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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

Energy consumption during manufacturing is a key element for the environmental impact assessment in modern industry. In order to optimize 
and avoid undesirable residual deformations in the final product in an overall manufacturing process, it is necessary to correctly identify the 
variables that describe the state of the matter. This will allow to recreate the interaction existing between the individual process in the global 
chain. Numerical simulations results of a chain of combined solicitations, using different hardening rules for the same material, show the im-
portance of this choice when the simulation of successive processes is foreseen. 
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1. Introduction 

Over of the last decades the computational capacity has 
evolved in a considerable way, the advances of numerical sim-
ulation models of manufacturing processes have accompanied 
this progress and evolved at the same time. Optimizations based 
on real time machinery and product flow big data acquisition 
are is the main characteristic in the fourth industrial revolution 
era [1,2]. 

Numerical simulations help to reduce the number of experi-
mental tests and to optimize independent and the global manu-
facturing chain process. They are also a tool to study the nature 
of the phenomena and changes that occur during plastic defor-
mation and manufacturing processes. 

This work focus on the problem of the processes interaction 
from a physical point of view, in order to follow the material. 
When a different hardening rule is used, other state variables 
are required, which indeed will have a major influence for a 
multiple operations global process simulation. 

In order to optimize a global manufacturing process it is nec-
essary identify the variables that characterize the state of each 
point of the material. This action will allow assuring the trace-
ability of the process. 

The present work proposes the study of the influence of the 
hardening rule adopted in the formulation of the behavior law 

to evaluate its influence on the global manufacturing produc-
tion. 

The main long-term goal of this work is to model the behav-
ior of the work piece all along the manufacturing process. Tak-
ing into account that the actual strategy to control processes in-
teraction is to eliminate undesirable internal stresses by anneal-
ing, gaining a prediction capacity would allow not only to con-
trol the processes parameters avoiding highly energetic opera-
tions but also a new tool to re design the overall manufacturing 
process. 

The bibliographic background of this work is divided in 
three sections: the state of the art, the theoretical framework and 
the classification of the phenomenological hardening rules ap-
plied to the formulation of the behavior laws. Then a simple 
benchmark example is applied by using two different hardening 
rules. The benchmark example is followed by an analysis of the 
results exposing the principal limitation of the isotropic harden-
ing rule when multi-step loading is carried on. Finally, the out-
look and perspectives of the work are presented. 

 
2. State of the art 

 
The beginning of the study of the overall manufacturing 

process, its simulation as well the industrial design and 
optimization is dated in the year 1777 with the Monte Carlo 
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simulation methodology. From this moment different industrial 
eras has been passed to the actuality that can be considered as 
the fourth industrial revolution or the digitalized era. A 
complete bibliographical review of the manufacturing 
evolution design optimization are found in [3,4]. 

Nevertheless, industrial optimization topics are based on 
virtual factory simulation, planning and verification, manufac-
turing systems and networks planning and control, material 
and information flow design, factory layout design [3]. The 
material properties control has always been seen as a quality 
parameter but rarely taken into account as an overall manufac-
turing optimization parameter. 

The first fundamental research looking to predict the behav-
ior of a sheet rolled metallic plate was carried out by [5], this 
proposed behavior law is variation of the Von Mises yield limit 
where the yield properties are affected by the lamination direc-
tion. This law does not explain the anisotropic evolution of the 
material properties from the annealed state. 

The first experimental studies studying the anisotropic evo-
lution of the yield surface from its annealed state where carried 
by [6, 7] showing similar results. 

The most important phenomenological characteristic for a 
limited number of loading steps (< 10) at low temperature is the 
Bauschinger effect that can be characterized by a kinematic 
hardening rule[8], in these cases ratcheting and dynamic 
recovery effects may be neglected. 

Despite these important conclusions most of the works 
considering a multiple process chain simulation are isotropic 
hardening law based [9–12]. 

Recently [13] demonstrated the influence of the hardening 
rule on final plastic strains after a multistep loading process. 
This work analyses the energetic differences in the predicted 
results as well. 

 
3. The continuum mechanics and thermodynamic coupled 
frame 

Considering a transformation of the state of the material as a 
change on the thermodynamic state has a considerable ad-
vantage. The thermodynamic state is a defined condition that is 
fully identified by a set of parameters known as the thermody-
namic state variables. With the knowledge of these variables 
the trace of the evolution of the metal state all along the trans-
formation history is possible. 

