacements) is obtained. Until here, it is possi-201

ble to know which is the result of a tolerance reduction and de-202

termine if the resulting polyhedron is compliant with the target;203

however, it is still not possible to understand which parameters204

impact the variation of the resulting polyhedron.205

Once all the simulations have been carried on, the statistical206

analysis can be made. Since the dependent variable of the sim-207

ulations VolPR is neither categorical nor ordinal, it is possible to208

use the analysis of variance (ANOVA) to determine which in-209

dependent variables have a statistical impact on the dependent210

Table 1: Independent variables for the DOE of the Pump

Variable Edge or surface Vmin Vmax

λ1 2.6 − 3.1 0.002 0.062
λ2 1.6 − 3.2 0.002 0.062
λ3 1.1 − 2.1 0.002 0.056
λ4 1.2 − 2.2 0.002 0.056
λ5 1.3 − 2.3 0.002 0.056
λ6 1.4 − 2.4 0.002 0.056
λ7 1.5 − 2.5 0.002 0.02
λ8 1.7 0.002 0.015
λ9 3.3 0.002 0.015
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Figure 5: Process to follow to execute two simulations A and B, each one with its own set of parameters, and to obtain the correspondent response variable

variable. The results of the ANOVA is reliable if three assump-211

tions about the dependent variable scores are fulfilled:212

• Normality213

• Independence214

• Homoscedasticity215

The resulting statistical tests can be misleading when the in-216

dependence assumption is violated. Violations of normality are217

less problematic, “results from various studies that considered218

up to 10 variables and small or moderate sample sizes indicate219

that deviation from multivariate normality has only a small ef-220

fect on type I error”[20].221

In general, the null hypothesis for an ANOVA is that there222

is no significant difference among the groups, which means that223

the factor has no statistical effect on the dependent variable. The224

decision rule for accepting or rejecting a null hypothesis is:225

• If the P-value is bigger than the significance level (usually226

0.05), the null hypothesis cannot be rejected.227

• If the P-value is equal to or smaller than the significance228

level, the null hypothesis is rejected229

4. Results and discussion230

The statistical analysis is performed using Python’s function231

Ordinary Least Squares (OLS). The results obtained are pre-232

sented in Table 2. After running the test of independence, nor-233

mality and homoscedasticity. Normality is not fulfilled; how-234

ever, since normality violation has a small effect on the risk235

making error type I, this is not going to be considered.236

In Table 2, it is possible to notice that some factors do not af-237

fect the dependent variable. The statistical analysis is performed238

again while eliminating the variable with a bigger p−value each239

time until obtaining a statistically significant set of variables,240

see Table 3.241

The results obtained through the ANOVA show that the most242

significant edge is the one related to the cylindrical pair be-243

tween the right housing and the shaft (factor λ2). The two han-244

Table 2: Summary of the complete statistical analysis with ANOVA (Factors:
all the tolerances - Response variable: VolPR )

Variable coef p − value
λ1 0.0443 0.17
λ2 0.8402 0
λ3 0.0262 0.378
λ4 0.0027 0.927
λ5 0.024 0.42
λ6 −0.0061 0.838
λ7 0.0424 0.153
λ8 0.1833 0
λ9 0.2332 0

R-squared 0.721
Adj. R-squared 0.713

Table 3: Summary of the complete statistical analysis with ANOVA (Factors:
just the statistically significant tolerances - Response variable: VolPR )

Variable coef p − value
λ2 0.8568 0
λ8 0.1819 0
λ9 0.2316 0

R-squared 0.716
Adj. R-squared 0.713

dle surfaces (λ8 and λ9) are also statistically significant, and the245

other variables do not seem to affect the dependent variable in246

a meaningful way.247

The two handle surfaces were expected to be significant248

since they are the same surfaces with which the functional re-249

quirement is calculated, so this result validates the proposed250

method. Following this idea, the fact that λ2 has a bigger signif-251

icance value than the two handle surfaces was surprising; how-252

ever, in Table 1 it is possible to notice that the range of variation253

of λ2 is more than 4 times the range of variation of λ8 and λ9254

what can justify this result.255

The connection between the two parts of the housing seems256

not to be significant; this result is interesting because this is the257

part of the mechanism that makes it over-constrained. The for-258

mer can be explained because the contact between the housing259

components and the contact between the housing-left and the260

shaft are in serie between them, and their Minkowski sum is261

in parallel with the one related to λ2. Since parallel architec-262

tures are reduced by means of the intersection of the operands263

and both operands (the one resulting of the Minkowsky sum264

5
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and the one related to λ2) are in the same subspace of bounding265

displacements, it is only the smaller polyhedron the one that is266

going to preponderate.267

5. Conclusions and perspectives268

In this paper, the DOE was proposed to be used to deter-269

mine the most critical tolerances in over-constrained mecha-270

nisms. The polyhedral approach is used to model the stack-up271

of deviation of the mechanical system and the volume of the272

resulting polyhedral is used like response variable for the DOE.273

In the results obtained with the statistical analysis (ANOVA),274

the handle surfaces were statistically significant, meaning that275

they are critical surfaces, as expected. In the study case used, the276

pump, it seems that the over-constrained joint between the two277

housing components is not critical. It is worth mentioning that278

this analysis is valid only for this mechanical system with this279

specific functional condition. If the functional condition and/or280

the mechanical system changes all the process has to be made281

again. As stated in the results, the assumption of normality has282

not been fulfilled; it can be worth it to do further studies by us-283

ing non-parametric approaches or other statistical tools to treat284

this kind of data.285

The results obtained in this paper are promising and can be286

used in future work related to tolerance synthesis. Since one of287

the tolerance synthesis’s main objectives is optimizing the in-288

dividual tolerances of the components of a mechanism, taking289

into account manufacturing and quality costs, detecting the crit-290

ical tolerances can reduce the number of variables and simplify291

the optimization problem. Additionally, one of the biggest in-292

convenient while working with N-dimensional operands is to293

quantify the quality of the solution of a tolerance analysis pro-294

cess and not only the compliance with a given target; the intro-295

duction of the volume of the polytope as a criteria for the result296

can be a first step towards finding equivalent representation to297

criteria used normally in 1D such as range.298
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