By coupling continuum mechanics framework and thermo-
dynamics laws it is possible to derive to constitutive behavior 
laws[14]. This point of view of the problem was proposed by 
Germain[15] and later applied on many formulations i.e. [16–
18]. 

The elements that compose this framework are: 
• The Helmholtz free energy 𝜓𝜓𝜓𝜓: is the energy associ-

ated to the thermodynamic variables(𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖) that describe the hard-
ening phenomena. A variation of the free energy is given by 
[17–19]: 

𝑑𝑑𝑑𝑑𝜓𝜓𝜓𝜓 =
𝜕𝜕𝜕𝜕𝜓𝜓𝜓𝜓
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 +
𝜕𝜕𝜕𝜕𝜓𝜓𝜓𝜓
𝜕𝜕𝜕𝜕𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖

𝑑𝑑𝑑𝑑𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 (1) 

where 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 represent the 𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡ℎ thermodynamic variable used in the 
model and is linked to its corresponding strain hardening vari-
able 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 by: 

𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 =
𝜕𝜕𝜕𝜕𝜓𝜓𝜓𝜓
𝜕𝜕𝜕𝜕𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖

 (2) 

 
• The load function 𝑓𝑓𝑓𝑓(𝜎𝜎𝜎𝜎,𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖): is the function that delim-

its the elastic frontier. When the set of hardening variables ver-
ify the condition: 

𝑓𝑓𝑓𝑓 = 0, (3) 

the load is found on edge of the elastic limit, the hypersurface 
that verifies this condition is known as the elastic threshold. The 
load function cannot take values greater than  0, so when an ex-
ternal solicitation is found outside of the elastic domain will 
force a change of the hyper-geometry of the elastic threshold, it 
may vary the position, the size, or the shape of it. This evolution 
is controlled by the consistency condition given by: 

𝑑𝑑𝑑𝑑𝑓𝑓𝑓𝑓 = 0, (4) 

 
• The flow potential 𝐹𝐹𝐹𝐹(𝜎𝜎𝜎𝜎,𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖): it is also a function of 

the stress field and the hardening variables. It defines the inten-
sity of the strain hardening and the thermodynamic variables 
rate through the application of the hardening rule given by: 

𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀̃𝑝𝑝𝑝𝑝 =
𝜕𝜕𝜕𝜕𝐹𝐹𝐹𝐹
𝜕𝜕𝜕𝜕𝜎𝜎𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, 

𝑑𝑑𝑑𝑑𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 =
𝜕𝜕𝜕𝜕𝐹𝐹𝐹𝐹
𝜕𝜕𝜕𝜕𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, 
(5) 

 
where 𝑑𝑑𝑑𝑑 is a scalar known as the plastic multiplier.  

The set of equations 1-5 are capable to fully characterize and 
define a specific state of the matter during plasticity. 

For elastic transitions, the Hooke’s law can be applied to 
complete the given set. 

 
4. Behavior laws classification  

Behavior laws may be classified by the adopted hardening 
rule, isotropic, kinematic, combined, and anisotropic. Each 
family is characterized with a specific hardening variable or set 
of variables (with the exception of the anisotropic family that 
may include non-conventional hardening variables). 

Isotropic hardening laws are characterized by a scalar hard-
ening variable (usually represented by 𝑅𝑅𝑅𝑅 ). In this particular 
family, hardening evolves evenly in all directions when the in-
itial elastic threshold is exceeded, so it may be interpreted as an 
expansion of the elastic domain [20, 21]. Therefore, it is not 
possible to model some phenomena that could have a relevant 
importance in the simulation of the manufacturing process 
chain interaction, such as the generalized Bauschinger effect. 

The kinematic hardening rules model the strain hardening 
phenomena as a translation of the elastic threshold instead of an 
expansion. The coordinates of the center of the elastic domain 
represents the hardening variable (a tensor usually represented 
by 𝑋𝑋𝑋𝑋�)[17, 20–23]. This kind of modelling allows reproducing 
the Bauschinger effect and ratcheting effect on cyclic loads. A 
review and evaluation of different kinematic hardening rules 
are given on [22, 24]. The translation of the elastic threshold 
induces an anisotropy on the state of the material. 
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The combined hardening rule refers to the use of kinematic 
and isotropic hardening variables. The use of both variables al-
lows to reproduce cyclic hardening and softening which is not 
possible by using only one hardening rule [20–22]. 

Experimental studies show that a more complex hardening 
rule is needed to accurate reproduce the strain hardening effects 
such as cyclic hardening and softening, ratcheting effect, etc. 
[20–22, 25, 26] .  

The more realistic model, an anisotropic deformation of the 
elastic threshold is found during a plastic deformation. The 
loading direction plays a major role in the adopted shape. Only 

a few number of these models i.e. [18,26] included the pre-
sented thermodynamic framework in the formulation. Further 
studies are needed in order to evaluate if their application show 
relevant differences in relation to kinematic or combined mod-
els predictions. 
5. A benchmark problem 
5.1 Problem statement 

In order to show the influence of the hardening rule on the 
results obtained after a chain of multiple loading steps, the pa-
rameters of an isotropic and a kinematic laws presented on table 
1 are considered, where 𝑆̃𝑆𝑆𝑆 is the stress field represented in the 
deviatoric space: 

𝑆̃𝑆𝑆𝑆 = 𝜎𝜎𝜎𝜎� −
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜎𝜎𝜎𝜎�)

3
𝐼𝐼𝐼𝐼, (6) 

 
where elastic strains are calculated using the Hooke’s law with 
an elasticity modulus of 𝐸𝐸𝐸𝐸 = 200 (𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺) and Poisson coeffi-
cient equal to 𝜈𝜈𝜈𝜈 = 0.3. 

 

Table 1. Behaviour constitutive equations. Extracted from [21] 

Isotropic model  
Strain decomposition 𝜀𝜀𝜀𝜀̃ = 𝜀𝜀𝜀𝜀̃𝑒𝑒𝑒𝑒 + 𝜀𝜀𝜀𝜀̃𝑝𝑝𝑝𝑝 

Load function 𝑓𝑓𝑓𝑓(𝜎𝜎𝜎𝜎�,𝑅𝑅𝑅𝑅) = 𝐽𝐽𝐽𝐽2�𝑆̃𝑆𝑆𝑆� − 𝜎𝜎𝜎𝜎�0 − 𝑅𝑅𝑅𝑅 𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ   𝐽𝐽𝐽𝐽2�𝑆̃𝑆𝑆𝑆� = �
3
2
𝑆̃𝑆𝑆𝑆: 𝑆̃𝑆𝑆𝑆 

Flow potential 𝐹𝐹𝐹𝐹(𝜎𝜎𝜎𝜎�,𝑅𝑅𝑅𝑅) = 𝐽𝐽𝐽𝐽2�𝑆̃𝑆𝑆𝑆� − 𝜎𝜎𝜎𝜎0 − 𝑅𝑅𝑅𝑅 −
𝑅𝑅𝑅𝑅2

2𝑄𝑄𝑄𝑄
 

Free energy 𝜓𝜓𝜓𝜓 =
1
2
𝑏𝑏𝑏𝑏𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡2 

Model Parameters 𝑄𝑄𝑄𝑄 = 150 (𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺);𝑏𝑏𝑏𝑏 = 50;𝜎𝜎𝜎𝜎0 = 100 (𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺) 
Kinematic Model  
Strain decomposition 𝜀𝜀𝜀𝜀̃ = 𝜀𝜀𝜀𝜀̃𝑒𝑒𝑒𝑒 + 𝜀𝜀𝜀𝜀̃𝑝𝑝𝑝𝑝 

Load function 

𝑓𝑓𝑓𝑓�𝜎𝜎𝜎𝜎�,𝑋𝑋𝑋𝑋�� = 𝐽𝐽𝐽𝐽2�𝑆̃𝑆𝑆𝑆 − 𝑋𝑋𝑋𝑋�� − 𝜎𝜎𝜎𝜎0    

𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ  𝐽𝐽𝐽𝐽2 = �
3
2 �
𝑆̃𝑆𝑆𝑆 − 𝑋𝑋𝑋𝑋��: (𝑆̃𝑆𝑆𝑆 − 𝑋𝑋𝑋𝑋�) 

Flow potential 

𝐹𝐹𝐹𝐹�𝜎𝜎𝜎𝜎�,𝑋𝑋𝑋𝑋�� = 𝐽𝐽𝐽𝐽2�𝑆̃𝑆𝑆𝑆 − 𝑋𝑋𝑋𝑋�� − 𝜎𝜎𝜎𝜎0 +
𝛾𝛾𝛾𝛾

2𝐶𝐶𝐶𝐶
𝐽𝐽𝐽𝐽2  
2 �𝑋𝑋𝑋𝑋��  

  𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ   𝐽𝐽𝐽𝐽2�𝑋𝑋𝑋𝑋�� = �
3
2
𝑋𝑋𝑋𝑋�:𝑋𝑋𝑋𝑋� 

Free energy 𝜓𝜓𝜓𝜓 =  
1
3
𝐶𝐶𝐶𝐶 𝛼𝛼𝛼𝛼�:𝛼𝛼𝛼𝛼� 

Model Parameters 𝐶𝐶𝐶𝐶 = 7500 (𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺);𝛾𝛾𝛾𝛾 = 50;𝜎𝜎𝜎𝜎0 = 100 (𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺) 
 
A particle is submitted to three different consecutive load-

ings steps, no load release is made between each load. The load-
ing history is summarized on table 2: 

Table 2. Loading steps description (Units given in MPa ) 

 
 𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 𝜏𝜏𝜏𝜏𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 𝜎𝜎𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 
Step A 75 75 150 
Step B 150 0 150 
Step C 80 -80 160 

Fig. 1. Load sequence scheme in the isotropic and kinematic hardening 
model on deviatoric coordinates. 1a) Load A. 1b) Load B. 1c) Load C 
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where, 𝜎𝜎𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  refers to the Von Mises equivalent stress. 
 

5.2 Domain of validity 
 
The domain of validity is limited by the hypotheses taken in 

adopted behavior and the test conditions. For the particular case 
of the problem developed in this work the following considera-
tions are taken into account [21]: 

1. Constant temperature. 
2. Damage absence. 
3. Absence of viscous term (time independent solution). 
 

5.3 Results and analyses 
 
Table 3 presents the total strains obtained after each loading 

step, while on table 4 the plastic strains as well cumulated plas-
tic strain (𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ), calculated with both considered behavior 
rules.  

During the step A no difference is noted on the response 
stress vs. strain, however the modelling on strain hardening 
brings an important consequence for later stages. 

Figure 1a) helps the comprehension through a schema. Both 
models predict yielding at the same moment when the load 
reaches the elastic threshold at point a. The final solution 
(strains, energy and cumulated free energy) is similar in this 
case only because yielding occurs at same moment and at the 
same point. 

The last case is going to be true only for an annealed state, 
free of hardening effects. The residual properties of the metal 
affect the subsequent loads. 

The load B has the same equivalent stress value of load A 
(150 MPa), consequently there is no yielding when isotropic 
model is used. This is clearly reflected on plastic strain values 
at the end of step B, where there is no change compared from 
those obtained on step A. On the other hand kinematic model 
yields when the loading reaches the elastic threshold at the point 
q on figure 1b). 

Table 3. Total strains evolution along a multistep loading process modelled 
with an isotropic and kinematic hardening rule. 

 Model 𝜀𝜀𝜀𝜀𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 𝜀𝜀𝜀𝜀𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 

Step A 
Isotropic 4.32E-03 6.43E-03 
Kinematic 4.32E-03 6.43E-03 

Step B 
Isotropic 4.75E-03 6.44E-03 
Kinematic 9.87E-03 5.36E-03 

Step B 
Isotropic 5.53E-03 4.22E-03 
Kinematic 1.44E-02 -3.28E-03 

 
On step C (represented schematically in figure 1c) the load 

path BC intercepts to the kinematic threshold model on 𝑞𝑞𝑞𝑞′ and 
the isotropic on 𝑡𝑡𝑡𝑡. Again, a longer portion of the load is on plas-
ticity for the kinematic model compared to the isotropic. As one 
of the consequences, the final strain on the kinematic model ex-
ceeds the isotropic on 162% on the principal direction and they 
differ on the sign of the shearing direction. 

 

Table 4. Plastic strains and cumulated strains evolution along a multistep 
loading process modeled with an isotropic and kinematic hardening rule. 

 Model 𝜀𝜀𝜀𝜀𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥
𝑝𝑝𝑝𝑝  𝜀𝜀𝜀𝜀𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥

𝑝𝑝𝑝𝑝  𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

Step A 
Isotropic 4.06E-03 6.08E-03 8.11E-03 
Kinematic 4.07E-03 6.12E-03 8.11E-03 

Step B Isotropic 4.06E-03 6.20E-03 8.20E-03 
Kinematic 9.37E-03 5.36E-03 1.35E-02 

Step C Isotropic 5.24E-03 4.54E-03 1.02E-02 
Kinematic 1.40E-02 -3.15E-03 2.46E-02 

 
The predicted plastic energy developed during strain hard-

ening also shows an important discrepancy between the two 
models as shown in table 5. The specific plastic energy devel-
oped during strain hardening is calculated by: 

 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡 = 𝜎𝜎𝜎𝜎�:𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀̃𝑝𝑝𝑝𝑝, (7) 

 
The kinematic hardening model predicts after the three load-

ing steps a total specific energy of 3.22 (𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝.𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) while 
the isotropic model only predicts 1.43 (𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝.𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) . 
Again, the difference between predictions is over 100%. 

The dissipated energy is the difference between specific 
plastic energy developed during strain hardening and the free 
energy 𝜓𝜓𝜓𝜓[21], used to change the internal structure of the metal. 

The identical results obtained during the first loading step 
(strains, plastic strains, specific energy and free energy con-
sumption) in both models, helps to understand why so accurate 
predictions are made by using isotropic models on a single pro-
cess simulation [27–30]. 

Table 5. Specific energy developed 

  Model 

 𝜎𝜎𝜎𝜎�: 𝜀𝜀𝜀𝜀̃𝑝𝑝𝑝𝑝 

𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺.
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

 

Δ𝜓𝜓𝜓𝜓 
𝑀𝑀𝑀𝑀𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺.

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

 

Step A 
Isotropic  1.03 0.17 

Kinematic  1.03 0.17 

Step B 
Isotropic  0 0 

Kinematic  0.72 0.08 

Step C 
Isotropic  0.34 0.073 

Kinematic  1.47 -0.09 

 
The free energy 𝜓𝜓𝜓𝜓 depends only on the thermodynamic var-

iables, so it is independent of the load path. On the other hand, 
the dissipated energy 𝜙𝜙𝜙𝜙, that is the thermic energy exchanged 
with the environment is defined as[21]: 

𝑑𝑑𝑑𝑑𝜙𝜙𝜙𝜙 = 𝑑𝑑𝑑𝑑𝜎𝜎𝜎𝜎�:𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀̃ − 𝜌𝜌𝜌𝜌𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, (8) 

in this case, there is a dependency on the loading path as it is a 
function of the values obtained on each differential increment 
during plasticity. 

The free energy is a storage mechanism within the metallic 
crystalline system [21]. From another point of view, the free 
energy emerges as result of applying the thermodynamic frame 
to a specific phenomenological model. 
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During the load A, the results of the variation of free energy 
in both models are identical (as well the developed strains), 
therefore the dissipated energy 𝜙𝜙𝜙𝜙 are also the same. 

As the kinematic model is not represented by a scalar poten-
tial, the differences are going appear when the load direction 
and the normal of the elastic surface are no longer coincident 
(typical case of a no proportional load). 

The kinematic model allows a reversibility of the thermody-
namic state. This implies a release of the energy stored within 
the crystalline network. This phenomenon is reflected in nega-
tive values of the variation of the accumulated free energy dur-
ing the process C. 

Isotropic model is not capable to reproduce the generalized 
Bauschinger effect, so is expected its incapability to reproduce 
properly a chain of consecutive loadings. This also may be ex-
plained by the fact that isotropic model are based on  monotonic 
tests, following a single direction load. 

Furthermore, if the loading history forces the return to the 
elastic domain (typical during unloading), to be reloaded with 
a different direction, predictions lose any similarity. 

Results show strain hardening and thermodynamic variables 
have a major importance on describing the state of the material. 

Furthermore, manufacturing processes involving non-pro-
portional loads will show similar limitations when using an iso-
tropic model. 

The kinematic model used in this work corresponds to the 
Amstrong and Frederick model[17]. According to Portier et 
al[24] it over estimates the Bauschinger effect. Further studies 
should be carried out to compare results obtained with different 
kinematic, combined, and anisotropic models. The residual 
stress field found on a work piece may be compared to the re-
sults of simulations performed with the different hardening 
rules as a methodology to evaluate the accuracy of each model. 

6. Discution and outlook 

The obtained results evidence two main points: 
• The obtained results by using an isotropic or kinematic 

hardening rule (plastic strain, internal free energy and 
dissipated energy)  are only going to be coincident when the 
loading path does not cross the elastic thresold once plasticty 
has been reached. 

• If a loading cross the elastic threshold once plasticity 
has reached, the Basuchinger effect will cause difference in pre-
dictions. In the particular case of the numerical example devel-
oped in the previous section, differences are higher than 100% 
after three solicitations. 

The results are obtained in similar conditions than [8], for a 
low number steps (<10), where experimental results show a 
good correlation with kinematic model of Chaboche. Based on 
this result it is possible to infer that the kinematic model show 
better results. 

Future experimental works should be carried out in order to 
validate this hypothesis. Furthermore the influence of new pa-
rameters should be included such temperature and viscous 
terms. 

The present work is useful in order to identify the influence 
of the hardening rule during a multi-step loading in a simple 

case (single element analysis) and how the loading history af-
fects the final strain and energy. 

The same methodology should be applied in order to simu-
late real operations manufacturing chain. It can be noticed that 
different operations may require different meshing require-
ments. In this case the hardening variables characterizing the 
state of the material (at the integration points) should be ex-
ported (i.e. interpolated or extrapolated) to the new interpola-
tion points. 

Previous work, where numerical simulations trace the state 
of the material from an initial annealed state through different 
operations, based on real operations, use an isotropic hardening 
rule in the behavior law formulation [9–12]. 

7. Conclusion 

In spite of the industrial manufacturing optimization has 
been studied from the beginning of the first industrial revolu-
tion, the optimization of the overall process based on the con-
trol of the material properties was little studied. 

The present study, together with those found in the refer-
ences [8, 13] offer some key points to be taken into account 
when an overall simulation process is performed. Accurate 
models will allow generating precise results that can feed opti-
mization algorithms. 

An important difference in the predicted dissipated energy, 
free energy and the developed plastic strains when comparing 
isotropic and kinematic rule-based behavior laws during a mul-
tiple loading process were found. 

In order to look for a methodology capable to ensure a trace-
ability of the state of the matter along the entire manufacturing 
process, the evaluation of a hardening rule presented on ther-
modynamic framework is revised.  The use of a behavior law 
in the thermodynamic frame allows establishing the relation 
between its thermodynamic state with its hardening state, as-
suring the unicity of the solution. So a defined state may be 
characterized by the stress, strains, and the hardening variables. 

Isotropic behavior laws are obtained through monotonic 
tests with annealed test tubes; they are accurate defining the 
stress/strain evolution along one single loading path. The gen-
eralized Bauschinger effect cannot be reproduced with this 
family of hardening rule, conducing to thermodynamic state is 
not accurately defined. This situation leads to erroneous results 
when subsequent charges cross the elastic threshold (re-enter-
ing into elastic domain) on a multiple step loading, which rep-
resent the most general case on a multi-step manufacturing pro-
cess. 

The practical example developed in this work offers an idea 
about how different results can be when using different hard-
ening rules. 

In general, isotropic models will underestimate plastic strain 
hardening and dissipated energy on a multiple loading and non-
proportional loading case. 

Free energy and dissipation emerge as a consequence of us-
ing the thermodynamic framework. The heat production during 
a multiple load process can be measured and be taken in ad-
vantage to develop more accurate phenomenological models in 
the future. 
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Results must be compared with other hardening rules (kine-
matic, combined, and anisotropic) in order to evaluate the ac-
curacy vs. cost of computation. 

The present study does not take into account viscous, tem-
perature and damage effects; further studies should be carried 
out to include these effects on the model, and the identification 
of the state variables to add in order to create more accurate 
phenomenological behavior laws. 
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